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Abstract

We present a theoretical foundation for relativistic astronomical measurements in curved
space-time. In particular, we discuss a new iterative approach for describing the dynamics of
an isolated astronomical N-body system in metric theories of gravity. To do this, we generalize
the Fock-Chandrasekhar method of the weak- field and slow-motion approximation (WFSMA)
and develop a theory of relativistic reference frames (RFs) for a gravitationally bounded
many- extended-body problem. In any proper RF constructed in the immediate vicinity
of an arbitrary body, the N-body solutions of the gravitational field equations are formally
presented as a sum of the Riemann-flat inertial space-time, the gravitational field generated
by the body itself, the unperturbed solutions for each body in the system transformed to the
coordinates of this proper RF, and the gravitational interaction term. We develop the basic
concept of a general WFSMA theory of the celestial RFs applicable to a wide class of metric
theories of gravity and arbitrary model of matter distribution.

We apply the proposed method to general relativity. Celestial bodies are described using
a perfect fluid model; as such, they possess any number of internal mass and current multi-
pole moments which explicitly characterize their internal structure. The obtained relativistic
corrections to the geodetic equations of motion arise because of a coupling of the bodies
multiple moments to the surrounding gravitational field. The resulting relativistic transfor-
mations between the different RFs extend the Poincaré group to the motion of deformable
self-gravitating bodies. Within the present accuracy of astronomical measurements we dis-
cuss the properties of the Fermi-normal-like proper RF which is defined in the immediate
vicinity of the extended compact bodies. We further generalize the proposed approximation
method and include two Eddington parameters (γ, β). This generalized approach was used
to derive the relativistic equations of satellite motion in the vicinity of the extended bodies.
Anticipating improvements in radio and laser tracking technologies over the next few decades,
we apply this method to spacecraft orbit determination. We emphasize the number of feasi-
ble relativistic gravity tests that may be performed within the context of the parameterized
WFSMA. Based on the planeto-centric equations of motion of a spacecraft around the planet,
we suggested a new null test of the Strong Equivalence Principle (SEP). The experiment to
measure the corresponding SEP violation effect could be performed with the future Mer-
cury Orbiter mission. We discuss other relativistic effects including the perihelion advance,
redshift and geodetic precession of the orbiter’s orbital plane about Mercury, as well as the
possible future implementation of the proposed formalism in software codes developed for
solar-system orbit determination. All the important calculations are completely documented
and the references contain an extensive list of cited literature.
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0 Notations and Definitions

In this paper the notations are the same as in (Landau & Lifshitz, 1988). In particular, the
small latin letters n,m, k... run from 0 to 3 and greek letters α, β, γ, ... run from 1 to 3; the italic
capitals A,B,C number the bodies and run from 1 to N; the comma denotes a standard partial
derivative and semicolon denotes a covariant derivative; repeated indices imply an Einstein rule
of summation; round brackets surrounding indices denote symmetrization and square brackets
denote anti-symmetrization. The geometrical units c = G = 1 are used throughout the paper
where G is the universal gravitational constant; c is the speed of light. We designate ǫαβδ
as the fully anti-symmetric Levi-Civita symbol (ǫ123 = 1); the metric convention is accepted
to be (+ − −−); γmn = diag(1,−1,−1,−1) is the Minkowski metric in Cartesian coordinates
of the inertial RF; γAmn(z

p
A) the Minkowski metric in the coordinates (zpA) of the RFA which

is constructed in the immediate vicinity of an arbitrary body (A); gmn denotes the effective
Riemann metric of the curved space-time; and g = det(gmn). To enable one to deal conveniently
with sequences of many spatial indices, we shall use an abbreviated notation for ‘multi-indices’
where an upper-case letter in curly brackets denotes a multi-index, while the corresponding
lower-case letter denotes its number of indices, for example: {P} := µ1µ2 . . . µp, S{J} := Sµ1µ2...µj

.
When needed, we also use {L − 1}: µ1µ2 . . . µl−1, so that the tensor Ta{L−1} = Taµ1µ2...µl−1

has
l indices. We also denote z{L} = zµ1zµ2 . . . zµl and ∂{L}/∂z{L} = ∂l/∂zµ1∂zµ2 . . . ∂zµl . The
explicit expression for the symmetric and trace-free (STF) part of the tensor T{P} is given in
(Thorne, 1980; Blanchet and Damour, 1986, 1989). For any positive integer l we shall denote
l! = l(l − 1) · . . . · 2 · 1; l!! = l(l − 2) · . . . · (2 or 1) as usual. A dot over any function means a
differentiation with respect to time.

1 Introduction and Overview

1.1 The Motivation and the Structure of the Report.

The principal objective of spacecraft navigation is to determine the present and future trajectory
of a craft. This is usually done by measuring the spacecraft’s coordinates and then by correcting
(fitting and adjusting) the predicted spacecraft trajectory using those measurements. There are
three different types of measurements that are used in spacecraft navigation: radiometric (range
and Doppler), very-long baseline interferometry (VLBI) and optical (Standish, 1995). As well as
serving navigation’ needs, high precision Doppler, and laser and radio range measurements of
the velocity of and the distance to celestial bodies and spacecraft are presently the best ways
to collect important information about relativistic gravity within the solar system. Combined
with the technique of ground- and space-based VLBI, these methods provide us with a unique
opportunity to explore the physical phenomena in our universe with very high precision. Most
remarkable is the increase in accuracy of the modern VLBI observations especially in applications
to problems of modern geodesy (Soffel et al., 1991; Herring, 1995). Thus the delay residuals are
presently of the order of 30-50 picoseconds (ps), which corresponds to an uncertainty in length
of ∼ 1 cm. In the navigation of the interplanetary spacecraft, the short arcs of spacecraft
range and Doppler measurements, reduced with Earth orientation information referred to the
International Earth Rotation Service (IERS) celestial system, lead to a position determination in
the extragalactic RF with an accuracy of order ∼ 20 milliarcseconds (mas). At the same time,
the VLBI observations of the spacecraft with respect to an extragalactic radio-source enable one
to measure directly one component of the spacecraft position in this extragalactic RF to an
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accuracy of about ∼ 5 mas (Border et al., 1982; Folkner et al., 1994). As a result, the use of such
a precise methods enables one to study the dynamics of celestial bodies and spacecraft with an
unprecedented accuracy.

In addition to these line-of-sight methods, the computer revolution of the 1990’s has revived
interest in the classical approach for determining the gravity field based on the spherical har-
monics representation. It is now believed that the use of the spherical harmonics to high degree
and order, where only high frequency noise is present in the raw Doppler residualis, is one of
the best reduction approaches becasue it allows a fully three-dimensional analysis. Thus, the
gravitational spherical harmonics of the Earth gravity field is currently known up to the 70th
degree and order for the solutions based upon the spacecraft tracking data only, and to the 360th
degree and order with surface measurements included (Rapp et al., 1991; Nerem et al., 1995).
Let us mention that currently there is exists the possibility of determining the Venus gravity field
to 120th degree and order (Konopliv et al., 1995). It should be noted that the determination of
the multipolar structure of the Newtonian gravitational field of the Earth and planets with such
high resolution and accuracy enables one to take into account the relativistic corrections to the
gravitational field of these bodies. Then, by using modern techniques of data reduction, one may
generate highly precise solutions which have applications beyond that of serving the geodetic
needs (Hellings, 1986; Herring, 1996). For example, these very important results are widely in
use as the necessary foundation for studies of many modern scientific problems, such as:

(i). The problem of developing a more precise definition of the masses and the multipole struc-
ture of the Sun, Earth, other planets, their satellites, and asteroids (Standish, 1992; Stan-
dish, 1994, Schubert et al., 1994; Konopliv et al., 1995).

(ii). The establishment of better values for gravitational and other astronomical constants, as
well as testing of the hypothesis of their dependence on time which is predicted by a number
of modern theories of gravity (Dirac, 1937; Anderson et al., 1986; Will, 1993).

(iii). The study of the dynamics and the evolution of the solar system, aimed at a better un-
derstanding of its metrological characteristics. This will help to solve some cosmogonical
problems, such as: determining whether or not there is a second asteroid belt (the Kuiper
belt) behind the Saturnian orbit (Anderson et al., 1986), giving better numerical estimates
of the quantity of dark matter in the solar system (Braginsky, 1994; Anderson, et al., 1995),
and determining whether or not our Sun has a companion star.

(iv). Experimental tests of the modern gravitational theories in the WFSMA (Damour, 1983;
Will, 1993; Lebach, et al., 1995; Anderson et al., 1996) including the establishment of
upper limits on the amplitude and energy density of gravitational radiation (Anderson et
al., 1986). The search for gravitational waves, their detection and studies of mechanisms of
wave generation, as well as their propagation and interaction with matter. These studies
will increase our knowledge of the early age of the universe, its cosmological evolution and
the behavior of stellar systems, as well as further confirming the hypothesis of the existence
of unseen matter in the universe (Anderson, et al., 1995).

The modern approach to conducting these different scientific studies should be based upon
the use of a well established common relativistic framework for both collecting and interpret-
ing astronomical observations. Until recently, this task had been done by taking into account
only the post-Newtonian corrections to the solar static spherically-symmetric (Schwarzschild)
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gravitational field. The basic relativistic effects, such as Mercury’s perihelion advance, gravita-
tional light deflection, red-shift and time-delay (the Shapiro effect) have been calculated with
post- Newtonian accuracy by a number of authors and the corresponding results are well-known
(Brumberg, 1972; Misner et al., 1973; Will, 1993). It should be noted that during last 10 years
the precision of theoretical predictions of satellite motion has increased considerably. This has
happened because some of the leading static-field post-Newtonian perturbations in the dynamics
of the planets, the Moon and artificial satellites have been included in the equations of motion
(eq.m.), and time and position transformation (Moyer, 1971; Moyer 1981; Dickey et al., 1989;
Huang et al., 1990; Dickey et al., 1994; Habib et al., 1994; Williams et al., 1996). However, due
to enormous progress in the accuracy of astronomical observations at the present time, we must
now take into account the much smaller relativistic effects caused by the post-post-Newtonian
corrections to the solar gravitational field as well as the post-Newtonian contributions from the
lunar and planets’ gravity. Moreover, it is also well understood that the effects due to the non-
stationary behavior of the solar system gravitational field as well as its deviation from spherical
symmetry should be also considered (Kopejkin, 1988). The successful solution of these problems
requires a detailed critical review of modern observational methods and the development of a
consistent and physically well founded theory of relativistic celestial mechanics and relativistic
RFs. This theory should provide one with reliable physical grounds for theoretical studies of the
new relativistic gravitational phenomena as well as meet the needs of practical astronomy.

It has been long considered that such a theory already exists in the form of the parameterized
post-Newtonian formalism (PPN) (Nordevedt, 1968a,b; Will, 1971; Will & Nordtvedt, 1972; Will,
1993). However, based on the present understanding of the problem, this point of view is not
correct. Indeed, the foundation of the PPN formalism is based upon the existence of an exclusive
set of inertial RFs. Usually, the origin of such a frame either coincides with the solar system
barycenter or it may be transformed to one by the post-Galilean coordinate transformations
(Chandrasekhar & Contopulos, 1967; Kopejkin, 1988; Will, 1993). The resultant barycentric
inertial RF is perfectly suited for analyzing both light ray propagation in the proximity of the
Sun and the motion of the planets around the Sun. However, it does not address some very
practical needs of modern astronomy, such as providing a description of a satellite’s motion
around the Earth (or other planet), studying properties of the Earth’s rotation, or collecting
and interpreting data from satellite laser ranging (SLR), lunar laser ranging (LLR), or ground-
or space-based VLBI. These difficulties are caused by the fact that the planet’s center of mass,
in general, does not move along the geodesic line. The corresponding deviations are very small
(Misner et al., 1973; Brumberg, 1972; Will, 1993) and a product of the coupling of the planet’s
internal multipole moments to the external gravitational field. It is well-known that geodesic
motion in the general theory of relativity, for example, can be is viewed as free fall. Moreover,
in the immediate vicinity of the free-falling body one may introduce a local quasi- inertial RF.
In this RF an external gravitational field should manifest itself in the form of tidal forces only
(Synge, 1960; Bertotti & Grishchuk, 1990). However, the PPN coordinate system, with its origin
at the center of mass of the planet, does not satisfy this last condition, and therefore it may
not be treated as a quasi-inertial RF (Kopejkin, 1988). However, from the practical point of
view of collecting and interpreting experimental data, one needs to use a set of RFs with well
defined geometrical and physical properties. Thus it has been shown that a poor choice of
coordinate transformations for defining the proper RF may lead to unnecessary complications
in the equations of motion. These equations may appear to contain non-physical (or fictitious)
forces acting on the bodies in the system. Although, these forces are simply a result of a ‘bad’
choice of RF, their appearance in the equations of motion may make the scientific interpretation of
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the collected results much more difficult. For example, the term with an amplitude of about one
meter in the relativistic theory of motion of the moon (Brumberg, 1958; Baierlein, 1967) has no
real physical meaning when built on the basis of the proper coordinates. The appearance of this
term is an artifact of the choice of coordinates and, therefore, the one-meter term is not observable
(Soffel et al., 1986; Kopejkin, 1988). This example suggests that a clear understanding of the
dynamic properties of a chosen coordinate RF will help make the separation between physically
measurable quantities and coordinate induced ones, and hence will simplify the analysis of the
data obtained.

¿From this standpoint, the detailed construction of a relativistic theory of astronomical RFs
is greatly needed. It is especially important because at present almost all the astronomical
observations (such as optical, radio, Doppler, laser etc.) are performed and/or processesed by
experimental equipment placed on the Earth’ surface. Moreover, there is great demand for a
reliable relativistic navigation in outer space for near-future space missions such as the space-
based gravitational-wave astronomy. Let us also note that there are near term plans for launching
several drag-free satellites with GPS receivers onboard: Gravity Probe B (GP-B) (Bardas et al.,
1989), LAGEOS III, a satellite test of the equivalence principle (STEP), and the Mercury Orbiter
mission which has been proposed by the European Space Agency as a cornerstone mission under
the Horizon 2000 Plus program (Anderson, Turyshev et al., 1996). There exist plans to include
the post-post-Newtonian contributions to the light propagation effects coming from the solar
gravitational field and the post-Newtonian gravitational perturbations by the planets of the
solar system (Klioner & Kopejkin, 1992). In particular, one of the most promising projects is
deploying in the Earth’s orbit a precision optical interferometer (POINTS). This satellite will be
designed to be able to measure the arcs between the pairs of stars separated on the sky by the
right angle with the anticipated accuracy on the order of a few microarcseconds (µas) (Chandler &
Reasenberg, 1990). These plans encourage the development of an orbit determination algorithms
which would enable one to process the data with the required relativistic accuracy. This alone
will require substantial work to be done in development of a number of theoretical and practical
questions, such as:

(i). The construction of a dynamic inertial RF and a more precise definition of the orbital ele-
ments of the Sun, Earth, moon, planets and their satellites (Standish et al., 1992, Chandler
et al., 1994; Dickey et al., 1994; Williams et al., 1996; Standish, 1995).

(ii). The construction of a kinematic inertial RF, based on the observations of stars and quasars
from spaceborne astronomical observatories (Fukushima, 1991a; Standish et al., 1992).

(iii). The construction of a precise ephemeris for the motion of bodies in the solar system to
support reliable navigation in the solar system (Denisov et al., 1989; Standish et al., 1995;
Standish, 1995). The construction of precise radio-star catalogs for the spacecraft astroori-
entation and navigation in outer space beyond the solar system.

(iv). The comparison of dynamic and kinematic inertial RFs, based on the observations of space-
craft on the background of quasars, pulsars and radio-stars, as well as the verification of
the zero-points of the coordinates in the inertial RF (Jacobs et al., 1993; Folkner et al.,
1994; Fukushima, 1995).

Therefore the motivation for this research is quite natural: In order to propose the necessary
recommendations for corrections to existing software codes, we will re-examine the basic concepts
of high-precision navigation in the solar system. The principal goal of this report is to provide
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one with a solid theoretical foundation for the relativistic astronomical measurements in the
curved space-time. To reach this goal we, by using the methods of the WFSMA, will develop
a new approach to the relativistic treatment of the satellite orbit determination problem. This
approach will be based upon a new theory of coordinate transformations (i.e. the theory of the
relativistic RFs) and the measurement models in the relativistic celestial mechanics. The outline
of the present report is as follows:

The next chapter in this Section contains a brief historical introduction to the problem of
motion of N weakly interacting self-gravitating extended bodies. To specify our theoretical studies
we will present a qualitative description of the astronomical N-body systems of interest. In order
to provide a solid motivation for this research we will analyze the different methods used to
approach this problem and will present their advantages and the encountered difficulties.

In the Section 2 we discuss the conventional PPN barycentric approach which is based on
the solution to the gravitational one-body problem. Recognizing that the generalization of the
obtained results into a general case of motion of an arbitrary N-body system is not straightfor-
ward, we analyze the conditions necessary to derive the restricted solution for the motion of the
general N-body problem. We also discuss ways to obtain the complete multipolar solution to the
problem in the general case.

Section 3 is devoted to a general description of the new method proposed to overcome the
above mentioned problems. We discuss a new iterative approach to describing the dynamics of
an isolated astronomical N-extended-body system in the metric theories of gravity. The N-body
solution of the gravitational field equations in the proper RFA originated in an arbitrary body
(A) is formally presented as a sum of the four following terms: (i) γAkl, which is the Riemann-flat

inertial space-time: RA
mnst(γ

A
kl) = 0; (ii) h

(0)A
mn , which is the gravitational field generated by the

body (A) itself; (iii) h
(0)B
mn is the perturbations caused by other bodies in the system (B 6= A);

and, finally, (iv) the gravitational interaction term hintmn. This method is presented in its most
general form and, hence, it is valid for a number of metric theories of gravity. We discuss the
general properties of the post-Newtonian non-rotating coordinate transformations and present
the straight, inverse and mutual coordinate transformations. As a possible way of generalizing
the results obtained, we discuss the use of the rotational coordinate transformations. In addition,
we discuss the necessary conditions for constructing a proper RF with the well defined dynamical
properties. Physically, these conditions should provide one with a force acting on the body in
its proper RF such that the body will be in the state of equilibrium. Mathematically, these
conditions required that the total dipole moment of the system of the fields produced by matter,
the field of inertia and the gravitational field taken jointly will vanish for all times.

In Section 4 we apply the proposed formalism to the case of general relativity. The celestial
bodies are assumed to consist of a perfect fluid and possess any number of the internal mass and
current multiple moments which characterize the internal structure of such bodies. We present
the physical and mathematical definitions of the proper RF in the WFSMA. We find the explicit
solution for the interaction term. This enables us to construct all the necessary expressions for the
metric tensor in both the barycentric inertial and arbitrarily parameterized proper quasi-inertial
RFs.

In Section 5 we present the general solution for the global and local problems, as well as
showing the general solution for the functions of the coordinate transformation in the case of
bodies with a weak external gravitational field. In particular, within the present accuracy of
radio measurements, we discuss the generalized Fermi-normal-like proper RF, which is defined
in the immediate vicinity of such extended bodies.
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In Section 6 we generalized the results obtained on the case of a system of N arbitrarily shaped
and deformable extended bodies. To do this, we study the existence of the conservation laws in
the proper RF. It turns out that the existence of these laws in WFSMA may be shown explicitly
in the case of well separated celestial bodies. This allows us to evaluate the surface integrals
on the boundaries of the domains occupied by the celestial bodies and present the explicit
coordinate transformations between the different RFs in the WFSMA of the general relativity.
These results are the extension of the post-Galilean transformations obtained by Chandrasekhar
and Contopulos (1967) on the case of a system of interacting celestial extended bodies. We
discuss the properties of the corresponding quasi-group of motion and its application to the
study of the dynamics of an arbitrary N-body gravitational problem.

Section 7 is devoted to the future relativity missions in the solar system. In order to provide
the framework to study the relativistic gravity for a number gravitational theories, our previous
derivations will be generalized on the case of the tensor-scalar theories. As a result, we include in
the analysis the two Eddington parameters (γ, β), which allows us to develop a parametric theory
of the astronomical RF. By analyzing the equations of motion in the two-parameter Fermi-normal-
like RF, we have obtained an interesting result: that although some terms in the planeto-centric
eq.m. of the spacecraft around the planet are zero for the case of general relativity, they may
produce an observable effect in scalar-tensor theories. This allows us to propose a new null
test of the SEP. Also in this Section we discuss the other relativistic gravitational experiments
possible with the future Mercury Orbiter mission which has been proposed by the European
Space Agency as a cornerstone mission under the Horizon 2000 Plus program. The motivation
for this research is to determine what scientific information may be obtained during this mission,
how accurate these measurements can be, and what will be the significance of the knowledge
obtained. We present there both quantitative and qualitative analyses of measurable effects such
as Mercury’s perihelion advance, the redshift experiment, and the precession phenomena of the
Hermean orbital plane.

In Section 8 we present the hierarchy of the celestial RFs, including the four frames that are
widely in use for the practical needs of the modern relativistic astronomy. Thus, in a compact
and an explicit form we show the coordinate transformations between the barycentric and the
geocentric RFs, between the geocentric and the satellite RFs, and between the geocentric and
the topocentric RFs. This presentation contains the two Eddington parameters (γ, β), which
makes the obtained results valid for a wide class of metric theories of gravity. In the discussion
we present a number of possible areas for the immediate practical application of the theory of
astronomical RFs developed in this report. We present our conclusions and recommendations for
future research on relativistic gravity in the solar system and beyond.

In order to avoid cumbersome calculations and to simplify the presentation of the main re-
sults in the text, some expressions and intermediate relations will be presented in Appendices.
In Appendix A we present the generalized gravitational potentials. Appendix B is devoted to
a discussion of the structure of the post-Newtonian power expansion of the general geometrical
quantities such as the metric tensor gmn, the Christoffel symbols and the Riemann tensor Rmnkl

in coordinates of an arbitrary RF with respect to small parameters. Appendix C contains the
general theory of the relativistic coordinate transformations. We discuss there the transforma-
tion of the base vectors for a different coordinate transition. In Appendix D we present the
features of the transformations of a different equations and quantities, such as the covariant
gauge conditions, the Ricci tensor, the gravitational field solutions and the energy-momentum
tensor. The transformation rules for the generalized gravitational potentials under the post-
Newtonian coordinate transformation are presented in Appendix E. The Christoffel symbols in
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the proper RF are calculated in Appendix F. The calculation of the form of the inertial part of
the metric tensor in the proper RF, the form of the interaction term as well as the components of
the Riemann tensor in this frame are presented in Appendix G. In Appendix H we present some
useful identities which are used in Section 6 to study the existence of the conservation laws in an
arbitrary proper RF. And, finally, in Appendix I we have presented the astrophysical parameters
used for estimations of the magnitudes of the gravitational effects in Section 7.

1.2 The Problem of Relativistic Astronomical Measurements.

Classical Newtonian mechanics is based upon the principles of Euclidian geometry. The physical
experiments, within the accuracy available at that time, had confirmed the two basic postulates
of this geometry: that time is absolute and homogeneous, and that space is also absolute and
not only homogeneous, but also isentropic. These properties of time and space were discovered
because, for the then known physical forces2, the corresponding eq.m. of the Newton’s mechanics
preserved their form under the Galilean group of motion. These properties may be written for
two different RFs moving relative to each other with the constant speed ~v as:

t′ = t+ a, ~r ′ = ~r −~b− ~vt, (1.1)

where the parameters a and ~b are the constant time-shift and the displacement of the origin
of the coordinate system respectively. This form-invariancy suggested that, independent of the
state of motion of these RFs (they may be either at rest or uniformly moving alone a straight
line relative to each other), all the mechanical phenomena will behave exactly the same way in
any such RF. This principle has become known as the principle of relativity (Poincaré, 1904).
Note that the transformations (1.1) are given in Cartesian coordinates. One may choose another
coordinate system (CS) in the same RF without changing its state of motion (say ~x) by simply
rotating of the coordinate axes: rα = Rα

βx
β, where Rα

β is a constant orthogonal rotation matrix.

Thus Newton’s mechanics had introduced into physics a notion of both an absolute distance
between two points in three-dimensional space, and of absolute time. In the other words, he
asserted that time and coordinates are directly measurable quantities. Because of this, the
theory of gravitational measurements in celestial mechanics was based long upon the three laws
of Newton’s mechanics and coordinate transformations (1.1). ¿From the practical point of view,
there were two astronomical RFs of primary importance: the barycentric frame (BRF), which
is related to the barycenter of the solar system, and the geocentric frame (GRF), whose origin
coincides with the Earth’s center of mass. Because of the recent progress in the relativistic
treatment of an isolated N-body system, there is now clear and unambiguous agreement on
an asymptotical BRF (which is valid even through the post-Newtonian level of WFSMA). By
assuming that the solar system as a whole is completely isolated, one may put its barycentric
RF to be non-accelerated (or to say ‘at rest’) and absolutely non-rotating. The latter condition
implies: (i) the absence of the centripetal and Coriolis forces (dynamical inertiality) and (ii)
that the coordinate directions to the remote light sources (such as quasars) must be constant
(kinematic inertiality). In addition, the absence of any external sources of gravity enables one to
consider only the proper (or ‘inertial’) gravitational field of the solar system. As a result, such
a RF was used for a long time as the basic tool to solve almost all the problems in practical
astronomy (even relativistic ones).

2There were only two known natural forces at this time: gravity and elasticity. The first one was described by
Newton’s gravitational law and the second by Hooke’s law.
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As far as the GRF is concerned, the situation turns out to be more complicated. If one
attempts to describe the local gravitational environment of some extended body from an N-body
system, (for example, the Earth in the solar system), first of all, based on the results of a study of
the existence of the energy-momentum conservation laws, one generally defines the barycentric
inertial RF: (t′, ~r ′). Then, one may introduce a non- rotational accelerated GRF (t, ~r) which is
defined at the center of mass of the extended body under study by a coordinate transformation
similar to that of (1.1):

t′ = t, ~r ′ = ~r + ~r0(t), (1.2)

where ~r0(t) is the Newtonian barycentric radius- vector of the body.

To analyze the gravitational environment of the body under consideration, one presents the
effective potential in the body’s vicinity in the form:

U(~r) = U0(~r) + U tid(~r). (1.3a)

where U0 is the body’s own gravitational potential. The influence of the external bodies in the
chosen frame manifests itself in the form of gravitational tidal forces only. The corresponding
tidal gravitational potential U tid may be given by:

U tid(~r) = U ext(~r0 + ~r)− U ext(~r0)−
(
~r · ~∇U ext(~r0)

)
. (1.3b)

This potential is searched for as the solution of the usual Poisson equation in the form:

△U tid = −4πρext0 (1.4a)

with the boundary conditions

~∇U tid(~r0) = 0, U tid(~r0) = 0, (1.4b)

where ρext0 is the mass density of the external gravity in the vicinity of the body under study.
As a result, the theory of astronomical observations become inseparable from the problem of
determining of the motion of celestial bodies, because the Newtonian eq.m. for the body’s center
of mass is determined as follows:

~̈r0 = −~∇U ext(~r0). (1.5)

One may also verify that, in the proper RF for an extended body constructed this way,
the body’s own center of mass will be at rest during the time of the experiment. Indeed, by
integrating the local eq.m. of the Newtonian hydrodynamics (Fock, 1955):

ρ0
d~v

dt
= −ρ0~∇U + ~∇p, (1.6)

over the body’s compact volume, one obtains the desired result: m̈α
0 = 0, where mα

0 is the body’s
first (dipole) mass moment. In the body’s vicinity the external gravity produces negligibly small
tidal perturbations of the local motion, which are presently well known (Standish et al., 1992).
This leads to so-called ‘quasi-inertial’ properties of GRF. The kinematic advantage of these local
coordinates (t, ~r) is that the RF, when obtained this way, moves with the considered body. Their
dynamic usefulness comes from the fact that the coordinate transformations (1.2) allow one (to
some extent) to decouple the motion of the studied body from the global dynamics of the system
as whole (Pars, 1965; Brumberg, 1972; Damour, Soffel & Xu (here and after (DSX)), 1991).
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These are the reasons why this proper RF (or GRF) has become very useful for studying local
physics in a body’s vicinity.

The situation changed drastically when, by generalizing Faraday’s thoughts on the electric
and magnetic phenomena, Maxwell discovered a set of equations describing electro-magnetic
field. These equations successfully described the two then-‘new’ forces corresponding to elec-
tromagnetic and optical phenomena. However, it turned out that the famous Maxwell-Lorentz
equations of electromagnetism were not form-invariant under the Galilean transformations (1.1).
This was an indicator that either the laws of the Newtonian mechanics were incomplete or these
transformations were wrong. ¿From the other side, recall that the transformations (1.1) were
a simple consequence of the laws of Newton’s mechanics. It became clear that even if some
other set of equations would be substituted for these laws, the transformations (1.1) may not
provide a form-invariancy for this new set. Thus, it became obvious that the principle of rel-
ativity must have a more fundamental character. In the Poincaré interpretation this principle
was re-formulated so that the physical laws should be the same for a two particular observers:
one being at rest and the other one being in the state of steady-straight- line motion so that
there is no means to find out whether or not the second observer is moving. The significance of
this principle was that it stated that there are no such things as absolute space or time, and,
moreover, it implied the impossibility of an absolute motion in the general law of nature.

As we know now, the understanding of this theory sparked a revolutionary change in the
course of theoretical physics in the beginning of the 20th century. The answer to this problem
was given in a series of works by Poincaré (1904) and Minkowski (1908) (see also Lorentz et
al., 1923): that space and time must be united together to form a four-dimensional pseudo-
Euclidian geometry. The coordinates of two points in this four-dimensional manifold are denoted
as (ct, ~r) → xn ≡ (x0, xα), where n = 0, 1, 2, 3 and c is the speed of light. The square of the
geodesic distance ds2 between the two infinitely close points of this space-time (interval) is
given by the four-dimensional analog of the Pythagorean theorem: ds2 = γmn(x)dx

mdxn. The
function γmn(x) is the metric tensor which has become the main object to define the structure of
studied space-time (Eisenhart, 1926). These metric coefficients only (as referred to a particular
coordinate system) together with the coordinate differentials will provide one with physically
measurable quantities. In Cartesian coordinates of the Galilean (inertial) RF, for all the points of
the pseudo-Euclidian space-time, this metric function may be chosen in the form of the Minkowski

metric: γ
(0)
mn = diag(1,−1,−1,−1). As a result of such a change, the coordinates lost their

absolute meaning and could not be used for direct physical observations. Even the differentials
do not have physical sense, because they are not directly connected with either the distance
between two points in the three-dimensional space or with the temporal evolution of the physical
processes.

By analyzing the Maxwell-Lorentz equations of the electromagnetic field and the interval

in the form ds2 = γ
(0)
mndxmdxn, Poincaré was the first to point out that the set of these field

equations and the quantity ds2 are form- invariant under the Lorentz’ transformations, which
form the Poincaré group of motion:

t′ = γ
(
t− (~v · ~r)

c2

)
, γ =

(
1− v2

c2

)− 1
2
, (1.7a)

~r ′ = ~r + (γ − 1)
~v(~v · ~r)
v2

− γ~vt, (1.7b)

where ~v is the constant relative speed between the two RFs. Thus, the study of electro-magnetic
phenomena led to the discovery of a new theory of the structure of space-time.
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The form-invariancy of the metric tensor under the transformations (1.7) has suggested a more
general physical property, namely: for all the possible coordinate transformations between the
two arbitrary RFs, which preserve the form of the metric tensor γmn, the physical phenomena in
both obtained frames will behave in exactly the same way. As a result, the principle of relativity
becomes simply a consequence of the latter property. The next logical step was to generalize the
equations of the Newton’s mechanics based on this new four-dimensional relativistic treatment.
The resultant set of equations of motion has become known as the relativistic mechanics of
Poincaré (Sard, 1970). This theory was formulated in a covariant form which allows one to study
the physical processes in any physical RF. Note that independent of Minkowski and Poincaré,
Einstein had also formulated a new theory of space-time - the special theory of relativity (Lorentz
et al., 1923; Landau & Lifshitz, 1988). However, this theory was formulated based only on the
Poincaré group of motion and was constrained to the class of inertial RFs only.

The discovery of the pseudo-Euclidian geometry had finally undermined any absolute meaning
of finite time or finite distance and had substituted instead a purely relative one. Now the interval
ds2 - the square of the infinitesimal distance in four-dimensional manifold - had become the only
absolute quantity. For example, based on the Lorentz transformations, the time in two different
RFs was no longer the same, but rather depended on the relative speed between the frames:

∆t′ =

∫ t1

t0
dt
(
1− ~v 2(t)

c2

) 1
2 . (1.8a)

Moreover, the length of an object in two RFs was also no longer invariant. Thus a rod, which
has a length dl0 in a rest frame, will experience the length contraction in an inertially moving
frame in the direction ~n = ~v/v, parallel to the speed of motion ~v:

d~l = ~ndl0
(
1− ~v 2

c2

) 1
2
. (1.8b)

It should be stressed that the formulas (1.8) are simply the consequence of the properties of
the pseudo-Euclidian geometry. It should be noted that, together with the properties of this
geometry, the language of the ‘microscopic’ (or field) description has appeared in theoretical
physics as the necessary tool for theoretical studies of physical processes. This ‘field’ terminology
deals with the densities of physical quantities in a relativistic-coordinate-independent way, rather
than providing a coordinate-dependent (or RF-dependent) regular ‘macroscopic’ treatment and
it has become a very powerful substitution for the latter. As a result, for the special relativistic
treatment of the gravitational observations, contrary to Newtonian mechanics, one should always
appeal to the notion of the ‘proper’ quasi-inertial RF of a body in order to correctly define the
body’s mass, its barycenter, and the intrinsic multipole moments.

For a long time it was considered that the special theory of relativity and hence the relativistic
mechanics of Poincaré, were theories which described the physical processes solely in different
inertial RFs (which may be linked to each other by the Lorentzian transformations (1.7)). ¿From
the other side, real astronomical phenomena unavoidably involve descriptions based on non-
inertial RFs, which, by a misunderstanding (partially based on the Equivalence Principle), was
considered as a prerogative of the general theory of relativity only. However, this is not true.
Based on the discovery of the pseudo-Euclidean space-time made by Poincaré and Minkowski, one
may use an infinite class of admissible RFs both inertial and non-inertial in order to describe the
physical phenomena in the real world. Indeed, the Riemann curvature tensor, which defines the
intrinsic geometry of space-time, is zero in any of these frames. However, observing any physical
process enables one to confidently distinguish the situations when an experiment is performed
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in an inertial or in a non-inertial frame. This means that the following generalized principle of
relativity (Logunov, 1987) is valid: Independent of the state of motion of the RF chosen for the
experiment (either inertial or non-inertial), one may define an infinite set of other RFs for which
the physical phenomena will behave in exactly the same way. Moreover, one may not establish,
by any means, in which RF from this equivalent set the experiment is performed. As a result, by
defining the admissible coordinate transformations which leave the metric tensor in the chosen
RF form-invariant, one defines the entire infinite set of physically equivalent RFs. Thus, from
Poincaré’s equations of relativistic mechanics and the requirement of the form-invariancy of the
metric tensor, one may find another fundamental group of motion in the pseudo-Euclidian space-
time, namely: the relativistic group of the uniformly-accelerated motion of a monopole particle.
Indeed, for a particle with mass m0 moving under the influence of a constant force ~f = (f, 0, 0)
the law of motion is given by:

t′ = t, x′ = x+
c2

a

[(
1 +

a2t2

c2

) 1
2 − 1

]
, (1.9)

where a = f/m0 is the corresponding constant acceleration. The interval of the two-dimensional
space-time in the co-moving RF takes the form:

ds2 =
c2dt2

1 + a2t2/c2
− 2at dtdx
(
1 + a2t2/c2

) 1
2

− dx2. (1.10)

From this it is easy to show that the corresponding two-parametric group of motion for the
uniformly-accelerated RFs may be presented as follows:

t′ = γ
(
t+ t0 +

vx

c2
+
v

a

[(
1 +

a2t2

c2

) 1
2 − 1

])
, γ =

(
1− v2

c2

)− 1
2 ,

x′ = γ
(
x+ vt+

c2

a

[(
1 +

a2t2

c2

) 1
2 − 1

])
−

−c
2

a

([
1 +

a2

c2 − v2

(
t+ t0 +

vx

c2
+
v

a

[(
1 +

a2t2

c2

) 1
2 − 1

])2
] 1

2

− 1

)
+ x0, (1.11)

where t0 and x0 are the group constants.

One can see that, in order to preserve the form-invariancy of the metric tensor for the time
translation (given by a parameter t0) contrary to Poincaré group (1.7), this nonlinear group of
motion requires the transformation of spatial coordinates as well. Thus, the non-inertiality of the
RF makes the physical analysis more difficult than in the case of an inertial RFs. The situation
becomes even more complicated if one decides to describe the motion of an extended object. This
is because the bodies in this case, besides the ‘usual’ Lorentzian relativistic contractions, will
experience other dynamic effects generated by the properties of the RF chosen for the analysis.
In practice, one is usually faced with the problem of extracting the RF-induced effects. As the
properties of the pseudo-Euclidian space-time are well established, this problem may be solved
in a satisfactory manner by constructing a quasi-inertial RF in the vicinity of the body under
consideration. The vanishing of a Riemann curvature leads to a maximum possible number of the
Killing vectors in this geometry (N=10), which enables us to separate physically observable and
coordinate-induced quantities in a satisfactory manner. Note that the corresponding theoretical
methods of the classical mechanics of Poincaré are presently well tested in different experimental
situations and they are used extensively in many areas of modern relativistic physics, such as
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high-energy physics, theoretical astrophysics and solid state physics. Astronomers, however,
previously had not fully accepted these methods into real astronomical practice as there was
little observational data with the relativistic accuracy.

This has changed dramatically during the last two decades, and now that the accuracy of
astronomical observations enables us to perform studies of the physical processes in the universe
with much higher precision, the problem of relativistic gravitational measurements has become
very important. This has led to numerous experiments testing different hypotheses which have
lain the foundations for a number of recent theories of gravity (Will, 1993). Gravity, however,
remains the last yet unexplored frontier of the modern theoretical physics (Hawking & Israel,
1987; Damour & Schäfer, 1991; Damour & Taylor, 1992). This is mainly because of weakness
of the gravitational interaction in the solar system presents great difficulties when planning
and performing gravitational experiments. The other reason, is that the discovery of the field
equations of the general theory of relativity has changed our physical conceptions once again.
According to this theory, not only are space and time united together by forming a 4-dimensional
Riemann manifold with the general metric tensor gmn, but also it is matter which is responsible
for generating the properties of this space-time. In other words, space-time tells matter how to
move and matter tells the space-time how to curve (Misner et al., 1973). There are many other
gravitational theories currently under consideration, but the metric theories of gravity have taken
a special position among all the possible theoretical models. The reason is that, independent of
the many different principles at their foundations, the gravitational field in these theories affects
matter directly through the metric tensor of Riemann space-time gmn, which is determined from
the field equations of a particular theory of gravity. In contrast to Newtonian gravity, this tensor
contains the properties of a particular gravitational theory as well as carrying the information
about the gravitational field of the bodies themselves. This property of the metric tensor enables
one to analyze the motion of matter in one or another metric theory of gravity based only upon
the underlying principles of modern theoretical physics.

The situation with relativistic measurements has become even more complicated. Because it
is well known that in the Riemann space-time one can not have an explicit mathematical defi-
nition for the proper RF, it is permissible to introduce any coordinate system. As a rule, before
solving these equations, four restrictions (coordinate or gauge conditions) must be imposed on
the components of the gmn. These conditions extract a particular subset from an infinite set of
space-time coordinates. Inside this subset the coordinates are linked by smooth differentiable
transformations which do not change the coordinate conditions being chosen. In general relativ-
ity, for example, there exists no absolute time or Euclidean space. Besides, one may not, in the
general case, introduce some ‘privileged’ RF in space-time. Contrary to the Newtonian theory
of gravity, coordinates in curved space-time have no physical meaning and cannot be measured
directly by astronomical observations.

Nevertheless, there are some special cases in which one may speak about privileged coordi-
nates in general relativity. One such case is space-time having a weak gravitational field and
slowly moving matter. The density of the total non-linear Riemann metric tensor gmn of such
space-time may be linearized and presented as a sum of the density of the pseudo-Euclidian back-
ground metric γmn plus the small perturbations caused by the physical gravitational field hmn:√−ggmn =

√−γγmn+hmn. Then, in the Galilean inertial RF, such a space-time may be covered
by coordinates which differ only slightly from the absolute time and Cartesian space coordinates
of Newtonian theory of gravity. We shall call these space-time coordinates quasi-cartesian. These
quasi-cartesian coordinates are the most convenient coordinate system for developing a relativis-
tic theory of astronomical RFs inside the solar system. They are also used in the case of an
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isolated astronomical system which consists of N well- separated and extended bodies possessing
weak gravitational field and moving with slow orbital and rotational velocities (such as our solar
system).

The solution of the field equations of general relativity in WFSMA for an isolated distribution
of matter is presently well-known (Will, 1993). There have been a number attempts to describe
the motion of different gravitationally-bounded astronomical systems. This problem of describ-
ing the motion of a system consisting of N massive monopole particles was first considered by
Einstein et al. (1938), the rigid uniform rotation of the bodies was included by Papapetrou (1948,
1951), Fock (1955), etc. It was shown that the post-Newtonain equations of Einstein, Infeld and
Hoffmann (EIH) governing the motions of N mass points allow the same ten classical integrals
as the equations of Newtonian gravity, namely those expressing conservation of energy, linear
momentum, and the uniform motion of the center mass of the body. Moreover, Chandrasekhar
& Contopulos (1967) had shown there exists a way to introduce the notion of the ‘center of
mass’ of such a system, which enables one to construct the barycentric inertial RF0. Thus, by
studying the problem of the form-invariancy of the metric tensor and the corresponding post-
Newtonian EIH eq.m., they had shown that both of these expressions are invariant under the
following ‘post-Galilean’ coordinate transformations which establish a correspondence between
frames with uniform relative motion:

t′ =
(
1 +

v2

2c2
+

3v4

8c4
)t− vµy

µ

c2

(
1 +

v2

2c2

)
+

1

2c4

∑

B

mBnµy
µ +O(c−6), (1.12a)

x′α = yα +
(
1 +

v2

2c2

)
vαt− vµy

µ

2c2
vα +

σ

c2
ǫαµβy

µvβ +O(c−4), (1.12b)

where vα is the constant velocity of the uniform motion, mB is the post-Newtonian rest mass
of the distribution of matter under study and σ is some arbitrary constant. One can see that
both of the equations (1.12), contain additional terms beyond those obtained by expanding the
Lorentz transformation (1.7). The last term in the eq. (1.12a) is the contribution which is unique
to general relativity and it is this term which gives the transformation (1.12) its non-Lorenzian
character. The other additional term in eq. (1.12b) represents an arbitrary infinitesimal rotation
which may be satisfactorily explained in terms of the Poincaré group. As a result, the obtained
post-Galilean transformations are generalizations of the Lorentzian transformations (1.7) in the
gravitational case.

These post-Galilean transformations (1.12) are of little use for astronomical observations as
they were obtained in order to demonstrate existence of the barycentric inertial RF0 and they
are not suited for the construction of an astronomical RF for even massive monopole bodies.
This is simply because such proper RFs will generally not be inertial, but rather quasi-inertial.
Moreover, the expressions (1.12) do not account for the multipolar structure of the extended
bodies. However, we need some transformation that will work, since, in order to present all the
necessary expressions for the metric tensor and the equations of motion with the same post-
Newtonian accuracy, one must have a physically grounded definition of the transformation rules
between the RFs. To find this transformation, one must expand the Newtonian contributions in
terms of the intrinsic mass and current multipole-moments of the bodies (Damour, 1983, 1986).
The greater the required accuracy, the larger the number of these terms which must be taken
into account. It is known that the fully relativistic definition of these moments may be given
in the proper quasi-inertial RF only. Such a definition replaces that which was given in the
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rest-frame of the one-body problem3. In presenting these transformations one should also take
into account that, due to the non-linear character of the gravitational interaction, these moments
are expected to interact with external gravity, changing the state of motion of the body itself.
Fock (1955) was the first to notice that in order to find the solution of the global problem (the
motion of the N-body system as a whole), the solution for the local gravitational problem (in the
body’s vicinity) is required. In addition, one must establish their correspondence by presenting
the coordinate transformation by which the physical characteristics of motion and rotation are
transformed from the coordinates of one RF to another. Thus, one must find the solutions to
the three following problems (Damour, 1987; DSX, 1991):

(1). The global problem:

(i). We must construct the asymptotically inertial RF.

(ii). We must find the barycentric inertial RF0 for the system under study. This is primarily
a problem of describing the global translational motion of the bodies constituting the N-
extended- body system (i.e. finding the geodesic structure of the space-time occupied
by the whole system).

(2). The local problem:

(i). We must establish the properties of the gravitational environment in the proximity of
each body in the system (i.e. finding the geodesic structure of the local region of the
space-time in the body’s gravitational domain).

(ii). We must construct the local effective rest frame of each body.

(iii). We must study the internal motion of matter inside the bodies as well as establish
their explicit multipolar structure and rotational motion.

(3). The theory of the RFs:

(i). We must find a way to describe the mutual physical cross-interpre tation of the results
obtained for the above two problems (i.e. the fine mapping of the space-time).

Because the solutions to the first two problems will not be complete without presenting the
rules of the coordinate transformations between the global and the local (or planeto-centric) RFs
chosen for such an analysis, the theory of the astronomical RFs become inseparable from the
problem of determining the motion of the celestial bodies. ¿From the other side, if one attempts
to describe the global dynamics of the system of N arbitrarily shaped extended bodies, one will
discover that, even in WFSMA, this solution will not be possible without appropriate description
of the gravitational environment in the immediate vicinity of the bodies.

Concerning the problem of astronomical data reduction, first of all, one must find the connec-
tion between the coordinate quantities and the physically observable ones. Until quite recently,
relativistic reduction of astrometric observations was based on the use of the barycentric RF

and covariant definitions of an observables (Zel’manov, 1956; Synge, 1960; Misner et al., 1973;

3Note that, due to the breaking of the symmetry of the total Riemaninan space-time by realizing the 3 + 1
split (Thorne et al., 1988), these moments will not form tensor quantities with respect to general four-dimensional
coordinate transformations in the WFSMA. Instead, these quantities will behave as tensors under the sub-group
of this total group of motion only, namely: the three-dimensional rotation. This is similar to the situation in
classical electrodynamics, where electric ~E and magnetic ~H fields are not true vectors, but rather components of
the 4× 4 tensor of the electro-magnetic field Fmn = ( ~E ⊗ ~H) (Landau & Lifshitz, 1988).
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Ivanitskaja, 1979 Soffel, 1989; Brumberg, 1991a,b; Nordtvedt, 1995). Thus, interval ds2 in terms
of observable coordinates dXn ≡ (cdτ, drα), is taken to be diagonal and it is usually presented
in the form pseudo- Euclidian Minkowski space-time in the Galilean RF as follows:

ds2 = gmn(x)dx
mdxn = γmndX

mdXn ≡ c2dτ2 − dr2, (1.13)

where the physical time dτ and the three-dimensional physically measurable distance dr2 are
given by:

dτ =
√
g00dt+

g0αdx
α

c
√
g00

, dr2 =
(
− gαβ +

g0αg0β
g00

)
dxαdxβ. (1.14)

In this method the directly measurable quantities by definition are the tetrad components (or
base vectors) σn of the null wave vector of a photon projected onto a space-like hypersurface
being orthogonal to the four-velocity of an observer un: σn = Pn

l k
l, where Pm

n = δmn + umun is
the projection operator which satisfies the following conditions: Pα

α = 2 and Pm
k P

k
n = Pm

n . By
definition, the physically observable components of the vector σn in the locally orthonormalized
tetrad basis of an observer, has only the spatial components σα, while the temporal one σ0 is
equal to zero. Contraction of the componenets σn with the basis vectors λpn, that σ

p = λpnσ
n

is a covariant quantity which is independent on the choise of the RF. This gives the procedure
of relaying the coordinate quantities dxp to the observable ones dXp ≡ (cdτ, drα) as follows:
dXp = λpndx

n. From the equation (1.13), we can find the following relation:

ds2 = γpndX
pdXn = λsmλ

p
nγspdx

mdxn = gmndx
mdxn, (1.15)

which provides one with the necessary equation for finding the components of the tetrad:

gmn = λsmλ
p
nγsp. (1.16)

From this equation and with the help of the relations (1.14) one, in principle, may find all
the necessary basis vectors λpn ( Logunov, 1987; Soffel, 1989). Using this technique as well as
the special methods of the Riemann geometry, one may establish the relationships between the
basis vectors and transform the measurable components σn = (0, σα) to the coordinates of the
barycentric RF. However, the reduction formula obtained this way, has been proven to contain a
non-observable coordinate-induced contributions in the relativistic terms (Klioner & Kopejkin,
1992). For example, the barycentric velocity of the astrometric spacecraft orbiting the Earth
is not directly observable and can not be derived with necessary accuracy with this barycentric
method. To solve this and some other problems unavoidably arising in the solely barycentric
approach, a consistent relativistic theory of astronomical RFs is needed.

As we have mentioned earlier, a well defined proper RF must be linked with the inertial RF0

by relativistic coordinate transformations which introduce no spurious terms into the metric or
the equations of motion of the relativistic local problem. However, the precise definition of the
quasi-inertial proper RF in a curved space-time (even in theWFSMA) is not quite straightforward.
We know that in freely falling inertial frames, the external gravitational field appears only in
the form of tidal interactions. Up to these tidal corrections, freely falling bodies behave as if
external gravity were absent (Synge, 1960; Bertotti & Grishchuk 1990). The general theoretical
consideration in this case is usually based on the geodesic equation

dun

ds
= −Γn

klu
kul. (1.17)

This equation may be interpreted as if on the left side we have the four-acceleration of the
particle, while on the right side is the force acting upon the particle. By careful choice of the
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coordinates, one may make the Christoffel symbols Γn
kl vanish in the immediate vicinity of the

body’s world-line, which will put this force equal to zero (Fermi, 1922a,b; Landau & Lifshitz,
1988). This allows one to use the analogy of the inertial motion and, as a result, the four-velocity
may be parameterized by the natural parameter s along the geodesic: un = ans + bn, with an

and bn being the arbitrary constant parameters. The analysis shows that in the vicinity of the
world-line of the origin of this well defined RFA, the coordinate transformation from the inertial
RF0 (xn) ≡ (x0, xµ) to the physically justified RFA (ynA) ≡ (y0A, y

µ
A) must have the structure of

a Taylor expansion with respect to the powers of a spatial coordinate yµA (Manasse & Misner,
1963; Manasse, 1963; Misner et al., 1973):

xn = xnA0
(y0A) + eA

n
α(y

0
A) · yαA +

1

2
ΓA

n
αβ(y

0
A) · yαAyβA +O(y3A), (1.18)

where the function xnA0
(y0A) represents the world-line’s description of the origin of the coordinates

(ypA), the functions eA
n
α and ΓA

n
αβ are coefficients of expansion. This relativistic transformation

should replace the post-Galilean transformations (1.12), as well as the special-relativistic group
of motion of the uniformly-accelerated RFs (1.7), allowing them both to be generalized in the
case of a system of N arbitrary extended self-gravitating bodies.

It should be noted that the use of the approach depicted above was based upon the geodesic
equation (1.17), but, as we know, extended bodies do not move along the geodesic lines. Instead,
the interaction of their intrinsic mulipole moments with external gravity causes deviation of their
motion from the geodesic. This means that this geodesic method is valid only for the case of
monopole structureless test particles. In order to provide the dynamic definition for the proper
RF, one should obtain the eq.m. of the extended bodies and require that the acceleration of the
body will vanish in it’s proper RF. One way to do this is to generalize the Fock-Chandrasekhar
approach in derivation of the eq.m. for the extended bodies, which is based upon the equation of
the conservation of the density of the energy-momentum tensor T̂mn in the form: ∇mT̂

mn = 0.
One may expect that the correct transformations will modify the structure of the expressions

(1.18) in the higher order terms of the spatial coordinates: ∼ y
{K}
A , where (k ≥ 3).

We should mention here that in the scientific literature in addition to expression ‘reference
frame’ the notion ‘coordinate system’ (CS) has recently come into a wide use (Kopejkin, 1988;
Brumberg & Kopejkin, 1988a,b; DSX, 1991-1994). This confusion in terminology partially came
from a misunderstanding of the basic principles of the theory of relativistic observables in the
curved space-time developed by Zel’manov (1956). In accord to his chronogeometric classifi-
cation, one should distinguish between these two physically different concepts. Thus, the RF

is an arbitrary set of four coordinates chosen to define the position of the body under study.
As we know, in order to properly describe the motion of the N-body system, one should have
at least N+1 these RFs (DSX, 1991). The CS are the coordinates one may choose to describe
the physical processes in the vicinity of the body in its proper RF. A coordinate system is a
particular code for labeling points in a RF by some numbers. However, once the RF has been
chosen, one may not make the choice of the CS arbitrarily. In order to introduce the CS one must
fulfill the chronogeometric requirements, which basically states or says that while introducing
the CS one shouldn’t change the state of motion of the RF already chosen for solution. In the
other words, the choice of the CS should provide one with a new RF which should be physically
equivalent to the old one. In practice, one usually may introduce an infinite class of CSs without
violating this equivalency (Zel’manov, 1956; Logunov, 1987; Denisov & Turyshev, 1989). ¿From
the other side, it is well-known that in the curved space-time there are no inertial RFs even in the
WFSMA, instead one may introduce only quasi-inertial ones. Moreover, an non-optimal choice
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of the CS may change the dynamic properties of the RF and may significantly complicate the
eq.m. of the bodies, leading to the wrong conclusions (Kopejkin, 1988). This means that a clear
physical definition for the RF is very important. Such a definition should enable one to study the
form-invariancy of the corresponding metric tensor. As a result, one may reconstruct the group
of motion, which leaves this metric tensor form-invariant, and which will provide one with the
class of admissible physically equivalent coordinate transformations in the RF of interest. We
will keep this relativistic terminology, and in our further discussion, we will distinguish between
the CS and the RF.

As we noted before, the properties of the proper RF should be based primarily upon the
structure of the metric tensor and the equations of motion of the local problem. For practical
reasons, in order to establish the physical characteristics of the proper RFA constructed for a
particular body (A) from the system, it is best to use the well-known properties of the freely
falling RFs as a first approximation when examining the interaction between the bodies. Thus
the expected properties, of a physically well defined proper RFA may be expressed as follows:

(i). The gravitational field solutions for both relativistic global and local problems should be
obtained with the same covariant gauge conditions. At least up to the terms describing the
motion of the mass monopoles, the metric tensor and the eq.m. of the local problem must
not depend on the ‘absolute’ velocity of the motion of the origin of proper RFA relative to
the inertial RF0. Both the tensor and the eq.m. in this case may admit the dependence
on the relative velocities of the bodies only (Fock, 1955; Kopejkin, 1988). The body’s own
translational motion in its proper RF should vanish.

(ii). This field in the local region must be made up of four physically different contributions,
namely: the proper and external gravitational fields, the field of inertia, and the gravita-
tional interaction term. The proper gravitational field outside the body should be describ-
able by the set of mass and current intrinsic multipole moments including the monopole,
the dipole, etc. (Thorne & Hartle, 1985; Kopejkin, 1988). The gravitational field of the
external bodies must be presented in the proper RFA solely in the form of tidal terms
generated by mass and current multipole moments of these bodies (Fermi, 1922a,b; Synge,
1960). The field of inertia is due to the specific properties of the coordinate transformations
chosen for the construction of this RF. The interaction term describes the mutual coupling
of the three above named terms.

(iii). Coordinate transformations between the different RFs should be homogeneous functions
omitting the infinite number of non- singular partial derivatives. These functions should
not violate the gauge conditions chosen for the problem and must be completely defined
by means of the local gravitational field at the origin of the coordinates of a particular
quasi-inertial proper RF.

It was considered for a long time that the physically adequate local RF must physically
resemble a frame which falls freely in the background field created only by external bodies
(Kopejkin, 1988). However, this is not true. This effect is due to the presence of the gravitational
interaction term, which reflects the non-linear nature of gravity. When describing the motion
of a monopole particle, one may use this analogy and describe the motion of the body as if the
external gravity were absent, but, in the general case of the extended self-gravitating body, one
must take into account the coupling of the body’s intrinsic multipoles to the external field. The
existence of this coupling should be reflected in the form of the transformation functions. As a
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result, one should not think that the ‘good’ proper RF may be realized as a locally inertial RF for
a massless test body (Manasse & Misner, 1963; Misner et al., 1973; Ni, 1977; Ni & Zimmerman,
1978). Physically, we are looking for a RF where one may effectively separate the local physics
from the external gravitational environment. This is why we would like to apply such an elegant
and simple Newtonian tidal approach to the post-Newtonian physics of the WFSMA. ¿From
the mathematical standpoint, we are looking for a solution to the local problem for which the
resultant space-time in the proper RFA will be tangent to the total effective space-time generated
by all the bodies in the system including the body (A). It was shown that the solution with these
properties could be found only at the immediate vicinity of the body and that the smaller the
Riemann curvature of the effective space-time, the further out would be the boundary of validity
of this solution (Brumberg & Kopejkin, 1988). Note that the existence of a well defined proper
RF has been more or less explicitly assumed by many authors (see, for example, Misner et al.,
1973; Li & Ni, 1978, 1979a,b; Will, 1993; Nordtvedt, 1995).

1.3 The Qualitative Description of the Astronomical Systems of Interest.

In order to provide a quantitative description of the relativistic motion of an astronomical N-
body system, let us first qualitatively define the small parameters involved in the description
of such a system. It is known that, there are several major methods to study the dynamics of
such systems (Damour, 1983, 1986) depending on the relationships between the astrophysical
parameters characterizing the orbital motion, rotation, gravitational field inside and outside
the bodies, their size, shape and internal structure, and the distance between the bodies. We
shall investigate a structure of space-time for the case of a gravitationally bounded and isolated
distribution of matter. We will restrict our attention to only N-body systems such as our solar
system which have slowly moving matter and weak gravitational field both outside and inside
the bodies. Let us assume that non-gravitational forces are absent, and that the bodies are well
separated. Our assumptions are then that the velocities of the orbital motion of the bodies vB
are non-relativistical ones, i.e. considerably smaller than the speed of light c: vB ≪ c, and
that the any two arbitrary bodies in the system are at distances rBA0 are considerably greater
than their radii LA and LB: rBA0 > LA, LB . Note that the motion of the bodies at distances
rBA0 ∼ rgA , rgB , where rg is the gravitational radius of the body has a highly unpredictable
character and will require very different mathematical techniques (Shapiro & Teukolsky, 1986a,b;
Thorne, 1989). Furthermore, let us denote the following quantities for each body in the system:
mB is the mass of the body (B), rB0 is the Newtonian barycentric radius-vector of this body; LB

is its mean radius, DB is the minimal distance between the body under question and it’s nearest
companion in the system; ~uB is the internal (rotational ~vrot and plus oscillatory ~vosc) velocity of
the element of the body’s matter in the proper RFB ; ωB is the frequency of its rotation in this

RFB ; I
{K}
B and S

{K}
B are its internal mass and current moments of kth order respectively and,

finally, M0 and L0 denote the mass and maximal diameter of the entire system.

Then, making of use the definitions above, we will concentrate our attention on a solution
of the problem of motion of such a gravitationally-bounded astronomical system of N extended
bodies in the WFSMA. This approximation may be used successfully if the system of interest
admits the existence of the following four groups of small parameters induced by the local and
global of the bodies in the system (denoted with the (l) and (g) subscripts respectively):

(1). The shape and size induced parameters. We presume that for each body in the system the
following parameters of a pure geometrical nature may be introduced:
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(i). δg ∼ sup[δBg = LB/DB ] ≪ 1, which describes the quasi-point structure of each body
in the system;

(ii). δl ∼ sup[δBl = I
{K}
B /mBL

k
B ] ≪ 1, which characterizes a dimensionless measure of

the deviation of the distribution of the bodies’ matter from a spherically-symmetric
distribution.

(2). The special relativistic parameters. The orbital and rotational motion of the bodies in the
system generates the following dimensionless parameters:

(i). ǫg ∼ sup[ǫBg = vB/c] ≪ 1, characterizing the speed of the orbital motion of the bodies;

(ii). ǫl ∼ sup[ǫBl = uB/c] ∼ S
{1}
B /mBLBc ∼ ωBLB/c ≪ 1, describing the slowness of the

rotational motion of the bodies.

(3). The general relativistic parameters. The gravitational field produced by the bodies in the
system may be characterized as follows:

(i). ηg ∼ sup[ηBg = c−2GmB/DB ] = rgB/DB ≪ 1, which describes the weakness of the
gravitational field outside the bodies;

(ii). ηl ∼ sup[ηBl = c−2GmB/LB ] = rgB/LB ≪ 1, which describes the weakness of the
gravitational field inside the bodies.

(4). The background induced parameters. For an isolated system, the absence of initial inho-
mogeneity of space-time caused by in-fallen radiation, external gravitational sources or
cosmological evolution may be characterized by the parameters:

(i). h ∼ ||g<0>
mn − γmn||/(M0/L0) ≪ 1, which describes the smallness of the maximal de-

viation of the background metric g<0>
mn from the Minkowskian metric γmn everywhere

in the system.

(ii). σ ∼ ḣ/ωB ≪ 1, which describes the quasi-stationary behavior of the background
metric.

We shall assume that any processes in the system may be considered to be adiabatic (∼ 1 yr)
in comparison to the characteristic time-scale of the cosmological evolution of this background
space-time (∼ 1010 yr) (as described by the Robertson- Walker solution). Moreover, asymptotic
regions of the isolated N-body system are presumed to be in a state of free fall. This means that
the influence of the rest of matter will be the universe on the local dynamics is of order 10−24,
while the relativistic gravitational perturbations in the system are expected to be in the range of
10−5− 10−21 (Will, 1993). With these expected accuracies, the influence of the rest of the matter
in the universe on the local dynamics of the bodies in the system may safely be neglected. Let us
denote this background space-time as γmn. Although in the general case this background metric
may have arbitrary properties, for the case of an isolated system of astronomical bodies and for
the WFSMA, one may take this metric in the form of space-time with a constant curvature or
introduce flat Minkowski space-time in the vicinity of the system under consideration. These
assumptions are necessary in order to justify the existence of a barycentric asymptotically inertial
RF.

With these assumptions and consequences, the dependence on the background-induced pa-
rameters h and σ in the corresponding eq.m. of the extended bodies may be neglected. The
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equations in this case may be schematically presented as follows (Damour, 1987):

d2xB
dt2

= FB [δg, δl; ǫg, ǫl; ηg, ηl]. (1.19)

This expression may be formally expanded with respect to powers of the remaining small pa-
rameters, which may be given by

d2xB
dt2

=
∑

k,l,m,n,p,q≥0

FB
klmnpq · δkg δllǫmg ǫnl ηpgηql . (1.20)

Depending on the relations between the parameters in any particular problem, there exist several
basic approximation methods. Our approach uses an assumption of a the weak gravitational
field inside and outside the bodies as well as an assumption about the slowness of the dynamic
processes in the system. For this case some of the parameters introduced above are linked
by equalities or inequalities. Thus, the first relation may be written as: ηBg = δBg η

B
l , which

automatically gives ηBg ≤ δBg ≪ 1 or for the entire system ηg ≤ δg ≪ 1. Since we are considering
a gravitationally bounded N-body system in the WFSMA, there should exist relations linked by
the virial theorem: v2B/c

2 ∼ rgB/DB and v2osc/c
2 ∼ rgB/LB (Fock, 1955; Chandrasekhar, 1965),

such that the parameters ǫg and ηg are equivalent and connected by the following relation:
ǫ2g ∼ ηg. The parameters ǫBl and ηBl are different and vary from body to body in the system.
One may also limit the behavior of matter forming the bodies such that ‘arbitrary bodies’ must

have slowly changing internal mulipole moments: İ
{K}
B /I

{K}
B ∼ ǫBl · kωB , Ṡ

{K}
B ∼ ηBl I

{K}
B . By

assuming this, we exclude from this analysis such systems where the bodies are rapidly changing
their multipole structure with time. Fortunately all the celestial bodies in our solar system satisfy
these conditions.

Moreover, each body studied in this report will be supposed be isolated, i.e. the immediate
vicinity of the body is devoid of matter and non-gravitational fields, and the distance DB (the
scale of homogeneity of the space-time) is large compared with the body’s size LB . For such an
isolated body, one may split space-time up into three regions as measured in body’s ‘instanta-
neous’ proper RFB (Misner et al., 1973; Thorne & Hartle, 1985; Kopejkin, 1988): the local region,
which contains a world-tube surrounding the body and extending out to some radius rl > LB ;
the buffer region extending from radius rl to some large radius r0 < DB ; and the external region
located outside the distance r0. In the local region the body’s own gravitational field dominates;
but in the external region gravitational fields of other bodies become important. The buffer re-
gion is placed in the vicinity of the distance r∗ ∼ DB(mB/M0)

1/3 from the body which is defined
from the condition that the body’s gravitational influence is approximately equal to the gravi-
tational influence of the external masses. The buffer region plays the role of an asymptotically
flat space-time region for the gravitational field of the body in question. In the other words, the
total three-dimensional volume VN , which is occupied by the N-body system under study, may
be split into N non-intersecting domains defined around each body in the system plus the buffer
domain d0. The situation is similar to that in the problem of study the stellar stability of the
solar system (Gladman & Duncan, 1990; Holman & Wisdom, 1993). Within each domain dB
where the gravitational influence of a particular body (B) is dominant over external gravity, the
orbits of massless test particles will be stable and remain well inside this domain. In the buffer
domain, the trajectories of particles are unstable. As a result, the set of small parameters defined
above, in the case of the local problem, should be supplemented by another parameter, namely
the parameter of geodesic separation λB = |yB|/DB < 1, where LB ≤ yB ≤ r∗ is the distance
from the world-line of the body (B) to the current point of interest inside the domain dB . This
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interpretation enables us to evaluate the surface integrals at the boundaries of these interacting
domains as well as to define the boundary of validity of the expansions with respect to the small
parameter λB .

1.4 Different Methods of Constructing the Proper RF.

The metric approach in the theories of gravity permits one to choose any RF to describe the
gravitational environment around the body under question. As we know, a poor choice of the
new coordinates may cause unreasonable complications in the physical interpretations of the
data obtained (see the related discussion in Kopejkin, 1988, Soffel & Brumberg, 1991). Recently,
several different attempts were made to remove these complications and consequently improve
the present solution to the N-body problem in the WFSMA (see, for example, Ashby & Bertotti,
1984, 1986; Brumberg & Kopejkin, 1988a,b, Kopejkin, 1988, Klioner, 1993; DSX, 1991- 94).
Although these methods represent a significant improvement in our understanding of the general
problem, not one of them gives a complete ‘receipe’ to overcome the difficulties stated above.

The methods differ in their the physical and mathematical treatment of the three problems,
which constitute the general problem of motion of a gravitationally-bounded astronomical N-
body system (the global and the local problems and the theory of the RFs). One such method
was proposed by Bertotti (1954) and has been further developed in a number of publications by
Ashby and Bertotti (1984, 1986), Bertotti (1986), Ashby and Shahid-Saless (1990), Shahid-Saless,
Hellings and Ashby (1991), and Shahid-Saless (1992). An equivalent method was proposed and
developed to the extent of practical applications by Fukushima (1988, 1991a,b, 1995a,b). In these
works the ‘good’ proper RF is constructed within the first post-Newtonian approximation (1PNA)

of general relativity for a specific form of the EIH metric (Einstein et al., 1938). The EIH metric
was obtained in the inertial RF0 and describes the gravitational field only outside the bodies,
which may be regarded as massive point particles or spherically-symmetric and non-rotating
extended bodies (Fock, 1955).

In the Bertotti-Fukushima method the construction of the local RF is based upon finding the
background external metric for the body under consideration. The external metric is obtained
from the complete EIH metric by dropping all of the divergent or undefined terms on the body’s
center of inertia world- line. Then, a local Fermi-normal-like frame (Fermi, 1922; Manasse &
Misner, 1963; Misner et. al., 1973) is defined in the body’s vicinity using the background metric
with respect to which the body moves along geodesic. After that, the coordinate transformation
between the Fermi frame and background metric is obtained. The transformation is applied to
the complete EIH metric and, thus, the ‘good’ proper RF is obtained. The body’s gravitational
field in this proper RF is spherically-symmetric (Schwarzchild) and the gravitational field of
distant bodies appears only through the curvature tensor of the background metric, i.e. through
the tidal effects.

The Bertotti-Fukushima method is conceptually simple. It confirms our expectations that the
physically adequate proper RF exists and gives an insight into structure of the transformations
(1.18). However, this method of construction of the Fermi normal coordinates for massive bodies
has some drawbacks (Kopejkin, 1988), namely:

(i). The background external metric was not derived by solving the gravitational field equations.

(ii). There are physical and mathematical ambiguities in the way of constructing the external
metric. These ambiguities are caused by the terms describing the back-action of the grav-
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itational field of the body under consideration on the external gravity produced by other
bodies (Thorne & Hartle, 1985).

(iii). The method under review cannot be used for derivations of the eq.m. of bodies, i.e. their
world-lines. A choice of the body’s center of inertia world- line as a geodesic is justified only
a posteriori and with the help of quite a different technique (EIH, 1938; Papapetrou, 1948,
1951; Brumberg, 1972; Damour, 1983; Thorne & Hartle, 1985; Kopejkin, 1985, 1987).

(iv). The method has been elaborated only for the special case of spherically-symmetric and
non-rotating bodies. It is completely unclear how one might construct the Fermi normal
coordinates in real astronomical situations which are considerably more complicated. This
method is inapplicable even to the Earth itself which has oblateness and rotation which
may not be ignored (Kopejkin, 1988).

(v). The proposed coordinate transformations between the RFs are incomplete, which signifi-
cantly limits the applicability of the results obtained in real astronomical practice.

An important method of construction of the ‘good’ proper RF was proposed by Thorne
and Hartle (1985) (see also Fujimoto & Grafarend (1986)) and developed to some extent by
Zhang (1985, 1986) and Suen (1986). The Thorne-Hartle method is conceptually elegant and
has produced the largest corrections to the geodesic law of motion and Fermi-Walker law of
transport (Misner et al., 1973). The method consists of determining the metric tensor from
the Hilbert- Einstein equations under the condition that one satisfies the properties of the well
defined proper RF which were mentioned above. Thus, the metric in this method is derived
entirely in the ‘good’ proper RF. The solutions of the gravitational field equations are searched
for in a vacuum region of space-time under de-Donder (harmonic) gauge conditions in the body’s
neighborhood where the gravitational field is weak. The metric tensor is represented in the form
of an expansion in powers of the small parameters mB/r, r/R etc., where mB is the body’s mass,
r is a distance from the body and R is an inhomogeneity scale (distance between the bodies). The
coefficients of the expansion are the internal and external multipole moments of the gravitational
fields created both by the body under consideration and the external gravity, respectively. In
this method the information about the properties of the chosen RF is completely contained in
the set of these multipole moments.

Although the Thorne-Hartle method represents an important progression in our understand-
ing of the motion of un-isolated bodies and their interaction with the external universe, and
provides an important insight into the physical structure of a multipole expansion of the metric
tensor in different RFs, it cannot be used immediately in the ephemeris astronomy. The main
reasons for this are as follows:

(i). The finding of the solutions of the Hilbert-Einstein field equations and the matching of
the asymptotic expansions were done formally. Since the goal of the paper was to find the
largest corrections to the laws of motion and precession only, the method does not provide
a complete multipole treatment of extended bodies. As a result, the internal multipole
moments are not presented as integrals over the volumes of the sources and therefore have
no clear physical meaning (Kopejkin, 1988).

(ii). The authors have not presented the coordinate transformation between the RFs used for
the analysis. They have constructed only the ‘instantaneous’ proper RF which coincides
with the body’s center of inertia at a particular moment of time. As time goes on the origin
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of the ‘instaneneous’ proper RF propagates along a geodesic, but, in the general case, the
body’s center of inertia world-line does not. The deviation from the geodesic is caused by
the interaction of the body’s own intrinsic multipole moments with the external gravity.
This leads to a drifting of the ‘instantaneous’ proper RF from the body’s center of inertia
which is not acceptable for astronomical practice (Soffel & Brumberg, 1991; Williams et
al., 1991).

Another method of constructing of the ‘good’ proper RF was proposed by D’Eath (1975a,b)
(see also papers by Kates (1980a,b) and Damour (1983)). These papers are devoted to the
derivation of the eq.m. of compact strongly gravitating astrophysical objects such as black holes
and neutron stars. The authors have applied an interesting mathematical method of matched
asymptotic expansions, which was not developed to be used in practical astronomical applica-
tions for the more common case of weakly gravitating bodies. There have been many works in
which construction of the ‘good’ proper RF has been accomplished with the help of infinitesimal
transformations (Fukushima et. al., 1986; Hellings, 1986; Vincent, 1986). Unfortunately, the
methods used in these works may not be considered to be satisfactory since they are based upon
heuristic principles rather than exact theory (Kopejkin, 1988).

The critical breakthrough in construction of a relativistic theory of RFs appropriate for astro-
nomical practice was achieved by Brumberg and Kopejkin (for detailed description see: Kopejkin,
(1985, 1987, 1988); Brumberg & Kopejkin, 1988a,b; Voinov, 1990; Brumberg, (1991a,b, 1992);
Klioner & Kopejkin, 1992; Brumberg et al., 1993; Klioner, 1993; Klioner & Voinov, 1993). The
relativistic theory developed by Brumberg and Kopejkin combined the basic ideas of Fock (1955)
- the post-Newtonian approximation scheme; Thorne (1980) and Thorne & Hartle (1985) - mul-
tipole formalism, and D’Eath (1975a,b), Kates (1980a,b), and Kates & Madonna (1982) D’Eath
& Payne (1992) - matched asymptotic expansions.

The Brumberg-Kopejkin method was the first to develop the three sub- problems of the
gravitationally-bounded astronomical N-body system. The authors identify the metric tensor of
the relativistic global problem with the solution of an isolated distribution of matter in the inertial
RF obtained in the 1PNA of general relativity (Fock, 1955; Brumberg, 1972; Will, 1993). The
solution of the local problem is formally presented as an isolated one-body solution corrected
by electric-type and magnetic-type external multipole moments (Thorne, 1980). The form of
these moments reflect the properties of the proper RF chosen for the analysis of the gravitational
environment of the body under study. The structure of these moments as well as the post-
Newtonian coordinate transformations between the inertial and the quasi-inertial RFs are derived
by matching both solutions in the body’s neighborhood.

This method demonstrates a notable progression in the theory of astronomical relativistic
RFs developed to describe the motion of a system of N extended bodies in the WFSMA. However,
this method also has some drawbacks:

(i). The authors have made ad hoc assumptions about the various multipole expansions of the
metric tensor and coordinate transformations which are only partially justified by some
later consistency checks (DSX, 1991).

(ii). The method to derive the solution to the Hilbert-Einstein gravitational field equations of
the general theory of relativity based on the Anderson-DeCanio approach (Anderson &
DeCanio, 1975; Anderson, J. L. et al., 1982) is not covariant. In particular, based only on
this method it is not possible to derive the explicit solution to these field equations in an
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accelerated proper RF linked to the body’s center of inertia. As a result, the introduced
‘external’ multipole moments do not have a clear physical meaning.

(iii). The obtained relativistic coordinate transformation between the different RFs is incomplete
as it contains only contributions from the leading intrinsic multipoles of the body (the mass
monopole and dipole and the current dipole). The contributions from the other intrinsic
multipoles are hopelessly mixed with the external moments in the structure metric tensor
of the local problem. Thus, the transformation does not take into account the non-linear
coupling of the body’s own gravitational field to external gravity even at the Newtonian
level. As a result, the origin of the proper RF coincides with the center of inertia of the
body at a particular moment in time only, and, as time goes on, they will drift apart.

(iv). The method under review does not provide us with the necessary microscopic description of
the relativistic phenomena in terms of densities of the gravitational fields. Thus, the mass
of the bodies, the momentum and the angular momentum was never explicitly defined.
The parameters, introduced to substitute these quantities were never checked whether or
not they correspond to the integral conservation laws in the proper RFs of the bodies. In
addition, the mass density of the gravitational field in the local region at the Newtonian
level is given solely by the body’s own mass density. But the local gravitational field
contains tidal terms due to the external bodies. As a result, the theory does not admit
a special-relativistic treatment of the N-body problem in the sense of the mechanics of
Poincaré.

Recently, a very powerful approach to this problem has been elaborated by Damour, Soffel
and Xu (DSX, 1991-1994), Blanchet et al. (1995) and Damour & Vokrouhlický (1995). It
combines an elegant (‘Maxwell-like’) treatise of the space-time metric in both the global and local
RFs with the Blanchet-Damour multipole formalism (Blanchet & Damour, 1986). This approach
allows one to relate the multipole expansions of the gravitational field to the structure of the
source of gravitation. This method, though very promising and attractive, still requires extensive
development to make it useful for practical astronomical applications. Besides this, the method
under review has some problems which should be worked out in more physically-grounded way.
These include:

(i). The Blanchet-Damour ‘external’ multipole moments were defined in the rest frame of an
idealized isolated distribution of matter, so they must be modified in order to take into
account the non-inertiality of the proper RF as well as the interaction of the body’s proper
gravitational field with external gravity.

(ii). The proposed relativistic coordinate transformation between the different RFs is incomplete
because it does not take into account the terms due to interaction of the body’s own
gravitational field with external gravity. Moreover, the suggested coordinate transformation
completely neglects the precession term and does not include the terms due to interaction
of the body’s intrinsic multipoles with the external gravity. This means that the proper
RF constructed with these transformations in the case of monopole structureless particles
does not end up with a RF defined on a geodesic line which is guaranteed by the Principle
of Equivalence. It should be noted that the origin of the proper RF, in the general case of
extended bodies, coincides with the center of inertia of the local field in the initial moment
of time only, and it drifts away as time progresses. This leaves the quantities, calculated
with respect to such a proper RF, physically ill- defined (Damour & Vokrouhlický, 1995).
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(iii). The solutions of the Hilbert-Einstein equations in the different RFs were obtained using
non-covariant gauge conditions. This does not provide one with a clear understanding
of what part of the solution of the local problem is due to the gravitational field, what
is caused by the contribution of the inertial sector of the space-time, and how these two
interact with each other.

(iv). At this time, the method under review may not be extended for analysis of the WFSMA of
other metric theories of gravity.

In light of this, the principle purpose of the present report is to develop a classic field approach
to the problems of astronomical measurements in the WFSMA of a number of modern metric
theories of gravity. This approach will combine the well-established methods of the relativistic
mechanics of Poincaré with the Fock-Chandrasekhar treatment of the relativistic many-extended-
body gravitational problem (Fock, 1955, 1957; Chandrasekhar, 1965). One of the main goals of
this research was to develop a foundation for extending the applicability of the PPN formalism,
which has become a very useful framework for testing the metric theories of gravity.

2 Parametrized Post-Newtonian Metric Gravity.

In this Section we will discuss the status of the problem of constructing a solution to the grav-
itational field equations for a gravitationally bound astronomical N-body system. Within the
accuracy of modern experimental techniques, the WFSMA provides a useful starting point for
testing the predictions of different metric theories of gravity in the solar system. Following Fock
(1955, 1957), the perfect fluid is used most frequently as the model of matter distribution when
describing the gravitational behavior of celestial bodies in this approximation. The density of
the corresponding energy-momentum tensor T̂mn is as follows:

T̂mn =
√−g

([
ρ0(1 + Π) + p

]
umun − pgmn

)
, (2.1)

where ρ0 is mass density of the ideal fluid in coordinates of the co-moving RF, uk = dzk/ds are
the components of invariant four-velocity of a fluid element, and p(ρ) is the isentropic pressure
connected with ρ by an equation of state. The quantity ρΠ is the density of internal energy of an
ideal fluid. The definition of Π is given by the equation based on the first law of thermodynamics
(Fock, 1955; Chandrasekhar, 1965; Brumberg, 1972; Will, 1993):

un
(
Π;n + p

(1
ρ̂

)
;n

)
= 0, (2.2)

where ρ̂ =
√−gρ0u0 is the conserved mass density. Given the energy-momentum tensor, one

may proceed to find the solutions of the gravitational field equations for a particular relativistic
theory of gravity. The solution for an astronomical N-body problem is the one of most practical
interest. In the following Sections we will discuss the properties of the solution of an isolated
one-body problem as well as the features of construction of the general solution for the N-body
problem in both barycentric and planeto-centric RFs.

2.1 An Isolated One-Body Problem.

The solution for the isolated one-body problem in the WFSMA may be obtained from the lin-
earized gravitational field equations of a particular theory under study. As we mentioned above,
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a perturbative gravitational field hmn
(0) in this case is characterized by the deviation of the den-

sity of the general Riemmanian metric tensor
√−ggmn from the background pseudo-Euclidian

space-time γmn, which is considered to be a zeroeth order4 approximation for the series of the
successive iterations:

√−ggmn −√−γγmn = hmn
(0) , or equivalently:

gmn = γmn + h(0)mn. (2.3)

The search for the solution of the field equations is performed within a barycentric inertial RF0

(xp) which is singled out by the Fock-Sommerfeld’s boundary conditions imposed on the h
(0)
mn(zp)

and ∂kh
(0)
mn(zp) (Fock, 1955; Damour, 1987; Will, 1993):

lim
r→∞

[
h(0)mn(x

p); r
( ∂

∂x0
h(0)mn(x

p) +
∂

∂r
h(0)mn(x

p)
)]

→ 0, (2.4)

x0 + r = const, r2 = −γ(0)µν x
µxν .

In order to accumulate the features of many modern metric theories of gravity in one theo-
retical scheme, to create a versatile mechanism to plan gravitational experiments, and analyze
the data obtained, Nordtvedt and Will have proposed a parameterized post-Newtonian (PPN)
formalism (Nordtvedt, 1968a,b; Will, 1971; Will & Nordtvedt, 1972). This formalism allows one
to describe the motion of celestial bodies for a wide class of metric theories of gravity within a
common framework. The gravitational field in the PPN formalism is presumed to be generated
by some isolated distribution of matter which is taken to be an ideal fluid (2.1). This field is rep-
resented by the sum of gravitational potentials with arbitrary coefficients: the PPN parameters.
The two-parameter form of this tensor in four dimensions may be written as follows:

h
(0)
00 = −2U + 2(β − τ)U2 + 2Ψ + 2τ(Φ2 − Φw) + (1− 2ν)χ,00 +O(c−6), (2.5a)

h
(0)
0α = (2γ + 2− ν − τ)Vα + (ν + τ)Wα +O(c−5), (2.5b)

h
(0)
αβ = 2γαβ(γ − τ)U − 2τUαβ +O(c−4), (2.5c)

where γmn is the Minkowski metric5. The generalized gravitational potentials are given in Ap-
pendix A.

Besides the two Eddington parameters (γ, β), eq.(2.5) contains two other parameters ν and
τ . The parameter ν reflects the specific choice of gauge conditions. For the standard PPN gauge
it is given as ν = 1

2 , but for harmonic gauge conditions one should choose ν = 0. The parameter
τ describes a possible pre-existing anisotropy of space-time and corresponds to different spatial
coordinates which may be chosen for modelling the experimental situation. For example, the
case τ = 0 corresponds to harmonic coordinates, while τ = 1 corresponds to the standard
(Schwarzschild) coordinates. A particular metric theory of gravity in this framework with a
specific coordinate gauge (ν, τ) may then be characterized by means of two above said PPN

4For most non-radiative problems in solar system dynamics, this tensor usually is taken to be a Minkowski
metric (Damour, 1983, 1987; Will, 1993).

5Do not mix the post-Newtonian parameter γ and the Minkowski metric tensor γmn. As necessary we will
distinguish the determinant det||γmn|| with the special symbol.
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parameters (γ, β), which are uniquely prescribed for each particular theory under study. In the
standard PPN gauge (i.e. in the case when ν = 1

2 , τ = 0) these parameters have clear physical
meaning. The parameter γ represents the measure of the curvature of the space-time created by
the unit rest mass; the parameter β is the measure of the non-linearity of the law of superposition
of the gravitational fields in the theory of gravity (or the measure of the metricity). Note that
general relativity, when analyzed in standard PPN gauge, gives: γ = β = 1, whereas, for the
Brans-Dicke theory, one has β = 1, γ = 1+ω

2+ω , where ω is an unspecified dimensionless parameter
of the theory.

The properties of an isolated one-body solution are well-known. It has been shown (Lee et al.,
1974; Ni & Zimmerman, 1978; Will, 1993) that for an isolated distribution of matter in WFSMA

there exist a set of inertial RFs and ten integrals of motion corresponding to ten conservation
laws. Therefore, it is possible to consistently define the multipole moments characterizing the
body under study. For practical purposes one chooses the inertial RF located in the center of
mass of an isolated distribution of matter. By performing a power expansion of the potentials in
terms of spherical harmonics, one may obtain the post-Newtonian set of ‘canonical’ parameters

(such as unperturbed irreducible mass I
{L}
A(0) and current S

{L}
A(0) multipole moments), generated

by the inertially moving extended self-gravitating body (A) under consideration:

I
{L}
A(0) =

[ ∫

A
d3z′At̂

00
A (z′pA)z

′{L}
A

]STF

, S
{L}
A(0) =

[
ǫµ1

βσ

∫

A
d3z′Az

′β
A t̂

0σ
A (z′pA )z

′µ2
A ...z′µl

A

]STF

, (2.6a)

where t̂mn
A are the components of the symmetric density of the energy-momentum tensor of

matter and gravitational field taken jointly. As a result, the corresponding gravitational field
hmn
(0) may be uniquely represented in the external domain as a functional of the set of these

moments. Schematically this may be expressed as:

hmn
(0)A = Fmn[I

{L}
A(0), S

{L}
A(0)], (2.6b)

where the functional dependence, in general, includes a non-local time dependence on the ‘past’
history6 of the moments (Blanchet et al., 1995). However, by assuming that the internal processes
in the body are adiabatic, one may neglect this non-local evolution. As a result, an external
observer may uniquely establish the gravitational field of this body through determination of
these multipole moments, for example, by studying the geodesic motion of the test particles in
orbit around this distribution of matter (Misner et al., 1973).

2.2 The Limitations of the Standard PPN Formalism.

It turns out that the generalization of the results obtained for the one-body problem into a solu-
tion of the problem of motion of an arbitrary N-body system is not quite straightforward. Thus,
the studies of the post-Newtonian motion of the extended bodies in the PPN formalism begin
by expanding the generalized gravitational potentials in the metric tensor and the correspond-
ing eq.m of these bodies with respect the deviation from Newtonain motion. As a final result,
one needs to have the generalization of the expression (2.6b) on the case of the N-body problem.
However, this generalization is usually done by using Galilean coordinate transformations similar
to those of (1.2) from the Newtonian mechanics (Fock, 1955; Will, 1993):

x0 = y0B +O(c−2), xα = yαB0
(y0B) + yαB +O(c−2), (2.7)

6Gravitational radiation problems are not within the scope of the present paper, and hence the set of multipole
moments (2.6a) are used for both tensor and scalar-tensor theories.
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where yαB0
is the Newtonian barycentric radius- vector of the body (B) under study. It was

noted that this accuracy is enough for the post-Newtonian terms in these eq.m. (Brumberg,
1972), but it is insufficient to account for the necessary special relativistic and the gravitational
corrections. Thus, as we know, if the body is spherically-symmetric in the proper RF, in the other
frame it will experience both the Lorentzian contraction (linked to the relative velocity between
these frames) in the direction of velocity between these RFs, and gravitational compression (or
‘Einsteinian’ contraction which is linked with the external gravity) (Kopejkin, 1987). However,
the transformations (2.7) are ignored completely these Lorentzian and gravitational contractions,
as well as the relativistic geodetic precession and effects of the curvature of space-time. All these
kinematic and dynamic effects appeare in the expressions for the metric tensor and eq.m. of the
local problem, where they are shown as the terms depending on both (i) the ‘absolute’ velocity
of the body’s center of inertia with respect to the barycentric inertial RF0, and (ii) the absolute
value and first spatial derivative of the external gravitational potential U ext. As a result, the
relativistic eq.m. of the local problem differ essentially from the Newtonian eq.m., which do
not depend on the ‘absolute’ velocity and contain only the second spatial derivative of U ext,
i.e. the tidal terms. The correct way to describe these phenomena is to use the appropriate
coordinate transformations between the different RFs in the WFSMA. These transformations
should generalize the expressions of the Poincaré group of motion (1.7) for the problem of motion
of the gravitationally bounded N-extended-body system. However, the standard PPN formalism
was formulated once in the inertial RF and there is no way to construct such a transformation for
the quasi-inertial proper frames of the bodies. This lack of transformation between the different
RFs is major limitation of this otherwise very useful method.

Nevertheless, by the putting some additional restrictions on the shape and internal structure
of the bodies, one may generalize the results presented above in the case of an N-body system.
The assumption that the bodies posses only the lowest multipole mass moments considerably
simplifies the problem. It has been shown (Fock, 1955; Lee, Lightmann & Ni, 1974; Ni & Zim-
merman, 1978) that for an isolated distribution of matter in WFSMA it is possible to consistently
define the lowest conserved multipole moments such as the total rest mass of the system M0,
it’s center of mass zα0 , momentum pα0 and the total angular momentum Sαβ

0 of the system. The
definitions for the mass M0 and coordinates of the center of mass of the body zα0 in any inertial
RF are given by the following formulae (for a more detailed analysis see Damour (1983) and Will
(1993) and references therein):

M0 =

∫
d3x′ t̂00(x′p), zα0 (t) =

1

M0

∫
d3x′ t̂00(x′p)x′α, (2.8a)

where the energy density t̂00(x′p) of the matter and the gravitational field is given by:

t̂00(xp) = ρ̂
[
1 + c−2

(
Π− 1

2
U − 1

2
vµv

µ
)
+O(c−4)

]
, (2.8b)

with ρ̂ being the conserved mass density. In particular, the center of mass zα0 moves in space
with a constant velocity along a straight line: zα0 (t) = pα0 · t + kα, where the constants pα0 =
dzα0 /dt and k

α
A are the body’s momentum and center of inertia, respectively. Moreover, is was

shown by Chandrasekhar & Contopulos (1967) that, in the case of point-like massive particles,
the form of the metric tensor (2.5) and the corresponding EIH eq.m., are invariant under the
coordinate transformations (1.12). This form-invariancy justifies the word ‘inertial’ for harmonic
RFs constructed under the Fock-Sommerfeld boundary conditions (2.3). One may choose from
the set of inertial RF the barycentric inertial RF0 for such a system. In this frame, the functions
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zα0 must equal zero for any moment of time. This condition may be satisfied by applying the post-
Galilean transformations (1.12) to the metric (2.5), where the constant velocity and displacement
of the origin should be selected in a such a way that pα0 and kα equal zero (for details see Kopejkin,
1988; Will, 1993). The solar system barycentric RF0, constructed using general relativity for the
system of point-like massive particles, is widely in use in modern astronomical practice, for
example, in the construction of the planet ephemerides (Moyer, 1971; Lestrade and Chapront-
Touze’, 1982; Newhall et al., 1983; Akim et al., 1986; Standish, 1995). Moreover, the coordinate
time of the solar system barycentric (harmonic) RF0 must be considered as the TDB time scale,
which is extensively used in modern astronomical practice (Fukushima, 1995a).

2.2.1 The Simplified Lagrangian Function of an Isolated N-Body System.

In order to extract the information about the gravitational field of an N-body system one should
study the motion of light rays and test bodies in this gravitational environment. However, the
standard methods of the PPN formalism (Will, 1993) do not enable us to develop the correct
theoretical model of the astrophysical measurements with the accuracy necessary to identify the
multipolar structure of the gravitational fields of the bodies. In particular, it was noted that
taking into account the presence of any non-vanishing internal multipole moments of an extended
body significantly changes its equations of motion due to the coupling of these intrinsic multipole
moments of the body to the surrounding gravitational field. For example, for a neutral monopole
test particle, the external gravitational field completely defines the feducial geodesic world-line
which this test body follows (Fock, 1955; Will, 1993). On the other hand, the equations of
motion for spinning bodies contain an additional terms due to the coupling of the body’s spin
to the external gravity through the Riemann curvature tensor (Papapertou, 1948, 1951; Barker
& O’Connel, 1975).

An ‘absolute’ limit of the PPN formalism takes into account the lowest multipole moments of
the bodies only, such as the rest mass mA of the body (A), its intrinsic spin moment Sαβ

A and the

quadrupole moment IαβA . The general solution with such assumptions is also known (see Damour
(1986, 1987) and references therein; and Turyshev (1990)). In order to analyze the motion of
bodies in the solar system barycentric RF0, one may obtain the restricted Lagrangian function
LN describing the motion of N self-gravitating bodies, which may be presented as follows:

LN =
N∑

A

mA

2
vAµvA

µ
(
1− 1

4
vAµvA

µ
)
−

N∑

A

N∑

B 6=A

mAmB

rAB

(
1

2
+ (3 + γ − 4β)EA−

−(γ − τ +
1

2
)vAµvA

µ + (γ − τ +
3

4
)vAµvB

µ − (
1

4
+ τ)nABλnABµvA

λvB
µ + τ(nABµvA

µ)2+

+
nABλ

rAB

[
(γ +

1

2
)vAµ − (γ + 1)vBµ

]
Sµλ
A + nABλnABµ

IλµA
r2AB

)
+ (β − τ − 1

2
)

N∑

A

mA

( N∑

B 6=A

mB

rAB

)2
−

−τ
N∑

A

N∑

B 6=A

N∑

C 6=A,B

mAmBmC

[nABλ

2r2AB

(nλBC + nλCA)−
1

rABrAC

]
+

N∑

A

mAO(c−6), (2.9)

where mA is the isolated rest mass of a body (A), the vector rαA is the barycentric radius-vector
of this body, the vector rαAB = rαB − rαA is the vector directed from body (A) to body (B), and the
vector nαAB = rαAB/rAB is the usual notation for the unit vector along this direction. It should
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be noted that the expression (2.9) does not depend on the parameter ν, which confirms that this
parameter is the gauge parameter only. The tensor IµνA is the STF (Thorne, 1980) tensor of the
reduced quadrupole moment of body (A) defined as:

IµνA =
1

2mA

∫

A
d3z′Aρ̂A(z

′p
A )
(
3z′µA z

′ν
A − γµνz′Aβz

′β
A

)
. (2.10)

The tensor Sµν
A is the body’s reduced intrinsic STF spin moment which is given as:

Sµν
A =

1

mA

∫

A
d3z′Aρ̂A(z

′p
A)[v

µ
Az

′ν
A − vνAz

′µ
A ], (2.11)

where vµA is the velocity of the intrinsic motion of matter in the body (A). Finally, the quantity
EA is the body’s gravitational binding energy:

EA =
1

2mA

∫ ∫

A
d3z′Ad

3z′′A
ρ̂A(z

′p
A )ρ̂A(z

′′p
A )

|z′νA − z′′νA | . (2.12)

Let us note that the Lagrangian function is obtained with condition that, in the proper RF

of each body in the system, their dipole mass moments vanish:

I
{1}
A ≡ mα

A =

∫
d3z′A t̂

00
A (z′pA )z

′α
A = 0, (2.13a)

where t̂00A defined by the following expression:

t̂00(zpA) = ρ̂A
[
1 + c−2

(
Π− 1

2
UA − 1

2
vµv

µ
)
+O(c−4)

]
. (2.13b)

The expression (2.13a), together with the condition ṁα
A = 0, may be considered as an indirect

post-Newtonian definition of the proper RFA in the PPN formalism.

2.2.2 The Simplified Barycentric Equations of Motion.

In this part we will present the barycentric equations of motion which follow from the Lagrangian
(2.9). The assumption that bodies in the system possess the lowest intrinsic multipole moments
only enables us to obtain the corresponding simplified equations of motion. Thus, with the help
of the expressions (2.9), for an arbitrary body (A) these equations will read as follows:

r̈αA =
∑

B 6=A

MB

r2AB

n̂αAB +
∑

B 6=A

mB

r2AB

[
Aα

AB +
Bα
AB

rAB
+

Cα
AB

r2ab
−

−n
α
AB

rAB

(
(2β + 2γ − 2τ + 1)mA + (2β + 2γ − 2τ)mB

)]
+

+
∑

B 6=A

∑

C 6=A,B

mBmCDα
ABC +O(c−6), (2.14)

where, in order to account for the influence of the gravitational binding energy EB, we have
introduced the passive gravitational rest mass MB (Nordtvedt, 1968b; Will, 1993) as follows

MB = mB

(
1 + (3 + γ − 4β)EB +O(c−4)

)
. (2.15)
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The unit vector nAB must also be corrected using the gravitational binding energy and the tensor
of the quadrupole moment IαβA of the body (A) under question:

n̂αAB = nαAB

(
1 + (3 + γ − 4β)EA + 5nABλnABµ

IλµA
r2AB

)
+ 2nABβ

IαβA

r2AB

+O(c−4). (2.16)

The term Aα
AB in the expression (2.14) is the orbital term, which is given as follows:

Aα
AB = vαABnABλ

(
vλA − (2γ − 2τ + 1)vλAB

)
+

+nαAB

(
vAλv

λ
A − (γ + 1 + τ)vABλv

λ
AB − 3τ(nABλvAB

λ)2 − 3

2
(nABλv

λ
B)

2
)
. (2.17)

The spin-orbital term Bα
AB has the form:

Bα
AB = (

3

2
+ 2γ)vABλ(S

αλ
A + Sαλ

B ) +
1

2
vAλ(S

αλ
A − Sαλ

B )+

+
3

2
(1 + 2γ)nABλvABβ

[
nβAB(S

αλ
A + Sαλ

B )− nαAB(S
βλ
A + Sβλ

B )
]
+

+
3

2
nABλ

[
nαAB(vAβS

βλ
B − vBβS

βλ
A ) + nABβvAB

βSαλ
B

]
. (2.18)

The term Cα
AB is caused by the oblateness of the bodies in the system:

Cα
AB = 2nABβI

αβ
B + 5nαABnABλnABµI

λµ
B . (2.19)

And, finally, the contribution Dα
abc to the equations of motion (2.14) of body (A) (caused by the

interaction of the other planets (B 6=A, C 6=A,B) with each other) is presented as:

Dα
ABC =

nαAB

r2AB

[
(1− 2β)

1

rBC
− 2(β + γ)

1

rac

]
+

+τ
Pαλ
AB

r3AB

(nbcλ + ncaλ) + τ
nABλ

r2AB

Λαλ
AC

rAC
+

1

2
(1 + 2τ)

nBCλ

r2BC

Λαλ
ac

rac
+ 2(1 + γ)

nBC
α

r2BCrAB
, (2.20)

where Λµν
AB = ηµν + nµABn

ν
AB and Pµν

AB = ηµν + 3nµABn
ν
AB is the projecting and the polarizing

operators respectievly.

The metric tensor (2.5), the Lagrangian function (2.9) and the equations of motion (2.14)-
(2.20) define the behavior of the celestial bodies in the post-Newtonian approximation in the
PPN formalism. These equations may be simplified considerably by taking into account that
the leading contribution to these equations is the solar gravitational field. With such an ap-
proximation, they are used to produce the numerical codes in relativistic orbit determination
formalisms for planets and satellites (Moyer, 1981; Huang et al., 1990; Ries et al., 1991; Standish
et al., 1992) as well as to analyze the gravitational experiments in the solar system (Will, 1993;
Pitjeva, 1993; Anderson et al., 1996). It should be noted here that in the present numerical
algorithms for celestial mechanics problems (Moyer, 1971; Moyer, 1981; Brumberg, 1991; Stan-
dish et al., 1992; Will, 1993) the bodies in the solar system are assumed to posses the lowest
post-Newtonian mass moments only, namely: the rest masses and the quadrupole moments.
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The corresponding barycentric inertial RF0 defined in the harmonic coordinates for the general
relativity (γ = β = 1; ν = τ = 0) has been adopted for the fundamental planetary and lunar
ephemerides (Newhall et al., 1983; Standish et al., 1992).

However, if one attempts to describe the global dynamics of the system of N arbitrarily shaped
extended bodies, one will discover that even in WFSMA this solution will not be possible without
an appropriate description of the gravitational environment in the immediate vicinity of the
bodies (Kopejkin, 1988; DSX, 1991). Thus, one needs to present the post-Newtonian definition
for the proper intrinsic multipole moments for the bodies, in order to describe their interaction
with the surrounding gravitational field as well as to obtain the corresponding corrections to
the laws of motion and precession of the extended bodies in this system. This could be done
correctly only by using the theory of the quasi-inertial proper RF with well defined dynamic and
kinematic properties. In the next Section we will discuss a new perturbative method for finding
the solution for the relativistic N-extended body problem and will formulate the corresponding
theory of relativistic astronomical RFs in curved space-time.

3 WFSMA for an Isolated Astronomical N-Body System.

In this Section we will discuss the principles of a new iterative method for generating the solutions
to an arbitrary N-body gravitational problem in the WFSMA. This formalism will be based upon
the construction of proper RFs in the vicinities of each body in the system. Such frames are
defined in the gravitational domain dB , occupied by a particular body (B). One may expect
that, in the immediate vicinity of this body, its proper gravitational field will dominate, while
the existence of the external gravity will manifest itself in the form of the tidal interaction only.
Therefore, in the case of the WFSMA in the closest proximity to the body under study, this
proper RF should resemble the properties of an inertial frame and the solution for an isolated

one-body problem h
(0)B
mn should adequately represent the physical situation. However, if one

decides to perform a physical experiment at some distance from the world-tube of the body,
one should consider the existence of the external gravity as well. This is true because external
gravity plays a more significant role at large distances from the body and this should be taken
into account. As we noticed earlier in Section 1, the physically adequate description of this
nature of gravity could be made in the well justified proper RF only. Let us mention that the
dynamical properties of the inertical frames presently are well justified and correctly modelled
both physically and mathematically. In particular, the properties of the barycentric inertial RF0

are based upon the properties of an N-body generalization of an unperturbed isolated one-body
solution of the gravitational field equations in an inertial RF given by (2.5). These properties
are well established and widely in use in modern astronomical practice (Moyer, 1971; Moyer,
1981; Brumberg, 1991; Will, 1993). However, as we discussed earlier, this N-body generalization
is based on the assumption that the bodies in the system possess the lowest intrinsic mass and
current multipoles only. In order to account for the influence of a higher order multipoles, the
coordinate transformations to the proper RF are necessary. This proper RF should take into
account both Lorentzian and Einsteinian features of the motion of the extended bodies in the
external gravitational field. In the next chapter we will concentrate on formulating the basic
principles of a new method for constructing such transformations for a wide class of metric
theories of gravity.
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3.1 The General Form of the N-Body Solution.

In order to construct a general solution for the N-body problem in a metric theory of gravity, let
us make a few assumptions. First of all, let us assume that there exists a background space-time
γmn with the dynamic and cosmological properties discusses in the Section 1. Note that these
properties do not forbid the existence of in-coming and out-going gravitational radiation. We will
discuss this case further. We shall assume that the solution of the gravitational field equations

h
(0)
mn for an isolated unperturbed distribution of matter is known and is given by the relations

(2.5). We further assume that for each body (B) in the system, one may establish a unique

correspondence to each such solution: (B) ⇔ h
(0)B
mn .

With these assumptions, we may construct the total solution of the global problem gmn in an
arbitrary RF as a formal tensorial sum of the background space-time metric γmn, the unperturbed

solutions h
(0)B
mn plus the gravitational interaction term hintmn. Thus, in the coordinates xp ≡ (x0, xν)

of the barycentric inertial RF0, one may search for the desired total solution in the following form:

gmn(x
p) = γmn(x

p) + hmn(x
p) =

= γmn(x
p) +

N∑

B=1

∂ykB
∂xm

∂ylB
∂xn

h
(0)B
kl (yqB(x

p)) + hintmn(x
p), (3.1)

where the coordinate transformation functions yqB = yqB(x
p) are yet to be determined. The

interaction term hintmn will be discussed below.

In order to describe the matter distribution, let us assume that the corresponding Lagrangian
function Ltot

M may be given as

Ltot
M =

N∑

B

L
(0)B
M + Lint

M ,

where Lint
M is the Lagrangian describing interaction between the bodies. Then, the total energy-

momentum tensor of matter in the system may be presented as follows:

Tmn(x
s) = 2

δLtot
M

δgmn
=

N∑

B

∂ykB
∂xm

∂ylB
∂xn

TB
kl (yB(x

s)) + 2
δLint

M

δgmn
. (3.2)

For the case of compact and well separated bodies, we may take into account that the mutual
gravitational interaction between the bodies affects their distribution of matter through the met-
ric tensor only. Therefore we can neglect the second term in the expression above7. Then without
any loss of accuracy, we obtain the total energy-momentum tensor of the matter distribution in
the system in the following form:

Tmn(x
s) =

N∑

B=1

∂ykB
∂xm

∂ylB
∂xn

TB
kl (yB(x

s))(1 +O(c−4)) =
N∑

B=1

∂ykB
∂xm

∂ylB
∂xn

TB
kl (yB(x

s)), (3.3)

7It is also true, if one recalls the result that the interaction between the gravitational fields in the 1.5 post-
Newtonian physics will appear in the g00 component of the metric tensor only and will have an O(c−4) order of
magnitude.
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where TB
kl is the energy-momentum tensor8 of a body (B) as seen by a co-moving observer.

The unperturbed solution h
(0)B
mn for the field equations in the WFSMA is presented in a form of

the double power series with respect to two small scalar parameters: the gravitational coupling
constant G and the orders of c−1. It is clear that a similar set of small parameters may be
used in order to construct an iterative N- body solution at least at the post-Newtonian level
in WFSMA. This means that all the functions and fields involved in the perturbation scheme
(such as the interaction term hintmn, the coordinate transformation functions yqB = yqB(x

p), the
energy-momentum tensor TB

mn, etc.) are also power-expanded with respect to these small scalar
parameters. At this point the actual form of the energy-momentum tensor Tmn is not of great
importance. We prefer to keep this arbitrariness in our further calculations. The only restriction
we will apply to the possible form of this tensor is based on the physical expectations: we
will limit ourselves to such tensors which have the components of the following orders: T00 ∼
O(1), T0α ∼ O(c−1), Tαβ ∼ O(c−2).

One may establish the properties of the solution (3.1) with respect to an arbitrary coordinate
transformation simply by applying the basic rules of tensorial coordinate transformations. In
particular, in the coordinates ypA(x

q) ≡ (y0A, y
ν
A) of an arbitrary proper RFA this tensor will take

the following form:

gAmn(y
p
A) =

∂xk

∂ymA

∂xl

∂ynA
gkl(x

s(ypA)) = γAmn(y
p
A) + hAmn(y

p
A) =

=
∂xk

∂ymA

∂xl

∂ynA

(
γkl(x

s(ypA)) + hintkl (x
s(ypA))

)
+

+h(0)Amn (ypA) +
∑

B 6=A

∂ykB
∂ymA

∂ylB
∂ynA

h
(0)B
kl (ysB(y

p
A)). (3.4)

The expression for Tmn(y
p
A) could be obtained analogously from that given by equations (3.3).

To complete the formulation of the perturbative scheme we need to introduce the procedure for
constructing the solutions for the various unknown functions entering expressions (3.1)-(3.4),
including the four functions of the coordinate transformations yqB = yqB(y

p
A) and the interaction

term hintmn.

We will construct the four functions of the coordinate transformations by applying the rela-
tivistic theory of celestial RFs in a curved space-time. To do this we will use the most general
form of the post-Newtonian non-rotating coordinate transformation between the barycentrical
(inertial) coordinates (xp) and the bodycentrical (quasi-inertial) coordinates (ypA):

x0 = y0A + c−2KA(y
0
A, y

ǫ
A) + c−4LA(y

0
A, y

ǫ
A) +O(c−6)y0A, (3.5a)

8As a partial result of the representation (3.3) one can see that the Newtonian mass density ρB of a particular
body (B) is defined in a sense of a three- dimensional Dirac delta-function. Thus in the body’s proper compact-
support volume one will have: ρB = mBδ(yν

B), so that

∫

a

d
3
y
′

AρB(y′p
A ) = mBδAB ,

where δAB is the three-dimensional Kronekker symbol (δAB = δAB; δAB = 1 for A = B and = 0, for A 6= B). Then

in any RFA the total density ρ of whole N body system will be given by the expression ρ(yp
A) =

∑N

B
ρB(y

p
A). This

representation allows one to distinguish between the local and integral descriptions of the physical processes and,
hence, provide correct relativistic treatment of the problem of motion of an astronomical N-body system.
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xα = yαA + yαA0
(y0A) + c−2Qα

A(y
0
A, y

ǫ
A) +O(c−4)yαA, (3.5b)

where yαA0
(y0A) is the Newtonian radius-vector of body (A). The transformations (3.5) should

complement the post-Galilean coordinates transformations (1.12) in the case of the curved space-
time generated by an arbitrary N-body system. Note that the transformations (3.5) are presented
as being parametrized by the set of three unknown functions KA, LA, Q

α
A. This is an example

of that which will be referred to as the KLQ parameterization for the WFSMA. The functions
KA, LA, Q

α
A are expected to contain the information about the specific properties of the quasi-

inertial RFA associated with the body (A). The form of these functions will be determined by
the iterative procedure for constructing the quasi-inertial proper RFA.

The way to construct the solution for the interaction term hintmn is quite straightforward:
It is sufficient to require that the metric tensor in the form of eqs.(3.1) or (3.4) will be the
explicit solution of the gravitational field equations in the corresponding RF. Note that the second

term in the equation eq.(3.1) is linear with respect to the unperturbed solutions h
(0)B
kl and the

transformation functions between the different RFs are determined by the means of the external
gravitational field in their origins. Only the interaction term should contain the information
about the dynamic non-linearity of the gravitational interaction. The form of this term should
depend on the physical features of the RFs chosen for the analysis. It should be noted that the
search for the solution in the barycentric RF0 is physically and mathematically more appropriate
then in the bodycentric one. Moreover, to date no analysis has been made to propose a covariant
boundary condition for the case of the non-inertial RF rather then the ‘classical’ Fock-Sommerfeld
one. It is known that these conditions are applied to the entire gravitational field from the
system asymptotically at the infinitive distance from one and valid for the isolated distribution of
matter. This means that making of use of the Fock-Sommerfeld boundary conditions (Brumberg
& Kopejkin, 1988a; DSX, 1991-1994) in a proper RF is mathematically weakly founded, in order
to find the general solution of the field equations in this frame. Based on this conclusion we will
perform the search for the hintmn in the coordinates of the barycentric inertial RF0.

By taking into account that all the functions and fields in expressions (3.1) - (3.5) are pre-
sented in the form of a power expansion with respect to the set of small parameters, one may
organize an iterative procedure in order to obtain the general solution for the problem. The two
principle steps of this procedure are the supplementary conditions necessary for the solution of
the gravitational field equations, which may be expressed by both the covariant gauge conditions,
and the boundary conditions.

In the proposed formalism these conditions are taken to be as follows:

The covariant gauge conditions. The solutions of the field equations are assumed to satisfy
the covariant harmonical de Donder gauge, which, for an arbitrary RFB, may be written as
follows:

DB
n

(√−gBgmn
B (ypB)

)
= 0, (3.6)

where DB
n is the covariant derivative with respect to the metric γBmn(y

p
B) of the inertial Riemann-

flat (Rk
nml(γ

B
mn(y

p
B)) = 0) space-time in these coordinates9. For most of the practically interesting

9In Cartesian coordinates of the inertial Galilean RF0 the flat metric γB
mn can be chosen as γ

(0)
mn =

diag(1,−1,−1,−1), so that the Christoffel symbols Γ
k(0)
mn = 0 all vanish and conditions (3.6) take the more familiar

form of the harmonic conditions

∂
B
n

(√−gBg
mn
B (yp

B)
)
= 0,

which are equivalent to setting ν = τ = 0 in the eqs.(2.5).
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problems in the WFSMA this metric may be represented in quasi-Cartesian coordinates as the

sum of two tensors: the Minkowski metric γ
(0)
mn and the field of inertia φmn:

γBmn(y
p
B) =

∂xk

∂ymB

∂xl

∂ynB
γkl(x

s(ypB)) = γ(0)mn + φBmn(y
p
B). (3.7)

Note that the term φmn appears to be parameterized by the coordinate transformation functions
KA, LA and Qα

A defined in eqs.(3.5); thus we have φmn(y
p
A) = φmn[KA, LA, Q

α
A], a formulation

which will be referred to as the KLQ parameterization in the WFSMA.

The advantage of using of these gauge conditions is that they allow us to construct the
solutions to the field equations in a unique way without applying of the technique of the, so-
called, ‘external multipole moments’ (Brumberg & Kopejkin, 1988a; DSX, 1991). The conditions
of eqs.(3.6) do not fix the harmonic RF in a unique way and, in definition of coordinates of this
frame, some arbitrariness may still exist. Indeed, the coordinate transformation y′pB = ypB+ζ

p
B(y

q
B)

with the function ζpB which satisfies to the equation gmn(ypB)DB
mDB

n ζpB(y
q
B) = 0 does not violate

the chosen conditions (3.6). In all the particular cases the remaining freedom of the harmonic
RF might be fixed by making the specific choice of the CS associated with the proper RFs chosen
for describing the dynamics of the N bodies in the system10.

The boundary conditions. The search for the general solution for hintmn(x
p) is performed in a

barycentric inertial RF0, which is singled out by the Fock-Sommerfeld’s boundary conditions
imposed on the hmn and ∂khmn:

lim
r→∞

(
hmn(x

p); r
[ ∂

∂x0
hmn(x

p) +
∂

∂r
hmn(x

p)
])

→ 0,

t+
r

c
= const , (3.8a)

where r2 = −γ(0)µν xµxν . Note that the conditions (3.8) must be satisfied along all past Minkowski
light-cones. Thus, these conditions define the asymptotically Minkowskian space- time in a weak
sense, consistent with the absence of any flux of gravitational radiation falling on the system
from an external universe (Damour, 1983, 1986). Moreover, one assumes that there exists such
a quantity hmax

mn = const (for the solar system this constant is of order ≈ 10−5) for which the
condition

hmn(x
p) < hmax

mn , (3.8b)

should be satisfied for each point (~x) inside the system : |~x | ≤ LD. Note that any distribution
of matter is considered isolated if conditions (3.8) are fulfilled in any inertial RF (Damour, 1983;
Kopejkin, 1987, 1988).

By making of use the conditions (3.8) we have an opportunity to determine the interaction
term hintmn(x

p) in a unique way while solving the gravitational field equations of a metric theory
of gravity.

3.2 The Post-Newtonian KLQ Parameterization.

It is well-known that for practical description of the translational and rotational motions of
the N-body system one should introduce at least (N + 1) different RFs (Brumberg & Kopejkin,

10Or equivalently, by choosing some specific form of gmn (Thorne, 1980; Hellings, 1986; Fukushima, 1988) and
the internal and ‘external’ moments in vacuum power expansion of the metric tensor gmn in a set of multipoles
(Kopejkin, 1988; DSX, 1991).
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1988; DSX, 1991). It is desirable that one of these frames be the inertial barycentric (RF0)
with coordinates denoted as (xp) ≡ (x0, xµ). The origin of these coordinates is located at the
center of the field of the entire N-body system. This particular RF will be used to describe
the global dynamics of the whole system. The other N frames should be convenient for the
description of the local gravitational environment in the immediate vicinity of the particular
body (B) under consideration. The origins of corresponding coordinate grids (ypB) ≡ (y0B , y

µ
B),

should be associated with the centers of the local fields of the interacting bodies of interest.

In this chapter we will establish the general relationships describing the straight, inverse and
mutual coordinate transformations between the different quasi-inertial RFs. We will show that
in the WFSMA, all these different types of coordinate transformations may be parametrized by
the same set of functions KA, LA and Qα

A. As a result, we will reconstruct in the general form of
the post- Newtonian non-linear group of motion of the background pseudo-Euclidean space-time
for the WFSMA.

3.2.1 The Properties of the Coordinates Transformations in the WFSMA.

As we mentioned above, in order to construct the relativistic theory of the RFs in celestial
mechanics, one should not only solve the global and local problems, but also one should establish
the rules of the coordinate transformations between these solutions which belong to the different
RFs . To do this, let us discuss the expected physical and mathematical properties of the
coordinate transformations given by the expressions (3.5) in the form:

x0 = y0A + c−2KA(y
0
A, y

ǫ
A) + c−4LA(y

0
A, y

ǫ
A) +O(c−6)y0A,

xα = yαA + yαA0
(y0A) + c−2Qα

A(y
0
A, y

ǫ
A) +O(c−4)yαA.

These coordinates are expected to cover space-time in the immediate vicinity of the body
under consideration. It is clear that such a mapping of the space-time may be performed by both
the barycentric and bodycentric coordinates. This suggests that these coordinate transformations
should be reversible. The functions KA, LA and Qα

A should contain the information about the
specific physical properties of the RF chosen for the analysis. It is generally believed that, in order
to produce the transformations to the physically justified proper RF, the following properties of
these functions should be satisfied:

(i). The functions KA, LA, Q
α
A should be completely defined by the means of the external

gravitational field at the origin of the coordinate system of the proper RFA of body (A)

for which the physically adequate proper RF is constructed. These functions should not
contain any terms caused by the pure gravitational field of the body (A) besides those with
the coupling of the internal multipole moments of the body (A) to the external gravitation.

(ii). In order to obtain reversible transformations, the transformation functions should be ho-
mogeneous and infinitely differentiable. Then, based on assumptions about the properties
of a well justified proper RF (given in the Section 1), the functions KA, LA and Qα

A should
admit an additional Taylor expansion in powers series of the spatial coordinate yµA. For
convenience, these series may originate on the world-line of the center of the local field in
the vicinity of the body (A), so that these functions could be expressed as follows:

fA(y
0
A, y

µ
A) =

∞∑

l

1

l!
fA{L}(y

0
A) · y

{L}
A , (3.9)
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where function fA(y
0
A, y

ǫ
A) is any function from KA, LA or Qα

A. As a result, the second
derivatives taken from these functions will not depend on the order of the derivative’s
application, namely:

[
∂

∂ymA
,
∂

∂ynA
]fA(y

0
A, y

ǫ
A) = 0, (3.10)

where the brackets are the usual notation for the commutator: [a, b] = ab− ba.

(iii). At the limit when the gravitation is absent (G → 0), the theory becomes Poincare-invariant
and transformations (3.5) should coincide with those of Poincare’ (between two frames in
uniform relative motion with a velocity ~v plus transition of origin and arbitrary rotation)
which are given by the eqs.(1.7).

(iv). At the other limit, when the N → 1, and the problem may be described by the one-
body gravitational field solution (2.5), the transformations should coincide with that of
Chandrasekhar-Contopulos (1.12) for the uniform motion between the two RFs in the iso-
lated one body problem.

(v). For the gravitational theories, whose foundations are based upon the Equivalence Principle,
the physical properties of constructed RFs should be generic for all the bodies in the system.
Otherwise, the possible violation of this Principle (which may be induced by the possible
dependence of the gravitational coupling on the shape/size/composition of the bodies),
should be taken into account while the proper RF is constructed.

3.2.2 The Inverse Transformations.

The transformations given by eq.(3.5) transform space and time coordinates from the barycentric
space-time RF (xp) to space and time coordinates in the proper RFA (ypA). However, in practice
one needs to make the comparison between the proper time and position in a different RFs and
hence it is necessary to have the inverse transformations to those of eq.(3.5) and the mutual
transformations between the two proper quasi-inertial frames as well. The existence of the
small parameters and the assumptions in (3.9) and (3.10) make it possible to generate these
transformations in a general form as well as to construct the group of motion for the problems
in the WFSMA. Thus, the general condition of the inreversibility of the transformations (3.5) is
given as usual :

det ||∂x
m

∂ynA
|| 6= 0. (3.11a)

The expressions (B5) from the Appendix B enable us to present this condition in an arbitrary
RF obtained with the WFSMA as follows:

det ||∂x
m

∂ynA
|| = 1 +

∂

∂y0A
KA(y

0
A, y

ν
A)+

+vλA0
(y0A)vA0λ

(y0A) +
∂

∂yµA
Qα

A(y
0
A, y

ν
A) +O(c−4) 6= O(c−4). (3.11b)

Note that this condition is satisfied for most of the problems in modern celestial mechanics. A
similar analysis has been made by Brumberg & Kopejkin (1989) for the dynamics of the planets
in the solar system. It was shown that the determinant vanishes at the distance r∗ ∼ c2/|aE | ∼
7.5 · 1020 cm from the center of mass of the Earth. From this it follows that, in spite of an
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initial construction of geocentric RF in the region lying inside the lunar orbit, it is possible to
smoothly (without intersecting) prolongate the spatial coordinates axes of the geocentric RF for
much larger distances beyond the orbit of Pluto.

We will search for the post-Newtonian transformations which will be inverse to those of
eq.(3.5) in the following form:

y0A = x0 + c−2K̂A(x
0, xǫ) + c−4L̂A(x

0, xǫ) +O(c−6)x0, (3.12a)

yαA = xα − yαA0
(x0) + c−2Q̂α

A(x
0, xǫ) +O(c−4)xα. (3.12b)

where the functions K̂A, L̂A and Q̂α
A are unknown at the moment. One can show that in the

WFSMA, these functions may be expressed in terms of the functions KA, LA, Q
α
A written in a

coordinates (xp) of the barycentric RF0. In order to find the expressions for the K̂A, L̂A and Q̂α
A

let us substitute the relations (3.5) into eqs.(3.12) and then expand the obtained relations with
respect to the small parameters: G ∼ c−2. Thus for the spatial components we will obtain:

xα = xα − yαA0
(x0) + c−2Q̂α

A(x
0, xǫ) + yαA0

(
y0A(x

0, xα)
)
+

+c−2Qα
A

(
y0A(x

0, xα), yǫA(x
0, xα)

)
+O(c−4)yαA. (3.13)

This equation enables us to find the expression for the Q̂α
A(x

0, xǫ) in terms of the functions

Qα
A and K̂A. By expressing the arguments of the transformation functions yαA0

(
y0A(x

0, xα)
)
and

Qα
A

(
y0A(x

0, xα), yǫA(x
0, xα)

)
in terms of the coordinates (xp) and expanding the obtained relations

in the power series of the small parameter c−1 we will get:

Qα
A

(
y0A(x

0, xα), yǫA(x
0, xα)

)
= Qα

A

(
x0, xα − yαA0

(x0)
)
+O(c−4)xα, (3.14a)

yαA0

(
y0A(x

0, xα)
)
= yαA0

(
x0 + c−2K̂A(x

0, xǫ) +O(c−4)x0
)
=

= yαA0
(x0) + vαA0

(x0) · c−2K̂A(x
0, xǫ) +O(c−4)xα, (3.14b)

where
d

dy0A
yαA0

(
y0A(x

0, xα)
)
= vαA0

(x0) +O(c−4)xα.

Then, by substituting eqs.(3.14) into eqs.(3.13), we will obtain the expression for the function
Q̂α

A(x
0, xǫ):

Q̂α
A(x

0, xǫ) = −Qα
A

(
x0, xα − yαA0

(x0)
)
− vαA0

(x0) · K̂A(x
0, xǫ) +O(c−4)xα. (3.15)

By repeating this procedure for the temporal components of the transformations (3.12) we may
obtain the expressions for the functions K̂A(x

0, xǫ) and L̂A(x
0, xǫ) as well:

K̂A(x
0, xǫ) = −KA

(
x0, xǫ − yǫA0

(x0)
)
+O(c−4)x0, (3.16)

L̂A(x
0, xǫ) = −LA

(
x0, xǫ − yǫA0

(x0)
)
−
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−
[( ∂

∂x0
+ vνA0

(x0)
∂

∂xν

)
·KA

(
x0, xǫ − yǫA0

(x0)
)]

· K̂A(x
0, xǫ)−

− ∂

∂xν
KA

(
x0, xǫ − yǫA0

(x0)
)
· Q̂α

A(x
0, xǫ) +O(c−6)x0. (3.17)

Making of use the resulting expressions for the functions K̂A, L̂A and Q̂α
A, which are given by

the relations (3.15)-(3.17), from the equation (3.12) we finally obtain the inverse transformations
between proper and barycentric kinematically non-rotating RFs in the most general form:

y0A = x0 − c−2KA

(
x0, xǫ − yǫA0

(x0)
)
+ c−4

[
− LA

(
x0, xǫ − yǫA0

(x0)
)
+

+
∂

∂x0
KA

(
x0, xǫ − yǫA0

(x0)
)
·KA

(
x0, xǫ − yǫA0

(x0)
)
+

+
∂

∂xν
KA

(
x0, xǫ − yǫA0

(x0)
)
·Qν

A

(
x0, xǫ − yǫA0

(x0)
)]

+O(c−6)x0 (3.18a)

yαA = xα − yαA0
(x0)+

+c−2
[
vαA0

(x0) ·KA

(
x0, xǫ − yǫA0

(x0)
)
−Qα

A

(
x0, xǫ − yǫA0

(x0)
)]

+O(c−4)xα. (3.18b)

Note that the method used to derive the expressions (3.18) corresponds to finding such a coor-
dinate transformations ypA = ypA(x

q) which transform the space-time γAmn of the proper RFA to

that of the barycentric inertial RF0 with the Minkowski metric γ
(0)
mn in Cartesian coordinates.

The latter may be presented as follows: ds2 = γAmn(y
p
A)dy

m
A dy

n
A = c2dt2 − d~x2.

3.2.3 The Coordinate Transformations Between the Two Proper RFs.

The ability to make the power expansion with respect to the small parameters allows us to
organize the iterative procedure for constructing the mutual coordinate transformation between
the two different proper RFs, namely RFA and RFB. The definition of the proper RF (3.5) was
given based on the clearly defined physical properties of the barycentric inertial RF0 for the entire
N-body system. The transformation functions connecting the two proper RFs are easy to find by
applying the same procedure which was used for the construction of the inverse transformation
(3.18). Thus, by making of use the expressions (3.5) and (3.18), we may find the following
relations for the mutual coordinate transformation:

y0B = y0A + c−2KBA(y
0
A, y

ǫ
A) + c−4LBA(y

0
A, y

ǫ
A) +O(c−6)y0A, (3.19a)

yαB = yαA + yαBA0
(y0A) + c−2Qα

BA(y
0
A, y

ǫ
A) +O(c−4)yαA, (3.19b)

where the functions KBA, LBA, Q
α
BA are given as follows:

KBA(y
0
A, y

ǫ
A) = KA(y

0
A, y

ǫ
A)−KB

(
y0A, y

ǫ
A + yǫBA0

(y0A)
)
, (3.20a)

Qα
BA(y

0
A, y

ǫ
A) = Qα

A(y
0
A, y

ǫ
A)−Qα

B

(
y0A, y

ǫ
A + yǫBA0

(y0A)
)
− vαB0

(y0A) ·KBA(y
0
A, y

ǫ
A), (3.20b)
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LBA(y
0
A, y

ǫ
A) = LA(y

0
A, y

ǫ
A)− LB

(
y0A, y

ǫ
A + yǫBA0

(y0A)
)
−

−
[( ∂

∂y0A
− vνBA0

(y0A)
∂

∂yνA

)
·KB

(
y0A, y

ǫ
A + yǫBA0

(y0A)
)]

·KBA(y
0
A, y

ǫ
A)−

− ∂

∂yνA
KB

(
y0A, y

ǫ
A + yǫBA0

(y0A)
)
·Qν

BA(y
0
A, y

ǫ
A). (3.20c)

The relations (3.5), (3.18)-(3.20) represent the necessary expressions for developing the pertur-
bation theory in the WFSMA for the problems of the dynamics of an astronomical gravitationally
bounded system of N self-gravitating arbitrarily shaped extended bodies. The transformations
are presented in a functionally parameterized form by the two scalar functions KA, LA and one
three-vector function Qα

A. Assuming all the bodies in the system are described by the same
model of matter, one may conclude that the form of all these functions should be the same for
any RF. This property of the transformations reflects the fact that a proper RF may be defined
in a general way for each body in the system. Moreover, one can see that the expressions (3.19)-
(3.20) represent the group of motion which preserves the form-invariancy of the metric tensor
γAmn of the background pseudo-Euclidian space-time for any proper RF. This means that the
RFs, constructed this way, should be equivalent and, hence, the physical phenomena will behave
exactly the same way in all of them.

3.2.4 The Notes on an Arbitrary Rotation of the Spatial Axes.

In this part we will show how one may generalize the results obtained on the case of the transfor-
mations between dynamically rotational coordinate RFs. The need for such a coordinate systems
may appeared, for example, in the case when one will relate the VLBI, LLR and the planetary
ephemeris RFs as well as in the case of relating the celestial and terrestrial frames (Folkner et
al, 1994; Sovers & Jacobs, 1994). The most general form of post-Newtonian transformations
between the coordinates (xp) of the barycentric inertial RF0 to those (ypA) of the proper RFA

which are undergoing the rotational motion of the spatial axes with an arbitrary time-dependent
rotational matrix Rµν

A (y0A), may be presented in the following form:

x0 = y0A + c−2KA

(
y0A,R

ǫ

Aν (y
0
A) · yνA

)
+ c−4LA

(
y0A,Rǫ

Aν(y
0
A) · yνA

)
+O(c−6)y0A, (3.21a)

xα = yαA0
(y0A) +Rα

Aν(y
0
A) · yνA + c−2Qα

A

(
y0A,Rǫ

Aν(y
0
A) · yνA

)
+O(c−4)yαA. (3.21b)

The matrix Rµν
A (y0A) represents both the rotation and the time-dependent deformation of the

spatial axes:
Rµν

A (y0A) = σµνA (y0A) + ωµν
A (y0A), (3.22)

where the first term is symmetric, σµνA = σνµA , and it represent the rescaling of the coordinates
with respect to time. The second term is anti-symmetric, ωµν

A = −ωνµ
A , and it describes the

rotation of the spatial axes of coordinate grid in the proper RFA. Besides this, the tensor ωµν
A

contains the information about the precession and nutation of the spatial coordinates (Kopejkin,
1988; Fukushima, 1991; Folkner et al, 1994; Sovers & Jacobs, 1994).

In the case when det ||Rµν
A || 6= 0, one may find the inverse transformations to those given

by expressions (3.21). To do this, we may repeat the same iterative procedure discussed above.
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Making of use this method, one may easily obtain these inverse transformations in the following
form:

y0A = x0 −KA

(
x0, xǫ − yǫA0

(x0)
)
+ L̂′′

A(x
0, xǫ) +O(c−6)x0, (3.23a)

yαA = (R−1
A )αν (x

0) ·
[
xν − yνA0

(x0)+

+vνA0
(x0) ·KA

(
x0, xǫ − yǫA0

(x0)
)
−Qν

A

(
x0, xǫ − yǫA0

(x0)
)]
−

− d

dx0
(R−1

A )αν (x
0) ·

(
xν − yνA0

(x0)
)
KA

(
x0, xǫ − yǫA0

(x0)
)
+O(c−4)xα. (3.23b)

where the function L̂′′
A is given as follows:

L̂′′
A(x

0, xǫ) = −LA

(
x0, xǫ − yǫA0

(x0)
)
+

+Rν
λ(x

0) · ∂

∂xν
KA

(
x0, xǫ − yǫA0

(x0)
)
·Qλ

A

(
x0, xǫ − yǫA0

(x0)
)
+

+
1

2
µ(x0, xǫ) ·K2

A

(
x0, xǫ − yǫA0

(x0)
)
+O(c−6)x0 (3.23c)

with the differential operator µ(x0, xǫ) taking the form:

µ(x0, xǫ) =
∂

∂x0
+
[
vνA0

(x0) · (δµν −Rµν
A )−

− d

dx0
(R−1

A )νλ · Rµν
A ·

(
xλ − yλA0

(x0)
)]

· ∂

∂xµ
+O(c−2)

∂

∂x0
. (3.24a)

Note that if we neglect the rotation (i.e. will take the rotation matrix in the form of the Kronekker
symbol, Rµ

Aν(x
0) = δµν ), the differential operator eq.(3.24a) becomes:

µ(x0, xǫ) = (1 +O(c−2))
∂

∂x0
(3.24b)

and the coordinate transformations (3.23) coincide with those of eq.(3.18) for the dynamically
non-rotating case.

For most practical applications in modern astronomy one may neglect the effects due to the
time-dependent deformation of the axes and assume that the body is undergoing rigid three-
dimensional rotation with the rotational matrix taken in the form: Rµν

A (y0A) = ωµν
A (y0A). In the

proper RFA of an isolated rotating body, the following equation describes the dynamic properties
of the tensor Rµν

A (y0A):
d

dy0A
Rµν

A (y0A) = ǫµσβVAσ(y
0
A) · RAβ

ν(y0A). (3.25)

where Vσ
A = ǫσρνω

ρν
A is the vector of the angular velocity of rotation of the body (A). Usually, for

most of the problems in relativistic celestial mechanics, one assumes that the angular velocity
of the rotation of the celestial bodies is of the following order of magnitude: Vσ

A ∼ O(c−2)vσA0
,

where vσA0
is the barycentric velocity of the translational motion of the body (A) moving along

its world- line (DSX, 1991). Then, taking this condition into account, one may neglect the time
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derivative terms from the transformation matrix in the relations (3.23) and make of use the
standard theory of a coordinate transformations with the rigid spatial rotation of the proper
RFA. Otherwise, for a general case with an arbitrary rotation, one should keep these terms in
the post-Newtonian parts of the transformations (3.23).

Following the procedure depicted above, we may obtain the mutual transformations between
the coordinates of two rotating RFs. Furthermore, one may extend the results obtained above
to the case of the non-uniform rotation of an elastic body (B) with the rotational matrix taken
in a general form Rµν

B (y0B, y
ǫ
B). However, for the problems of celestial mechanics in the WFSMA

this generality is not necessary. Moreover, in 1991 the IAU have made the recommendation that,
in order to avoid the appearance of the fictitious forces (Coriolis-like) acting on a observer in
the proper RF, all the coordinate transformations for the astronomical applications should not
introduce any rotation of the spatial axes at all (Fukushima, 1991; Brumberg, 1991; Klioner,
1993). Because of this reason we will limit ourselves in our further discussion solely to the
case of the non-rotational coordinate transformations, leaving the problem of rotation for other
publications.

3.3 The Definition of the Proper RF.

In this subsection we will finally present a way to find the transformation functions necessary
for constructing a proper RF with the well defined physical properties. As one can see from
the expressions (3.4), in the WFSMA the main contribution to the geometrical properties of the

proper RFA in the body’s immediate vicinity comes from its own gravitational field h
(0)A
mn . Then,

based on the Principle of Equivalence, the external gravitational influence should vanish at least
to first order in the spatial coordinates (Synge, 1960; Manasse & Misner, 1963). The proper RFA,
constructed this way, should resemble the properties of a quasi-inertial (or Lorenzian) reference
frame and, as such, will be well suited for discussing the physical experiments. Note that the

tensors h
(0)B
mn and hintmn represent the real gravitational field which no coordinate transformation

can eliminate everywhere in the system. In the case of a massive monopole body, one can
eliminate the influence of external field on the body’s world-line only. However, for an arbitrarily
shaped extended body, the coupling of the body’s intrinsic multipole moments to the surrounding
gravitational field changes the physical picture significantly. This means that the definition of the
proper RF for the extended body must take into account this non-linear gravitational coupling.

In order to suggest the procedure for the choice of the coordinate transformations to the
phyiscally adequate proper RFA, let us discuss the general structure of the solution gAmn(y

p
A)

given by expression (3.4). Thus, in the expressions for gAmn one may easily separate the four
physically different terms. These terms are:

(i). The Riemann-flat contribution of the field of inertia γAmn given by expression (3.7).

(ii). The contribution of the body’s own gravitational field h
(0)A
mn .

(iii). The term due to the non-linear interaction of the proper gravitational field with an external
field11.

(iv). The term describing the field of the external sources of gravity. This term comes from the

transformed solutions h
(0)B
mn and the interaction term hintmn.

11This contribution is due to the Newtonian potential and the potential Φ2 in the expressions (2.5). These
interaction terms show up as the coupling of the body’s intrinsic multipole moments with the external field.
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The first contribution depends on the external field in the gravitational domain occupied by
the body (A) and appears to be ‘parametrized’ by the transformation functions (3.5). Note
that for any choice of these functions, by the way it was constructed, the obtained metric gAmn

satisfies the gravitational field equations of the specific metric theory of gravity under study.
Furthermore, based on the properties of the proper RFA discussed above, one may expect that
the functions KA, LA, Q

α
A should form a background Riemann-flat inertial space-time γAmn in

this RF which will be tangent to the total gravitational field in the vicinity of the body (A)’s
world-line γA. Moreover, the difference of these fields should vanish to first order with respect to
the spatial coordinates (i.e. the ‘external’ dipole moment equals zero (Thorne & Hartle, 1985)).
These conditions, applied to moving test particles, are known as Fermi conditions (Fermi, 1922;
Manasse & Misner, 1963; Misner et al., 1973). We have extended the applicability of these
conditions to the case of a system composed of N arbitrarily shaped extended celestial bodies.

In order to obtain the functions KA, LA and Qα
A for the coordinate transformation eq.(3.5) we

will introduce an iterative procedure which will be based on a multipole power expansion with
respect to the unperturbed spherical harmonics. To demonstrate the use of these conditions, let
us denoteHA

mn(y
p
A) as the local gravitational field, i.e. the field which is formed from contributions

(ii) and (iii) above. The metric tensor in the local region in this case can be represented by the

expression: g
(loc)
mn (ypA) = γmn + HA

mn(y
p
A). Then the generalized Fermi conditions in the local

region of body (A) (or in the immediate vicinity of its world-line γA) may be imposed on this
local metric tensor by the following equations:

lim
γ→γA

gmn(y
p
A) = g(loc)mn (ypA)

∣∣∣
γA
, (3.26a)

lim
γ→γA

Γk
mn(y

p
A) = Γk(loc)

mn (ypA)
∣∣∣
γA
, (3.26b)

where γ is the world-line of the point of interest and the quantities Γ
k(loc)
mn (ypA) are the Christoffel

symbols calculated with respect to the local gravitational field g
(loc)
mn (ypA). Application of these

conditions will determine the functions KA, LA, Q
α
A which are as yet unknown. Moreover, this

procedure will enable us to derive the second-order ordinary differential equations for the func-
tions yαA0

(y0A) and Qα
A(y

0
A, 0), or, in other words, to determine the equations of the perturbed

motion of the center of the local field in the vicinity of body (A).

The relations (3.26) summarize our expectations based on the Equivalence Principle about the
local gravitational environment of the self-gravitating bodies. By making use of these equations,
we will be able to separate the local gravitational field from the external field in the immediate
vicinity of the bodies. However, these conditions only allow us to determine the transformation
functions for the free-falling massive monopoles (i.e. only up to the second order with respect to
the spatial coordinates). The transformation functions (3.5) in this case will depend only on the
leading contributions of the external gravitational potentials UB and V α

B and their first derivatives
taken on the world-line of body (A). The results obtained will not account for the contribution
of the multipolar interaction of the proper gravity with the external field in the volume of the
extended body. This accuracy is safficient for taking into account the terms describing the
interaction of the intrinsic quadrupole moments of the bodies with the surrounding gravitational
field, but some more general condition, in addition to eq.(3.26), must be applied in order to
account for the higher multipole structure of the bodies.

Thus, as we shall see later, the conditions (3.26) enable one to obtain the complete solution
for the Newtonian function KA. Functions LA and Qα

A may be defined up to the second order
with respect to the spatial point separation, namely LA, Q

α
A ∼ O(|yαA|3), so the arbitrariness of
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higher orders (k ≥ 3) in the spatial point separation will remain in the transformation. In order
to get the corrections to these functions up to kth order (k ≥ 3) with respect to the powers of
the spatial coordinate yλA, one should use conditions which contain the spatial derivatives of the
metric tensor to order (k−1). The mathematical methods of modern theoretical physics generally
consider local geometrical quantities only and involve second order differential equations. These
equations alone may not be very helpful for constructing the remaining terms in functions LA, Q

α
A

up to the order k ≥ 2 However, following Synge (1960), one may apply additional geometrical
constructions, such as properties of the Riemann tensor and the Fermi-Walker transport law
(Misner & Manasse, 1963; Ni, 1977; Ni & Zimmermann, 1978; Li & Ni, 1978, 1979a,b). Another
possibility is to postulate the existence of so called ‘external multipole moments’ (Thorne, 1980;
Blanchet & Damour 1986; Brumberg & Kopejkin, 1988a; DSX, 1991- 1994). However, those
moments are defined through vacuum solutions of the Hilbert-Einstein field equations of general
relativity in an inertial RF, while the influence of external sources of gravity are ignored. The
fact of defining the moments in this way is essentially equivalent to defining the structure of the
proper RF for the body under question.

The most natural approach to define the desirable properties of the proper quasi-inertial RFs
for the system of extended and deformable bodies is to study the motion of this system in an
arbitrary KLQ-parametrized frame. There are two different ways to do that, namely: (i) to
study the infinitesimal motion of each element of the body, or (ii) to study the motion of a whole
body with respect to an accelerated frame attached, for example, to the center of inertia of the
local fields of matter, inertia, and gravity. In our method we will use the second way and will
study the dynamics of the body in its own RF. Our analysis will be directed toward finding the
functions KA, LA and Qα

A with the condition that the Riemann-flat inertial space-time γAmn(y
p
A)

corresponding to these functions will be tangent to the total Riemann metric gmn(y
p
A) of the

entire system in the body’s vicinity. Physically, one expects that this inertial space-time will
produce a ‘fictitious’ (or inertial) force with the density ~fKLQ acting on the body in its proper
RF. At the same time the body is under influence of the overall real force due to the local fields
of matter and gravity with the density ~f0. Thus, the condition for finding the transformation
functions KA, LA and Qα

A is conceptually simple: the difference between these two densities
~F = ~f0 − ~fKLQ should vanish after integration (or averaging) over the body’s compact volume:

δ ~F =

∫

A
d3y′A

~F =

∫

A
d3y′A

(
~f0 − ~fKLQ

)
= 0. (3.27)

Note that the notion of ‘the center of mass’ in this case loses its practical value, and one should
substitute instead ‘the local center of inertia’. Thus, the force ~fKLQ should provide the overall
static equilibrium for the body under consideration in the local center of inertia, which is defined
for all three fields present in the immediate vicinity of the body, namely: matter, inertia and
gravity. Let us mention here that in practice it is not possible to separate these two forces ~f0
and ~fKLQ from each other. Fortunately, we will be able to obtain the difference between them
~F . This will considerably simplify the further analysis.

In order to construct the necessary solution for the functions KA, LA and Qα
A in a way, that

will be valid for a wide class of metric theories of gravity, one must first analyze the conservation
laws in an arbitrary KLQ-parameterized RF. This could be done based on the conservation law
for the density of the total energy-momentum tensor T̂mn of the whole isolated N-body system:

∇A
n T̂

mn(ypA) = 0, (3.28)

where ∇A
n is the covariant derivative with respect to total Rimannian metric gAmn(y

p
A) in these
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coordinates. Then, by using a standard technique of integration with Killing vectors, one will
have to integrate this equation over the compact volume of the body (A) and one can obtain the
equations of motion of the extended body (Fock, 1957; Chandrasekhar, 1965; Will, 1993). Then
the necessary conditions, equivalent to those of (3.27), may be formulated as the requirement
that the translational motion of the extended bodies vanish in their own RFs. This corresponds

to the following conditions applied to the dipole mass moment mα
A ≡ I

{1}
A :

d2mα
A

dy0A
2 =

dmα
A

dy0A
= mα

A = 0, (3.29a)

where the quantity mα
A is calculated based on the total energy-momentum tensor matter, inertia

and gravitational field taken jointly (similar to the condition eq.(2.12)). These conditions may
also be presented in a different form. Indeed, if we require that the total momentum Pα

A of the
local fields of matter, inertia and gravity in the vicinity of the extended body vanish, we will
have the following physically equivalent condition:

dPα
A

dy0A
= Pα

A = 0. (3.29b)

These conditions finalize the formulation of the basic principles of construction of the relativistic
theory of celestial RFs in the WFSMA.

This method is demonstrated to be a useful tool in practical analytical and numerical calcula-
tions for a number of a metric theories of gravity (Turyshev et al., 1996). Thus the properties in
derivation of the unperturbed solutions for a number of metric theories of gravity12 may be used
in order to produce the general solution for the problem of motion of N-body system. In each
particular case for a specific theory of gravity there exists the common strategy for constructing
the iterative procedure which may be expressed as follows:

I. One should first choose the particular model of the matter distribution Tmn and define the
small parameters relevant to the particular problem under consideration. The next step
is to perform the power expansion with respect to these parameters for all the functions
and fields entering the gravitational field equations of a particular metric theory of gravity
and by using the standard methods of the WFSMA (Fock, 1955; Will, 1993) to find the

unperturbed solution for an isolated distribution of matter h
(0)
mn.

II. Then, by using the obtained unperturbed solutions and the WFSMA theory of the co-
ordinate transformations (developed in Appendix B), construct the general form of the
solution for the total metric tensor from the anzatz eqs.(3.1)-(3.4). Then, by using the gen-
eralized de-Donder harmonical gauge and the Fock-Sommerfeld boundary conditions (3.8),
construct the interaction term hintmn and to present the solution in coordinates of inertial
barycentric RF0 and in an arbitrary, KLQ- parameterized quasi-inertial one.

III. In order to find the functions KA, LA, Q
α
A of the coordinate transformation to the coordi-

nates of the proper RFA and fix the remaining coordinate freedom, one should apply the
procedure of constructing the proper RF. First of all, find the solution for these functions
by implementing the conditions eqs.(3.26) in a local region of the body. Then by gener-
alizing the obtained result on the case of an arbitrary extended body, integrate the local

12The solutions for an isolated distribution of matter (the global problem) are well known and one may find their
general properties in Will (1993).
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conservation law (3.28) over of the body’s volume, in order to obtain the general form of
the coordinate transformations from the conditions (3.29).

IV. In order to obtain the final multipolar solution for the astronomical N-body problem, one
should substitute the obtained transformations into the generalized gravitational potentials.
Then, by making the expansion of these quantities in the triple power series with respect
to small parameters (gravitational constant G, the inverse powers of the speed of light c−1

and parameter of the geodesic separation λA ∼ yνA/|yBA0 |), one will have obtained the
desired representation for the metric tensor and the corresponding equations of motion.

In the following Sections we will discuss the application of the proposed perturbation formal-
ism for the solution of the problem of motion of an arbitrary astronomical N-body system in the
general theory of relativity.

4 General Relativity: 1. Solutions for the Field Equations.

In this Section we will apply the iterative formalism discussed in the previous Section for con-
structing the solutions for the problem of motion of the system of N extended bodies in the
theory of the general relativity and a perfect fluid as a model for matter distribution. In this
Section we will obtain the solution for the Hilbert-Einstein field equations and a perfect fluid
model of matter distribution in its application for solving the problem of motion of N extended
self-gravitating bodies in the WFSMA. We will present these solutions in both barycentric iner-
tial and proper quasi-inertial RFs. To do this, we must obtain all the necessary transformation
rules under the general coordinate transformations discussed in the previous Section. In order
to simplify the discussion in this Section, all these rules were obtained in a general form and are
presented in the Appendices, which will be referred to as necessary.

The gravitational field equations of the general theory of relativity were discovered in 1915
and presented by Einstein (1915a,b) (for more details see Misner et al. (1973)) as follows:

√−g Rmn = −8πG

c4

(
T̂mn − 1

2
gmnT̂

)
. (4.1)

Let us mention that these equations were independently obtained and studied also by Hilbert
(1915). At the present time there exists a confidence that a relativistic theory of the astronomical
RFs must be founded on the equations of the general theory of relativity (4.1). The mathematical
elegance of the field equations as well as the simplicity of the physical foundations of this theory
made it particular easy to perform and analyze the relativistic gravitational experiments. Thus,
general relativity has passed many serious tests both in the weak gravitational field of the solar
system (Will, 1993) and the strong-gravitational-field test based on the data obtained from the
continuous observations of the double pulsar PSR 1913+16 (Damour, 1987; Damour & Taylor,
1992). It should be noted that presently the analysis of high-precision measurements of the
light deflection and the delay of propagation time of radio signals in the solar gravitational field,
confirms the WFSMA of the general theory of relativity with an accuracy of order 1.5 % and 0.5
% respectively. Concerning the practical applications, we must mention that most of the modern
methods for the relativistic data reduction as well as the solar system ephemerides are based
upon the predictions of the equations (4.1) with the perfect fluid model of matter (2.2). This is
why we begin the application of the new method for construction of the relativistic theory of the
RFs in the WFSMA from the general theory of relativity.
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4.1 The Solution for the Interaction Term.

Let us assume that the non-gravitational forces are absent, the bodies are well separated and
the bodies matter may be described by the model of a perfect fluid with the density of energy-
momentum tensor T̂mn given by the expressions (2.1)-(2.2). As we have previously discussed,
all the field equations and the boundary and initial conditions for this problem are much better
defined mathematically in the coordinates of the inertial RF0, so it is quite natural to begin the
discussion within this reference frame. In Section 2, we assumed that the general solution for
the gravitational field equations gmn in coordinates (xp) of the barycentric inertial RF0 may be
written as follows:

gmn(x
p) = γmn(x

p) +
N∑

B=1

∂ykB
∂xm

∂ylB
∂xn

h
(0)B
kl (yqB(x

p)) + hintmn(x
p). (4.2)

At this point we already have all the necessary ‘tools’ to construct the metric tensor gmn(x
p).

Let us recollect all the gained knowledge, which is necessary to obtain this tensor, namely:

(i). The unperturbed solution for the Hilbert-Einstein gravitational field equations h
(0)B
kl for an

isolated distribution of matter with the perfect fluid model of matter distribution presented
by the energy-momentum tensor Tmn eq.(2.1), in coordinates of inertial RF0 has a simple

form and in terms of the tensor h
(0)B
mn it is given by the expressions (2.5) with the conditions:

γ = β = 1, ν = τ = 0.

(ii). The general transformation rules of these solutions under the coordinate transformations
(3.5) with the transformation matrix as in eqs.(C9) are established in the form of the
relations (D7).

(iii). The transformation properties of the gravitational potentials, which were defined in Ap-
pendix A, are given by the expressions (E9a), (E14a), (E15a) and (E16a).

By substituting all these expressions into the formula (4.2) we will obtain the following expres-
sions for the metric tensor gmn in the coordinates (xp) of the barycentric inertial RF0:

g00(x
0, xν) = 1− 2

∑

B

UB(x
p) +

∑

B

(
2U2

B(x
p) + 2ΨB(x

p) +
∂2

∂x02
χB(x

p)+

−2

∫

B
d3x′ρB

(
x0, x′ν − yνB0

(x0)
) ∂

∂x′λ

[Qλ
B

(
x0, xν − yνB0

(x0)
)
−Qλ

B

(
x0, x′ν − yνB0

(x0)
)

|xν − x′ν |
]
−

−2vB0λ
(x0)vλB0

(x0) · UB(x
p) + vλB0

(x0)vβB0
(x0) · ∂2

∂xλ∂xβ
χB(x

p)+

+aλB0
(x0) · ∂

∂xλ
χB(x

p) + 4
∂

∂x0
KA

(
x0, xνA − yνB0

(x0)
)
· UB(x

p)

)
+ hint<4>

00 (xp) +O(c−6), (4.3a)

g0α(x
0, xν) = 4

∑

B

γαλV
λ
B (xp) +O(c−5), (4.3b)

gαβ(x
0, xν) = γαβ

(
1 + 2

∑

B

UB(x
p)
)
+O(c−4), (4.3c)
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where interaction term hint<4>
00 is the only term which hasn’t yet been specified. In order to find

this term, one should use the Hilbert- Einstein field equations eq.(4.1) written in the coordinates
of inertial RF0 and expanded with respect to the small parameter c−1.

The necessary expansions for the Ricci tensor Rmn eq.(B9) and for the modified energy-
momentum tensor Smn, which is defined by eqs.(B12-B13), are given correspondingly by the
expressions (D3) and (D11) in this CS. By making of use these expressions, one may obtain the
linearized Hilbert-Einstein field equations for N-body system. Finally, by equating the expressions
with the same orders of magnitude, with respect to powers of the small parameter c−1, we will
obtain the following equations:

γνλ
∂2

∂xν∂xλ
g<2>
00 (xp) = −8π

∑

B

ρB(y
q
B(x

p)) +O(c−4), (4.4a)

γνλ
∂2

∂xν∂xλ
g<2>
αβ (xp) = 8πγαβ

∑

B

ρB(y
q
B(x

p)) +O(c−4), (4.4b)

γνλ
∂2

∂xν∂xλ
g<3>
0α (xp) = −16π γαµ

∑

B

ρB(y
q
B(x

p)) · vµ(xp) +O(c−5), (4.4c)

γνλ
∂2

∂xν∂xλ
g<4>
00 (xp)− γλµγνδg<2>

λν (xp)
∂2

∂xµ∂xδ
g<2>
00 (xp)+

+
∂2

∂x02
g<2>
00 (xp)− γλν

∂

∂xλ
g<2>
00 (xp)

∂

∂xν
g<2>
00 (xp) =

= −8π
∑

B

ρB(y
q
B(x

p))
(
Π − 2

∑

B′

UB′ − 2vµ(xp)vµ(x
p) +

3p

ρ

)
+O(c−6) (4.4d)

By substituting into these equations the expressions for the metric tensor gmn(x
p) given by the

relations (4.3), one may see that first three equations from (4.4) are automatically satisfied for
the components g<2>

00 (xp), g<2>
αβ (xp), g<3>

0α (xp) of the metric tensor. However, the last equations

from this system eq.(4.4b), written for the component g<4>
00 , produce the necessary equation for

the determination of the interaction term hint<4>
00 as follows:

γµν
∂2

∂xµ∂xν

[
hint<4>
00 (xp)−

∑

B

(
2vB0λ(x

0)vλB0
(x0) · UB(x

p)−

−vλB0
(x0)vβB0

(x0) · ∂2

∂xλ∂xβ
χB(x

p)− aλB0
(x0) · ∂

∂xλ
χB(x

p)+

+2

∫

B
d3x′ρB

(
x0, x′ν − yνB0

(x0)
)
×

× ∂

∂x′λ

[Qλ
B

(
x0, xν − yνB0

(x0)
)
−Qλ

B

(
x0, x′ν − yνB0

(x0)
)

|xν − x′ν |
]
−

−4
∂

∂x0
KA(x

0, xν − yνB0
(x0)) · UB(x

p)

)]
=
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= 4γµν
∑

B

∂

∂xµ
UB(x

p)
∑

B′

∂

∂xν
UB′(xp). (4.5)

The general solution to this equation is easy to obtain and it may be written as follows:

hint<4>
00 (x0, xν) =

∑

B

[
2vB0λ

(x0)vλB0
(x0) · UB(x

p)−

−vλB0
(x0)vβB0

(x0) · ∂2

∂xλ∂xβ
χB(x

p)−

−aλB0
(x0) · ∂

∂xλ
χB(x

p)− 4
∂

∂x0
KB

(
x0, xν − yνB0

(x0)
)
· UB(x

p)+

+2

∫

B
d3x′ρB

(
x0, x′ν − yνB0

(x0)
) ∂

∂x′λ

[Qλ
B

(
x0, xν − yνB0

(x0)
)
−Qλ

B

(
x0, x′ν − yνB0

(x0)
)

|xν − x′ν |
]
+

+2
∑

B′

(
UB(x

p)UB′(xp)−
∫

B

d3x′

|xν − x′ν |
[
ρB
(
x0, x′ν − yνB0

(x0)
)
UB′(x0, x′ν)+

+ρB′

(
x0, x′ν − yνB0

(x0)
)
UB(x

0, x′ν)
])]

+W<4>
00 (x0, xν) +O(c−6), (4.6)

where summations over both, (B) and (B′) are from 1 to N. The only requirement on the arbitrary
function W<4>

00 is that it should satisfy the ordinary Laplace equation:

γµν
∂2

∂xµ∂xν
W<4>

00 (x0, xν) = O(c−6). (4.7)

The solution to the equation (4.7) has terms with both possible asymptotic: falling off at infinity
∼ 1/rk, and divergent ∼ rk. The choice of the solution should be made in order to account for
cosmological, galactic or gravitational wave contributions to the behavior of the metric tensor
gmn at large distances from the system. If there is no incoming radiation falling on the system
from outer space and the background metric is accepted to be satisfied for the cosmological
conditions of the PPN gauge13, then the Fock-Sommerfeld boundary conditions eq.(3.8) enables
us to choose the past-stationary and asymptotically-Minkowskian solution to the field equations
of general relativity (Damour, 1983). However, for further calculations we will retain the function
W<4>

00 as unspecified.

By substituting the obtained result for the interaction term hint<4>
00 in the expression for the

temporal component of the metric tensor eqs.(4.3a), we could write the final solution for the
Hilbert-Einstein field equations in coordinates (xp) of the inertial barycentric RF0 as follows:

g00(x
0, xν) = 1− 2

∑

B

UB(x
p) + 2

(∑

B

UB(x
p)
)2
+

13The main requirement is that the cosmological evolution of the background metric is described by the
Robertson-Walker cosmological solution at large distances from the system of the bodies under consideration
(Will, 1993)
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+
∑

B

(
− 4Φ1B(x

p)− 2Φ3B(x
p)− 6Φ4B(x

p) +
∂2

∂x02
χB(x

p)−

−4

∫

B

d3x′

|xν − x′ν |ρB
(
x0, x′ν − yνB0

(x0)
)∑

B′

UB′(x0, x′ν)

)
+W<4>

00 (x0, xν) +O(c−6), (4.8a)

g0α(x
0, xν) = 4

∑

B

γαλV
λ
B (xp) +O(c−5), (4.8b)

gαβ(x
0, xν) = γαβ

(
1 + 2

∑

B

UB(x
p)
)
+O(c−4). (4.8c)

The obtained expressions (4.8) are the usual form of the general solution for the global problem
in general relativity for the isolated distribution of matter, which was first obtained by Fock
(1957) (see also Fock, 1955; Damour, 1986; Kopejkin, 1989; Will, 1993). It is easy to see that the
general solution for N-body problem in the barycentric inertial RF0 eqs.(4.8) demonstrates the

property of the linear superposition of unperturbed fields h
(0)B
mn boosted by the transformations

(3.18) in the components g<2>
00 (xp), g<2>

αβ (xp) and g<3>
0α (xp) of the metric tensor. The non-linear

contribution due to the motion of the bodies and their gravitational interaction with each other
appears beginning in the component g<4>

00 (xp) through the interaction term hint<4>
00 which is

given by the relation (4.6). One may note that the interaction term contains three groups of
terms with physically different origins, namely:

(i). The first seven terms are due to the boost of the isolated unperturbed solutions h
(0)B
mn by

the transformations (3.18).

(ii). The eighth term is due to the mutual gravitational interaction between the bodies in the
system.

(iii). The last termW<4>
00 is caused by the possible inhomogeneity of the background space-time.

It is clear that the terms of the first group are frame-dependent (or coordinate-dependent).
Hence these terms are responsible for the coordinate dependence of the quantity hint<4>

00 in
general. This implies that this term depends on the properties of the proper coordinate system
chosen for description of the internal problem in the vicinity of a body (B) in the system. We
can continue the analysis of these terms in the barycentric inertial RF0. However, for further
calculations it will be more convenient to shift the discussion to the proper RFA.

The transformation properties of the interaction term are given by the relations (D9). These
relations suggest that in the first post-Newtonian approximation, the form of the interaction
term in the coordinates (ypA) of the proper RFA could be obtained by taking into account the
transformation properties of the gravitational potentials only. Thus, by making of use the direct
transformations (3.5) with the transformation matrix (C1), one may write the interaction term
hint<4>
00 in the coordinates of the proper RFA as follows:

hint<4>
00 (y0A, y

ν
A) = hint<4>

A (ypA) + hint<4>
AB (ypA)+

+hint<4>
B (ypA) + hint<4>

BB′ (ypA) +W<4>
00 (ypA) +O(c−6), (4.9a)
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where the following notations have been accepted:

hint<4>
A (ypA) = 2

∫

A
d3y′AρA(y

0
A, y

′ν
A )

∂

∂y′λA

[Qλ
A(y

0
A, y

ν
A)−Qλ

A(y
0
A, y

′ν
A )

|yνA − y′νA |
]
−

−2vA0λ
(y0A)v

λ
A0

(y0A) · UA(y
p
A)− vλA0

(y0A)v
β
A0

(y0A) ·
∂2

∂yλA∂y
β
A

χA(y
p
A)−

−aλA0
(y0A) ·

∂

∂yλA
χA(y

p
A)− 4

∂

∂y0A
KA(y

0
A, y

ν
A) · UA(y

p
A) +O(c−6), (4.9b)

hint<4>
AB (ypA) = 4

∑

B 6=A

(
UA(y

p
A)UB(y

p
A)−

−
∫

A,B

d3y′A
|yνA − y′νA |

[
ρA(y

0
A, y

′ν
A )UB(y

0
A, y

′ν
A ) + ρB(y

0
A, y

′ν
A )UA(y

0
A, y

′ν
A )
])

+O(c−6), (4.9c)

hint<4>
B (ypA) =

∑

B 6=A

(
2

∫

B
d3y′AρB

(
y0A, y

′ν
A + yνBA0

(y0A)
)
×

× ∂

∂y′λA

[Qλ
B

(
y0A, y

ν
A + yνBA0

(y0A)
)
−Qλ

B

(
y0A, y

′ν
A + yνBA0

(y0A)
)

|yνA − y′νA |
]
+

+2vB0λ
(y0A)

(
vλB0

(y0A)− 2vβA0
(y0A)

)
· UB(y

p
A)−

−vλB0
(y0A)v

β
B0

(y0A) ·
∂2

∂yλA∂y
β
A

χB(y
p
A)− aλB0

(y0A) ·
∂

∂yλA
χB(y

p
A)−

−4
∂

∂y0A
KB

(
y0A, y

ν
A − yνBA0

(y0A)
)
· UB(y

p
A)

)
+O(c−6), (4.9d)

hint<4>
BB′ (ypA) = 4

∑

B 6=A

∑

B′ 6=B

(
UB(y

p
A)UB′(ypA)−

−
∫

B

d3y′A
|yνA − y′νA |

[
ρB
(
y0A, y

′ν
A − yνBA0

(y0A)
)
UB′(y0A, y

′ν
A )+

+ρB′

(
y0A, y

′ν
A − yνB′A0

(y0A)
)
UB(y

0
A, y

′ν
A )
])

+O(c−6). (4.9e)

The physical meaning of these new functions is quite clear. The functions hint<4>
A and hint<4>

B are

the post-Newtonian contributions of the unperturbed solutions h
(0)
mn for body (A) and all the rest

of the bodies (B 6=A) in the system, boosted by the transformations (3.5), (3.20). The function
hint<4>
AB is the contribution describing the gravitational interaction of the body (A) with the rest

of the bodies in the system. And the last term, hint<4>
BB′ , is the function, physically analogous to

the previous one, but describing the gravitational field generated by the gravitational interaction
of the rest of the bodies in the system (B, B′ 6=A) with each other in the vicinity of the body (A).

The advantage using the conditions (3.8) is that they provide an opportunity to determine
the interaction term hintmn(x

p) in a unique way. It should be stressed that the corresponding
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solution gmn(x
p) in the barycentric inertial RF0 resembles the form of the solution for an isolated

one-body problem (2.5). The only change which should be made is to take into account the
number of bodies in the system: ρ→∑

B ρB, where ρB is the compact-support mass density of
a body (B) from the system. However, both the interaction term hintmn(y

p
a) and the total solution

for the metric tensor gmn in the coordinates (ypA) appear to be ‘parameterized’ by the arbitrary
functions KA, LA, Q

α
A. This result reflects the covariancy of the gravitational field equations as

well as the well defined transformation properties of the gauge conditions (3.6) used to derive
the total solution. This arbitrariness suggests that one could choose any form of these functions
in order to describe the dynamics of the extended bodies in the system. However, as we noticed
earlier, the unsuccessful choice of the proper RFA (or, equivalently, the functions KA, LA and
Qα

A) may cause an unreasonable complication in the future physical interpretations of the results
obtained.

4.2 The Solution of the Field Equations in the Proper RF.

Once the interaction term hint<4>
00 has been defined, one may easily obtain the form of the

general solution to the Hilbert-Einstein field equations gmn(y
p
A) in the coordinates of the proper

RFA. This solution may be obtained directly from the tensor gmn(x
p) by the regular tensorial

transformation law as follows:

gmn(y
p
A) =

∂xk

∂ymA

∂xl

∂ynA
gkl(x

s(ypA)) =
∂xk

∂ymA

∂xl

∂ynA
γkl(x

s(ypA))+

+h(0)Amn (ypA) +
∑

B 6=A

∂ykB
∂ymA

∂ylB
∂ynA

h
(0)B
kl (ysB(y

p
A)) +

∂xk

∂ymA

∂xl

∂ynA
hintkl (x

s(ypA)). (4.10)

In order to obtain the final result for the metric tensor gmn in the coordinates of proper RFA,
we should establish and then make use of the transformation properties of all the quantities
presented in the expression (4.10). These quantities were obtained in Appendices, namely:

(i). The transformation properties of the background Riemann-flat metric γAmn in the coordi-
nates (ypA) are given by the relations (C5).

(ii). The transformations of the unperturbed solutions h
(0)B
mn from the coordinates (ypB) of the

proper RFB to those of RFA are presented by the relations (D8).

(iii). The transformation properties of the interaction term hintkl was established and discussed
in the previous subection, where they were given by the relations (4.6) and (4.9).

(iv). The transformation properties of all the potentials, which enter the above named formulae,
are given by the eqs.(E9b), (E14b), (E15b), (E16b).

By substituting all these quantities into the relations (4.10), we will obtain the components
of the metric tensor gmn(y

p
A) in the coordinates of the proper RFA as follows:

g00(y
p
A) = 1 + 2

∂

∂y0A
KA(y

0
A, y

ν
A) + vA0β

(y0A)v
β
A0

(y0A)− 2
∑

B

UB(y
p
A)+

+2
∂

∂y0A
LA(y

0
A, y

ν
A) +

( ∂

∂y0A
KA(y

0
A, y

ν
A)
)2

+ 2vA0β
(y0A)

∂

∂y0A
Qβ

A(y
0
A, y

ν
A)+
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+H<4>
00 (y0A, y

ν
A) +O(c−6), (4.11a)

g0α(y
p
A) =

∂

∂yαA
LA(y

0
A, y

ν
A)− vA0α(y

0
A)

∂

∂y0A
KA(y

0
A, y

ν
A)+

+vA0ν(y
0
A)

∂

∂yαA
Qν

A(y
0
A, y

ν
A) + γαν

∂

∂y0A
Qν

A(y
0
A, y

ν
A) + 4

∑

B

γαλV
λ
B (ypA) +O(c−5), (4.11b)

gαβ(y
p
A) = γαβ + vA0α(y

0
A)vA0β

(y0A)+

+γαν
∂

∂yβA
Qν

A(y
0
A, y

ν
A) + γβν

∂

∂yαA
Qν

A(y
0
A, y

ν
A) + 2

∑

B

γαβUB(y
p
A) +O(c−4), (4.11c)

where the post-Newtonian term H<4>
00 in the component g00(y

p
A) of equation (4.11a) denotes the

following expression:

H<4>
00 (y0A, y

ν
A) = h

(0)<4>
00A (ypA) + hint<4>

A (ypA) + hint<4>
AB (ypA)+

+
∑

B 6=A

[∂ykB
∂y0A

∂ylB
∂y0A

h
(0)B
kl (ysB(y

p
A))
]<4>

+ hint<4>
B (ypA) + hint<4>

BB′ (ypA) +W<4>
00 (ypA). (4.12a)

The latter expression may be presented in terms of the generalized gravitational potentials as
follows:

H<4>
00 (y0A, y

ν
A) = 2

(∑

B

UB(y
p
A)
)2

+
∑

B

(
− 4Φ1B(y

p
A)− 2Φ3B(y

p
A)− 6Φ4B(y

p
A)−

−4

∫

B

d3y′A
|yνA − y′νA |

ρB
(
y0A, y

′ν
A + yνBA0

(y0A)
)
·
∑

B′

UB′(y0A, y
′ν
A ) +

∂2

∂y0A
2χB(y

p
A)+

+2

∫

B
d3y′AρB

(
y0A, y

′ν
A + yνBA0

(y0A)
) ∂

∂y′λA

[Qλ
A(y

0
A, y

ν
A)−Qλ

A(y
0
A, y

′ν
A )

|yνA − y′νA |
]
−

−2vA0λ
(y0A)v

λ
A0

(y0A) · UB(y
p
A)− vλA0

(y0A)v
β
A0

(y0A) ·
∂2

∂yλA∂y
β
A

χB(y
p
A)−

−aλA0
(y0A) ·

∂

∂yλA
χB(y

p
A)− 4

∂

∂y0A
KA(y

0
A, y

ν
A) · UB(y

p
A)

)
+W<4>

00 (ypA) +O(c−6). (4.12b)

The first three terms in the expression (4.12a) describe both the unperturbed gravitational

field of the body (A), boosted by the coordinate transformations (the terms h
(0)<4>
00A and hint<4>

A )
and the gravitational field produced by the interaction of this field with one produced by the
rest of the bodies in the system (the term hint<4>

AB ). These are the terms which govern the local
gravitational environment in the immediate vicinity of the body (A), producing the major contri-
bution to the equations of motion of the test particles orbiting this body. The next three terms
in the expression (4.12a) are the terms which are due to the boosted unperturbed gravitational
fields produced by the rest of the bodies in the system, and the gravitational field caused by
their interaction with each other, presented in the coordinates of the proper RFA. This exter-
nal gravitational field should appear in the equations of motion of the test particles around the
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body (A), written in the coordinates of the proper RFA, in the form of a tidal interaction only
(Synge, 1960). Note that the approach discussed here is the generalization of the conception of
the neutral test particle freely falling in the external gravitational field. It is known that up to
these tidal corrections, a freely falling test particle will behave as if external gravity is absent
(Bertotti & Grishchuk 1990). In our case, the extended body (A) is not moving freely, instead,
as we will see later, it’s internal multipole moments are couples to the external gravitational field
through the terms hint<4>

A and hint<4>
AB . This coupling produces a force which is resulting in the

deviation of the center of mass of this body from the support geodetic line along which it would
move if it was a neutral test particle (Denisov & Turyshev, 1989). The presence of this term
and it’s significance for solving the local problem has been pointed out by a number of authors
(see, for instance, Thorne & Hartle (1985); Kopejkin (1987)), however, to our knowledge, the
interaction term has never been previously presented in a closed relativistic form.

By straightforward calculation, one may check that the obtained metric tensor gmn(y
p
A) sat-

isfies the Hilbert-Einstein field equations written in the coordinates of the proper RFA. To do
this, let us note that the covariant de Donder gauge is singling out these coordinates accord-
ing to the conditions (C2). This gives the expressions for the Ricci tensor Rmn in the form of
eqs.(C4). The modified energy-momentum tensor Smn in this coordinate system is given by the
expressions (C12). By collecting all these expressions together, one may obtain the linearized
Hilbert-Einstein field equations eq.(4.1) presented in the coordinates of the proper RFA. Finally,
the substitution of the relations eqs.(4.11) in the obtained linarized equations will complete the
proof of the correspondence between the metric tensor gmn(y

p
A) and the field equations.

Thus, the metric (4.11) is the KLQ parameterized solution of the Hilbert-Einstein gravitational
field equations in the coordinates of the proper RFA. The nature of this result is basically the
post-Newtonian boost of the solution (4.8) (obtained in the inertial RF0) to the new non-inertial
coordinate system defined in the vicinity of an arbitrary body (A). It is well known that the
Riemann metric tensor gmn(y

p
A) contains ten degrees of freedom and could not be transformed to

the Minkowski tensor for the entire space-time by any choice of a coordinate transformation which
has only four degrees of freedom. This transformation could be done at one point of the space-
time only (Eisenhart, 1926) or along the geodesic line (Manasse & Misner, 1963; Misner et al.,
1973; Landau & Lifshitz, 1988). Such a RF is called a quasi-inertial or ‘locally Lorentzian frame’.
Our future discussion will be based on the form of the metric tensor in the proper RFA given
by the relations (4.11). In the next Section we will implement the conditions for construction a
‘good’ quasi-Lorentzian proper RF as discussed in the Section II, which will enable us to find the
unknown transformation functions KA, LA and Qα

A.

4.3 Decomposition of the Fields in the Proper RF.

Concluding this Section we would like to emphasize that the solution to the Hilbert-Einstein field
equations gmn in the vicinity of the body’s (A) world-line in the coordinates (ypA) of it’s proper
RFA in the first WFSMA may be decomposed into the following three major groups:

gmn(y
p
A) = γAmn(y

p
A) +HA

mn(y
p
A) +HB

mn(y
p
A), (4.13)

where the notations for these groups and their meaning are as presented below:

(i). The first term, γAmn, is the local inertial (or Riemann-flat) field which is presented by the
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eqs.(B4). This term is also convenient to split into two parts as shown by the relation:

γAmn(y
p
A) =

∂xk

∂ymA

∂xl

∂ynA
γkl(x

s(ypA)) = γ(0)mn(y
p
A) + γ<PN>

mn (ypA), (4.14)

where γ
(0)
mn is the usual Minkowski metric in the coordinates of the proper RFA. The

second term here, γ<PN>
mn is the KLQ-parameterized post-Newtonian contribution to this

local inertial field at the vicinity of the body’s (A) world-line.

(ii). The second term in eq.(4.13), HA
mn, is the local gravitational field, which is given as follows:

HA
00(y

p
A) = h

(0)A
00 + hint<4>

00A + hint<4>
00AB +O(c−6),

HA
0α(y

p
A) = h

(0)A
0α +O(c−5), HA

αβ(y
p
A) = h

(0)A
αβ +O(c−4), (4.15a)

where the terms h
(0)A
mn are the components of the unperturbed proper gravitational field

of the body (A), the term hint<4>
00A (given by the eq.(4.9b)) is the contribution due to the

boost of this unperturbed field to the accelerated coordinates of the proper quasi-inertial
RFA, and the last term, hint<4>

AB (which is presented by the eq.(4.9c)), is caused by the
interaction of the proper unperturbed gravitational field with the external gravitation.
Thus, the component HA<4>

00 has the following form:

HA<4>
00 (ypA) = 2U2

A(y
p
A) + 2ΨA(y

p
A) +

∂2

∂y0A
2χA(y

p
A)+

+2

∫

A
d3y′AρA(y

0
A, y

′ν
A )

∂

∂y′λA

[Qλ
A(y

0
A, y

ν
A)−Qλ

A(y
0
A, y

′ν
A )

|yνA − y′νA |
]
−

−2vA0λ
(y0A)v

λ
A0

(y0A) · UA(y
p
A)− vλA0

(y0A)v
β
A0

(y0A) ·
∂2

∂yλA∂y
β
A

χA(y
p
A)−

−aλA0
(y0A) ·

∂

∂yλA
χA(y

p
A)− 4

∂

∂y0A
KA(y

0
A, y

ν
A) · UA(y

p
A)+

+4
∑

B 6=A

(
UA(y

p
A)UB(y

p
A)−

∫

A

d3y′A
|yνA − y′νA |

ρA(y
0
A, y

′ν
A )UB(y

0
A, y

′ν
A )

)
+O(c−6), (4.15b)

where the subscript (A) for the integral sign means that the integration is performed over
the volume of that body for which mass density is integrated, namely:

∫
A d

3y′AρB = δAB .

(iii). The last term in the eq. (4.13), HB
mn, is the external gravitational field presented as follows:

HB
00(y

p
A) =

∑

B 6=A

[∂ykB
∂y0A

∂ylB
∂y0A

h
(0)B
kl (ysB(y

p
A))
]<4>

+

+hint<4>
00B (ypA) + hint<4>

00BB′ (y
p
A) +W<4>

00 (ypA) +O(c−6),

HB
α0(y

p
A) =

∑

B 6=A

∂ykB
∂yαA

∂ylB
∂y0A

h
(0)B
kl (ysB(y

p
A)) +O(c−5),
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HB
αβ(y

p
A) =

∑

B 6=A

h
(0)B
αβ (ysB(y

p
A)) +O(c−4), (4.16a)

where the first two terms in the component HB
00 are the result of the boost (see eq. (4.9d)

to the coordinates (ypA) of the RFA of the unperturbed solutions h
(0)B
kl for the bodies (B)

in the system (besides (A)), the third term, hint<4>
00BB′ (given by the eq.(4.9e)) is due to the

mutual gravitational interactions of these external bodies with each other, and, finally,
the last term is due to existing inhomogeneity of the background space-time in which the
considered system is embedded. The component HB<4>

00 (ypA) may be given as follows:

HB<4>
00 (ypA) =

∑

B 6=A

(
2UB(y

p
A)

∑

B′ 6=A

UB′(ypA) + 2ΨB(y
p
A) +

∂2

∂y0A
2χB(y

p
A)+

+2

∫

B
d3y′AρB

(
y0A, y

′ν
A + yνBA0

(y0A)
) ∂

∂y′λA

[Qλ
A(y

0
A, y

ν
A)−Qλ

A(y
0
A, y

′ν
A )

|yνA − y′νA |
]
−

−2vA0λ
(y0A)v

λ
A0

(y0A) · UB(y
p
A)− vλA0

(y0A)v
β
A0

(y0A) ·
∂2

∂yλA∂y
β
A

χB(y
p
A)−

−aλA0
(y0A) ·

∂

∂yλA
χB(y

p
A)− 4

∂

∂y0A
KA(y

0
A, y

ν
A) · UB(y

p
A)

)
+O(c−6), (4.16b)

where the potential Φ2B(y
p
A) entering the term ΨB(y

p
A) is defined as follows:

Φ2B(y
p
A) =

∫

B

d3y′A
|yνA − y′νA |

ρB
(
y0A, y

′ν
A + yνBA0

(y0A)
)∑

C

UC(y
0
A, y

′ν
A ) +O(c−6). (4.16c)

The decomposition presented by the eqs.(4.13)-(4.16), may be successfully continued to the
next ‘post-post-Newtonian’ order, however the obtained accuracy is quite sufficient for most
modern astronomical applications. The results obtained in this Section will become a useful tool
in the next Section for constructing a proper RF with well defined physical properties.

5 General Relativity: 2. Transformations to the Proper RF.

In this Section we will present the construction of a ‘good’ proper RF for an arbitrary body (A).
This procedure should enable one to obtain the yet unknown transformation functions KA, LA

and Qα
A. It is clear that one may choose any form of these functions for the description of

the gravitational environment around the body under question. The analysis presented in the
previous Section shows by the results in eqs.(4.12) that, in order to solve the local problem, it is
permissible to separate the contributions in the metric tensor gmn(y

p
A) into several terms. First

contribution is due to the inertial sector of the local space- time, the second is produced by the
body itself, the third term is caused by the external sources of the gravitational field, and the last
one is due to the interaction of the body’s multipole moments with this external gravitational
field. It is well known that if the body (A) is a neutral monopole test particle, this external
gravitational field will define the parameters of the geodesic line which this test body will follow
(Einstein et al., 1938; Fock, 1957; Will, 1993). The equations of motion for spinning bodies
are differ from the latter by additional terms due to coupling of the body’s spin to the external
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gravitational field (Papapetrou, 1948, 1951). It was noted that the presence of non-vanishing
internal multipole moments of an extended bodies significantly changes their equations of motion
and several attempts have made to account for these effects (see, for example, Ashby & Bertotti,
1986; Shahid-Salees et al., 1991; Brumberg & Kopejkin, 1988a; DSX, 1991-94). In this paper
we will introduce a new approach based on the KLQ parameterization discussed in the previous
Section.

The general idea for constructing the ‘good’ RFA in terms of the functions KA, LA, Q
α
A, is

to choose these functions in such a way that the corresponding Riemann-flat inertial space-time
γAmn (which is the background space-time for the proper RFA) will be tangent to the total metric
tensor gmn in the vicinity of the world-line of the body (A). These conditions when applied to
inertially moving test particles are known as the Fermi conditions (Misner et al., 1973). We
would like to extend the applicability of these conditions to the case of a system of extended
self-gravitating and arbitrarily shaped celestial bodies. To do this, let us recall that relation for

the local gravitational field g
(loc)
mn (ypA), which is based on the decomposition eqs.(4.13) may be

given as follows:
g(loc)mn (ypA) = γ(0)mn(y

p
A) +HA

mn(y
p
A). (5.1)

Then the generalized Fermi conditions in the local region of body (A) (or in the immediate vicinity
of it’s world-line γA) may be introduced by the equations (3.26) as follows:

gmn(y
p
A)
∣∣∣
γA

= g(loc)mn (ypA)
∣∣∣
γA

+O(|yαA|2), (5.2a)

Γk
mn(y

p
A)
∣∣∣
γA

= Γk(loc)
mn (ypA)

∣∣∣
γA

+O(|yαA|), (5.2b)

where the quantities Γ
k(loc)
mn (ypA) are the Christoffel symbols calculated with respect to the local

gravitational field g
(loc)
mn (ypA) given by the eq.(5.1). These relations summarize our expectations

based on the Equivalence Principle about the local gravitational environment of self-gravitating
and arbitrarily shaped extended bodies. These conditions enable us to separate the local grav-
itational field from the external gravitation in the immediate vicinity of the body (A). This
separation is possible due to the remaining arbitrariness of the transformation functions KA, LA

and Qα
A. The conditions eqs.(5.2) will give the differential equations for these functions, the

solutions of which will correspond to the specific choice of the background inertial space-time in
the proper RFA. To obtain these equations, one should substitute the relations for the metric
tensor in the form (4.11) in the expressions for the Christoffel symbols (F2) and then make use
of the conditions (5.1).

5.1 Finding the Functions KA and Qα
A.

5.1.1 Equations for the Functions KA and Qα
A.

To obtain the equation for the function KA, one should substitute into the conditions (5.1) the
relation for the component Γ0

00(y
p
A) of the connection coefficients given by eq.(F2a). This will

give the following result:

[ ∂

∂y0A

( ∂

∂y0A
KA(y

0
A, y

ν
A) +

1

2
vA0ǫv

ǫ
A0

−
∑

B 6=A

UB(y
0
A, y

ν
A)
)]∣∣∣∣∣

γA

= O(c−5). (5.3)
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The components Γ0
0α(y

p
A) and Γα

00(y
p
A) which are given by the eqs.(F2b), (F2d) correspondingly,

will provide us with the following equation:

[
aA0α +

∑

B 6=A

∂

∂yαA
UB(y

0
A, y

ν
A)
]∣∣∣∣∣

γA

= O(c−4). (5.4)

From the components Γα
βω(y

p
A) of the connection coefficients which are given by eq.(F2f), one

may obtain the first equation for the function Qα
A:

[ ∂2

∂yβA∂y
ω
A

Qα
A(y

0
A, y

ν
A) +

∑

B 6=A

(
δαβ

∂

∂yωA
UB(y

0
A, y

ν
A)+

+δαω
∂

∂yβA
UB(y

0
A, y

ν
A)− γβωγ

αλ ∂

∂yλA
UB(y

0
A, y

ν
A)
)]∣∣∣∣∣

γA

= O(c−4). (5.5)

The components Γα
0β(y

p
A) eq.(F2e) will give the second and last equation for the second unknown

transformation function: [ ∂2

∂y0A∂y
β
A

Qα
A(y

0
A, y

ν
A) + vαA0

aA0β+

+
∑

B 6=A

(
2
∂

∂yβA
V α
B (y0A, y

ν
A)− 2

∂

∂yµAα

VBβ(y
0
A, y

ν
A) + δαβ

∂

∂y0A
UB(y

0
A, y

ν
A)
])∣∣∣∣∣

γA

= O(c−5). (5.6)

5.1.2 The Solution for the Function KA.

In order to find the solutions to the differential equations above, let us first denote the limiting
operation from the expressions (5.2) for any non-singular function f(ypA) as follows:

〈
f
〉
0
≡ lim

|~yA|→0
f(y0A, y

ν
A) = f(y0A, y

ν
A)
∣∣∣
γA
. (5.7)

It is important to note that operation (5.7) commutes with the time derivative, but not with the
spatial derivative.

Then, using this new notation, we may formally integrate the equation eq.(5.3) over time y0A
as follows: [ ∂

∂y0A
KA(y

0
A, y

ν
A) +

1

2
vA0µv

µ
A0

−
∑

B 6=A

UB(y
0
A, y

ν
A)
]∣∣∣∣∣

γA

= ζ1A(y
ν
A), (5.8)

where ζ1A is an arbitrary function of the spatial coordinates yνA. To continue the solution, let us
recall the relation for the function KA given by the eq.(C5b) in the following form:

KA[0]
(y0A, y

ν
A) = PA(y

0
A)− vA[0]µ

(y0A) · yµA +O(c−4)y0A. (5.9)

where the subscript ([0]) denotes that the operation (5.7) was used to derive the result (5.9) for
the functions KA and vA[0]

. One may notice that the dependence on the spatial coordinate in
this relation for KA disappears completely on a world-line of the body, so the function ζ1A(y

ν
A)
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is a true constant, i.e. ζ1A(y
ν
A) = ζ1A = const. Then, from these two relations (5.8) and (5.9),

one may obtain the differential equation for the function PA(y
0
A) as follows:

∂

∂y0A
PA(y

0
A) =

d

dy0A
PA(y

0
A) =

∑

B 6=A

〈
UB

〉
0
− 1

2
vA[0]β

vβA[0]
+ ζ1A. (5.10)

If we formally integrate this last equation over the time y0A and for the function KA we will
obtain the following final solution:

KA[0]
(y0A, y

ν
A) =

∫ y0A
dt′
[ ∑

B 6=A

〈
UB

〉
0′
− 1

2
vA[0]ν

vνA[0]
+ ζA1

]
−

−vA[0]ν
· yνA +O(c−4)y0A. (5.11)

The equation eq.(5.4) provides us with the usual relation for the Newtonian acceleration aαA[0]

of the center of inertia of a body (A) as follows:

aαA[0]
(y0A) = − γαν

∑

B 6=A

〈∂UB

∂yνA

〉
0
+O(c−4). (5.12)

Thus we have obtained the form of the first transformation function KA eq.(5.11), which
describes the Newtonian corrections to the proper time y0A. These corrections should be made in
order to take into account the external gravitational field and the Lorentzian time contraction
caused by the motion of the origin of the proper RFA with the velocity vνA[0]

relative to the

inertial barycentric RF0. This correction was first obtained by D’Eath (1975a,b) by the method
of matched asymptotic expansions while studying the motion of black holes. In astronomical
applications for the relativistic VLBI measurements, this effect was independently obtained and
studied by Hellings (1986). The only new term in the expression eq.(5.11) is the constant
ζA1 , which is the free parameter entering the post-Poincaré group of motion. This parameter
represents the possibility of the time shift in proper RFA and it is responsible for the energy
conservation in the immediate vicinity of the massive test particle moving along the geodesic.
The acceleration, eq.(5.12), is the contribution of the monopole into the equation of motion of
the extended body. The contributions of the other multipoles to the results (5.11) and (5.12)
will be obtained and discussed further.

5.1.3 The Solution for the Function Qα
A.

The solution for the function Qα
A requires slightly more sophisticated calculations. One may

expect that the function Qα
A behaves at least quadratically while approaching to the origin of

the body’s world-line, (i.e. Qα
A ∼ yµyν · f(y0A)), where f(y0A) is some time-dependent function.

Let us look at the solution to the equation (5.5) for the function Qα
A in a following form:

Qα
A(y

0
A, y

ν
A) = −

∑

B 6=A

[
c1 · yαAyµA ·

〈∂UB

∂yµA

〉
0
+ c2γ

ασ · yAµy
µ
A ·
〈∂UB

∂yσA

〉
0

]
+Ωα

A(y
0
A, y

ν
A), (5.13)

where c1 and c2 are the constants, unknown for the moment. The function Ωα
A(y

0
A, y

ν
A) behaves

linearly in the vicinity of the body’s world-line: Ωα
A(y

0
A, y

ν
A) ∼ yµ · f(y0A). By substituting the
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expression eq.(5.13) into equation (5.5), we will find that these constants are c1 = 1, c2 = −1/2
and that the function Ωα

A should satisfy the equation:

∂2

∂yβA∂y
λ
A

Ωα
A(y

0
A, y

ν
A) = 0. (5.14)

By making use of these results, we may write the solution to the equation eq.(5.5) as follows:

Qα
A(y

0
A, y

ν
A) = −

∑

B 6=A

[
yαAy

β
A ·
〈∂UB

∂yβA

〉
0
− 1

2
γασyAβy

β
A ·
〈∂UB

∂yσA

〉
0

]
+Ωα

A(y
0
A, y

ν
A) (5.15)

Further calculations require somewhat more sophisticated approach. After some algebra the
equation eq.(5.6) might be rewritten as follows:

[ ∂

∂y0A

(
γαν

∂

∂yβA
Qν

A(y
0, yν) + γβν

∂

∂yαA
Qν

A(y
0, yν)+

+vA0αvA0β + 2γαβ
∑

B 6=A

UB(y
0
A, y

ν
A)
)]∣∣∣∣∣

γA

= O(c−5). (5.16)

By integrating this equation (5.16) over the time y0A, we obtain:

gA<2>
αβ (y0A, y

ν
A)

∣∣∣∣∣
γA

=
[
vA0αvA0β + 2γαβ

∑

B 6=A

UB(y
0
A, y

ν
A)+

+γαν
∂

∂yβA
Qν

A(y
0, yν) + γβν

∂

∂yαA
Qν

A(y
0, yν)

]∣∣∣∣∣
γA

= σAαβ = const. (5.17)

Then the function Ωα
A from the eq.(4.2.9) may be represented in the following form:

Ωα
A(y

0
A, y

ν
A) = −

∑

B 6=A

yαA ·
〈
UB

〉
0
− 1

2
vαA[0]

vA[0]µ
· yµA + Fα

A(y
0
A, y

ν
A), (5.18)

where Fα
A is some unknown function. By substituting the expression eq.(5.18) into the equation

eq.(5.17) we will define the function Qα
A as follows:

Qα
A(y

0
A, y

ν
A) = −

∑

B 6=A

[
yαAy

β
A ·
〈∂UB

∂yβA

〉
0
− 1

2
γασyAβy

β
A ·
〈∂UB

∂yσA

〉
0
+ yαA ·

〈
UB

〉
0

]
−

−1

2
vαA[0]

vA[0]β
· yβA + Fα

A(y
0
A, y

ν
A), (5.19)

with the condition on the function Fα
A(y

0
A, y

ν
A):

γνβ
∂

∂yαA
F ν
A(y

0
A, y

ν
A) + γνα

∂

∂yβA
F ν
A(y

0
A, y

ν
A) = σAαβ. (5.20)
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From the expressions eqs.(5.6),(5.18),(5.20) one may write the equation for the function F ν
A in

the vicinity of the body (A)’s world-line as:

∂2

∂y0A∂y
β
A

Fα
A(y

0
A, y

ν
A) =

1

2

[
aαA[0]

vA[0]β
− vαA[0]

aA[0]β

]
+ 2

∑

B 6=A

[〈
∂αVBβ

〉
0
−
〈
∂βV

α
B

〉
0

]
. (5.21)

This last equation, eq.(5.21), may be solved together with eq.(5.20) as follows:

Fα
A(y

0
A, y

ν
A) = yAβ

∫ y0
A

dt′
[1
2
a
[α
A[0]

v
β]
A[0]

+ 2
∑

B 6=A

〈
∂[αV

β]
B

〉
0

]
+

+fαAβ · yβA + wα
A[0]

(y0A), (5.22)

where the constants σAαβ and fAαβ are connected as: fAαβ + fAβα = σAαβ. The time-dependent

function wα
A[0]

(y0A) is unknown at the moment.

Finally, by collecting the obtained relations from the eqs.(5.19),(5.22), we will obtain the final
solution for the second transformation function, Qα

A, is as follows:

Qα
A[0]

(y0A, y
ν
A) = −

∑

B 6=A

[
yαAy

β
A ·
〈∂UB

∂yβA

〉
0
− 1

2
γασyAβy

β
A ·
〈∂UB

∂yσA

〉
0
+ yαA ·

〈
UB

〉
0

]
+

+yAβ

∫ y0
A

dt′
[1
2
a
[α
A[0]

v
β]
A[0]

+ 2
∑

B 6=A

〈
∂[αV

β]
B

〉
0

]
−

−1

2
vαA[0]

vA[0]β
· yβA + fαAβ · yβA + wα

A[0]
(y0A) +O(c−4)yαA +O(|yαA|3). (5.23)

Thus we have obtained the second transformation function, Qα
A, which is the first function

to describe the post-Newtonian coordinate transformation to the proper RF of a moving mas-
sive monopole body. The only function which is still unknown in the expression (5.23) is the
function wα

A[0]
, which defines the post-Newtonian correction to the radius-vector yαA[0]

. This

time-dependent function will be obtained later. Besides the usual Lorentzian terms of the length
contraction (caused by the velocity of motion of the coordinate origin), the expression above
contains terms caused purely by gravity. The first two terms are due to the acceleration of the
proper RFA caused by the external gravitational field. The third term is the length contraction
caused by the external gravitational field. The fourth term with the integral sign is the general-
ization of the expression for geodesic and Thomas precession of the coordinate axis (see Thomas,
1927). The similar expression was obtained by D’Eath (1975a,b). In astronomical practice, this
result was introduced by the Brumberg & Kopejkin (1988) (see also: Ries et al., 1991; DSX,
1991). The obtained relation is different from the previous results in that it contains a general-
ized representation of the term containing the precessions. In particular, the obtained relation is
defined explicitly and does not contain an arbitrary multiplier q as in the Brumberg- Kopejkin
method. This suggests, that the precession term should always be present in the expressions
for the coordinate transformations and neglecting this term will correspond to the RF, which is
deviating from the geodesic world-line even for the massless test particles and will lead to the
SEP violation. In addition to this, the expression (5.23) has an arbitrary group parameter fαAβ.
This parameter represents the angular momentum conservation law at the immediate vicinity of
the world-line of the body (A) in its proper RFA. Besides this, we have studied separately the
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post-Newtonian part of the radius-vector of the body (A) wα
A[0]

, which was never done before.

Similarly to the case of the function KA (5.11) and the Newtonian eq.m. (5.12), the contributions
of the other multipoles to the result (5.23) will be obtained and discussed in the next Section.

5.2 Finding the Function LA.

In this chapter we will consider the problem of finding the function LA which is the last un-
known function for the transformations (3.5). This function corresponds to the post-Newtonian
correction to the transformation of barycentric time to time in the proper RF. As we shall see,
this function will depend on the model of matter distribution taken to describe the internal
structure of the bodies in the system. In contrast to the functions KA and Qα

A, the analog of
the function LA has never previously been obtained, which makes the results presented in this
chapter particularly interesting.

5.2.1 Equations for the Function LA.

The relations (F2) and conditions eqs.(5.1) enable us to obtain the equations for the function
LA. Thus, from the components Γ0

αβ(y
p
A) which are given by eq.(F2c), we will have the first

equation for this function as follows:

[ ∂2

∂yαA∂y
β
A

(
LA(y

0
A, y

ν
A) + vA0λQ

λ
A(y

0
A, y

ν
A)
)
+

+
∑

B 6=A

(
2γβλ

∂

∂yαA
V λ
B (y0A, y

ν
A) + 2γαλ

∂

∂yβA
V λ
B (y0A, y

ν
A)−

−γαβ
∂

∂y0A
UB(y

0
A, y

ν
A)
)]∣∣∣∣∣

γA

= O(c−6). (5.24)

The second necessary equation may be obtained from the expression for the components Γ0
0α(y

p
A)

eq.(F2b) by simply making of use the solution for the function KA given by the eq.(5.11) and
the result for the acceleration of the center of mass eq.(5.12). This equation has the following
form: [ ∂

∂yαA

(
∂

∂y0A
LA(y

0
A, y

ν
A) +

1

2

( ∂

∂y0A
KA(y

0
A, y

ν
A)
)2
+

+vA0ǫ

∂

∂y0A
Qǫ

A(y
0
A, y

ν
A) +

1

2

∑

B 6=A

HB<4>
00 (y0A, y

ν
A)+

+2ζA1 · UA(y
0
A, y

ν
A)

)]∣∣∣∣∣
γA

= O(c−6), (5.25)

where the function HB<4>
00 is given by the eq.(4.16b). ¿From the relations for the components

Γα
00(y

p
A) eq.(F2d) and with the help of the expression eqs.(5.11), (5.12), (5.17) and eq.(5.24) one

may obtain:
[ ∂

∂y0A

(
γαλ

∂

∂yλA

(
LA(y

0
A, y

ν
A) + vA0νQ

ν
A(y

0
A, y

ν
A)
)
−
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−vαA0

∂

∂y0A
KA(y

0
A, y

ν
A) +

∂

∂y0A
Qα

A(y
0
A, y

ν
A)+

+4
∑

B 6=A

V α
B (y0A, y

ν
A)

)]∣∣∣∣∣
γA

=
(
σαµA − 2γαµζA1

)
·
〈∂UA

∂yλA

〉
0
+O(c−6). (5.26)

This last equation may be formally integrated over time as follows:

[
γαλ

∂

∂yλA

(
LA(y

0
A, y

ν
A) + vA0νQ

ν
A(y

0
A, y

ν
A)
)
− vαA0

∂

∂y0A
KA(y

0
A, y

ν
A)+

+
∂

∂y0A
Qα

A(y
0
A, y

ν
A) + 4

∑

B 6=A

V α
B (y0A, y

ν
A)
]∣∣∣∣∣

γA

=

=
(
σαµA − 2γαµζA1

)
·
∫ y0

A

dt′ ·
〈∂UA

∂yλA

〉
0′
+ σαA +O(c−6), (5.27)

where we have separated the integrating constant σαA. Using the relations for the components
Γ0
00(y

p
A) eq.(F2a) and the solutions (5.11),(5.12) and (5.27), one may obtain the last equation

for the function LA as given below:

[ ∂

∂y0A

(
∂

∂y0A
LA(y

0
A, y

ν
A) +

1

2

( ∂

∂y0A
KA(y

0
A, y

ν
A)
)2
+

+vA0 ǫ

∂

∂y0A
Qǫ

A(y
0
A, y

ν
A) +

1

2

∑

B 6=A

HB<4>
00 (y0A, y

ν
A)

)]∣∣∣∣∣
γA

=

=
(
σµλA − 2γµλζA1

)〈∂UA

∂yµA

〉
0

∫ y0
A

dt′ ·
〈∂UA

∂yλA

〉
0′
+

+σµA ·
〈∂UA

∂yµA

〉
0
− 2ζA1 · ∂

∂y0A

〈
UA

〉
0
+O(c−7). (5.28)

Thus, we have obtained four equations necessary to determine the last unknown transforma-
tion function LA, namely: eqs.(5.24)-(5.26) and (5.28).

5.2.2 The Solution for the Function LA.

The determination of the functions KA and Qα
A helps us find the solution for the function LA as

well. In order to do this, let us look for the function LA in the following form:

LA(y
0
A, y

ν
A) =

∑

B 6=A

[
k1 · yAβy

β
A ·
〈∂UB

∂y0A

〉
0
+ k2 · yλAyβA ·

〈
∂λVBβ

〉
0
+

+k3 · vA[0]β

(
yβAy

λ
A ·
〈∂UB

∂yλA

〉
0
− 1

2
γβσyAλy

λ
A ·
〈∂UB

∂yσA

〉
0

)]
+BA

1 (y
0
A, y

ν
A). (5.29)
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Then from the equation eq.(5.24) one may easily obtain the unknown constants k1, k2, k3 and
the condition on the function BA

1 as follows:

k1 =
1

2
, k2 = −2, k3 = 1;

∂2

∂yβA∂y
λ
A

BA
1 (y

0
A, y

ν
A) = 0. (5.30)

The unknown function BA
1 may be determined from the equation eq.(5.27), by making use of

the expressions eqs.(5.11),(5.23) and (5.24). Thus, the intermediate solution for the function LA

may be presented as follows:

LA(y
0
A, y

ν
A) =

∑

B 6=A

[1
2
yAβy

β
A ·
〈∂UB

∂y0A

〉
0
− 2yλAy

β
A ·
〈
∂λVBβ

〉
0
+

+vA[0]β

(
yβAy

λ
A ·
〈∂UB

∂yλA

〉
0
− 1

2
γβσyAλy

λ
A ·
〈∂UB

∂yσA

〉
0

)]
+

+vA[0]β
yAλ

∫ y0A
dt′
[1
2
a
[λ
A[0]

v
β]
A[0]

+ 2
∑

B 6=A

〈
∂[λV

β]
B

〉
0′

]
+

+yAβ

[
2vβA[0]

∑

B 6=A

〈
UB

〉
0
− 4

∑

B 6=A

〈
V β
B

〉
0
− ẇβ

A[0]
(y0A) + vβA[0]

· ζ1A+

+
(
σβλA − 2γβλζA1

) ∫ y0
A

dt′ ·
〈∂UA

∂yλA

〉
0′
+ σβA − vA[0]λ

· fβλA

]
+BA

2 (y
0
A), (5.31)

where σA is a constant, and the unknown time- dependent function BA
2 may be obtained from

the equation eq.(5.28). In order to do this, let us first integrate the equation eq.(5.28) over the
time y0A: [ ∂

∂y0A
LA(y

0
A, y

ν
A) +

1

2

( ∂

∂y0A
KA(y

0
A, y

ν
A)
)2
+

+vA0ǫ

∂

∂y0A
Qǫ

A(y
0
A, y

ν
A) +

1

2
HB<4>

00 (y0A, y
ν
A)
]∣∣∣∣∣

γA

=

=
(
σµλA − 2γµλζA1

) ∫ y0
A

dt′ ·
〈∂UA

∂yµA

〉
0′

∫ t′

dt′′ ·
〈∂UA

∂yλA

〉
0′′

+

+σµA ·
∫ y0

A

dt′
〈∂UA

∂yµA

〉
0′
− 2ζA1 ·

〈
UA

〉
0
+ ζA2 +O(c−7). (5.32)

Then, the function BA
2 may be determined from the equation (5.32) with the help of eqs.(5.11),

(5.23), (5.31) in the following form:

B2A(y
0
A) =

∫ y0
A

dt′
[
− 1

2

∑

B 6=A

〈
HB<4>

00

〉
0′
− 1

2

( ∑

B 6=A

〈
UB

〉
0′
− 1

2
vA[0]β

vβA[0]
+ ζA1

)2
+

+
(
σµλA − 2γµλζA1

) ∫ t′

dt′′
〈∂UA

∂yµA

〉
0′′

∫ t′′

dt′′′
〈∂UA

∂yλA

〉
0′′′

+
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+σµA ·
∫ t′

dt′′
〈∂UA

∂yµA

〉
0′′

− 2ζA1 ·
〈
UA

〉
0′
+ ζA2 − vA[0]µ

ẇµ
A[0]

(t′)
]
. (5.33)

Finally, by collecting results obtained eqs.(5.31) and (5.33) together, we will get the following
expression for the transformation function LA in the coordinates (ypA) of quasi-inertial RFA:

LA(y
0
A, y

ν
A) =

∑

B 6=A

[1
2
yAβy

β
A ·
〈∂UB

∂y0A

〉
0
− 2yλAy

β
A ·
〈
∂λVBβ

〉
0
+

+vA[0]β

(
yβAy

λ
A ·
〈∂UB

∂yλA

〉
0
− 1

2
γβσyAλy

λ
A ·
〈∂UB

∂yσA

〉
0

)]
+

+vA[0]β
yAλ

∫ y0
A

dt′
[1
2
a
[λ
A[0]

v
β]
A[0]

+ 2
∑

B 6=A

〈
∂[λV

β]
B

〉
0′

]
+

+yAβ

[
2vβA[0]

∑

B 6=A

〈
UB

〉
0
− 4

∑

B 6=A

〈
V β
B

〉
0
− ẇβ

A[0]
+ vβA[0]

· ζ1A+

+σβA − vA[0]λ
· fβλA +

(
σβλA − 2γβλζA1

) ∫ y0
A

dt′ ·
〈∂UA

∂yλA

〉
0′

]
+

+

∫ y0
A

dt′
[
− 1

2

∑

B 6=A

〈
HB<4>

00

〉
0′
− 1

2

( ∑

B 6=A

〈
UB

〉
0′
− 1

2
vA[0]β

vβA[0]
+ ζA1

)2
−

−vA[0]µ
ẇµ
A[0]

(t′) +
(
σµλA − 2γµλζA1

) ∫ t′

dt′′
〈∂UA

∂yµA

〉
0′′

∫ t′′

dt′′′
〈∂UA

∂yλA

〉
0′′′

+

+ζA2 − 2ζA1 ·
〈
UA

〉
0′
+ σµA ·

∫ t′

dt′′
〈∂UA

∂yµA

〉
0′′

]
+O(c−6)y0A +O(|yαA|3). (5.34)

Thus we have obtained the last function LA for the post-Newtonian transformation in the
WFSMA. Notice that this function is the only one which depends on the model of matter chosen
for description of the bodies in the system through the term HB<4>

00 . This function contains
two new parameters of the group of motion, namely: parameter ζA2 , which is the extension
of the Newtonian parameter ζA1 on the post-Newtonian order, and the parameter σαA, which
represents the time-dependent Poincaré rotation. The function LA demonstrates the non-linear
character of the obtained group of motion. This non-linearity is due to the interaction of the
proper gravitational field of the body (A) with the external gravitation. Thus, the Newtonian
potential UA and its gradients influence the dynamic of proper RFA in the case when some of
the parameters from the ten parametric group (ζA1 , ζ

A
2 ;σ

α
A; f

αβ
A ) are not zero.

It is worth noting that some parts of the expression (5.34) were obtained by D’Eath (1975a,b)
whose method has been used in the Brumberg-Kopejkin formalism (Brumberg & Kopejkin,
1988a,b). However, this is the first time the function LA has been obtained in the form of the
expression above. This function describes the post-Newtonian corrections to the proper time and,
besides the usual Lorentzian contributions, it contains the purely gravitational terms caused by
the external gravitational field. The only unknown function in this expression is the function
wα
A[0]

, which will be discussed in the following subsection. Let us mention that the knowledge of

the function LA will required for analyzing the results of the proposed post-Newtonian redshift
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experiment planned for the Solar Probe mission (Anderson, 1989). This effect to the necessary
accuracy was studied by Krisher (1993), who had formulated the frequency shift of the spacecraft
clock to order c−4. However, his formulation is appeared to be very simplified and does not include
the dynamical effects due to proper accelerated motion of the spacecraft in the close proximity
to the Sun, which is the crucial phase of the experiment. We believe that the correct derivation
of the corresponding effect should be based upon the relativistic theory of the astronomical RFs,
so that the function LA (5.34) will provide one with all the required corrections including both
kinematical and dynamical effects. Moreover, in the Section 7 we will obtain the parameterized
form of this function which will enable one to include in the analysis an alternative tensor-scalar
theories of gravity.

5.3 Equations of Motion for the Massive Bodies.

By finding the form of the function LA, we determined almost all of the functions for the coordi-
nate transformation between RFs. However, one quantity still remains unspecified: the function
wα
A[0]

in expressions (5.23),(5.34). This function might be obtained from the last unused equation,

namely the equation eq.(5.25). By substituting the relations obtained for the functions KA, Q
α
A

given by eqs.(5.11), (5.23) into the equation eq.(5.25), and making of use the expression for the
function LA given by eqs.(5.34), one obtains the following ordinary differential equation for the
last unknown function wα

A[0]
:

ẅα
A[0]

(y0A) =
∑

B 6=A

(1
2
γασ

〈∂HB<4>
00

∂yσA

〉
0
+ vαA[0]

〈∂UB

∂y0A

〉
0
− 4

〈∂V α
B

∂y0A

〉
0

)
−

−1

2
vαA[0]

vA[0]β
aβA[0]

+ aαA[0]

∑

B 6=A

〈
UB

〉
0
+

+aA[0]λ

∫ y0A
dt′
[1
2
a
[α
A[0]

v
λ]
A[0]

+ 2
∑

B 6=A

〈
∂[αV

λ]
B

〉
0′

]
− aA[0]λ

· fαλA + σαµA ·
〈∂UA

∂yµA

〉
0
+O(c−6). (5.35)

We may check that this equation is the post-Newtonian part of the acceleration Aα
A[0]

of the

center of the field of the body (A) with respect to the barycenter written in it’s proper coordinate
system. If we perform the coordinate transformation from the coordinates (ypA) of the proper
RFA to those (xp) of the inertial barycentric RF0 of all the functions and potentials entering in
the equation eq.(5.35), we obtain the well known geodesic equation for the test body written in
the coordinates (xp) of the barycentric inertial RF0. To do this, let us first combine the two parts
of the acceleration Aα

A[0]
as follows:

Aα
A[0]

(y0A) = aαA[0]
(y0A) + ẅα

A[0]
(y0A) +O(c−6), (5.36)

where the terms in this equation are given by the relation (5.12) and (5.35). Then, by using the
transformation rules from the Appendix E, we may obtain the following result for the acceleration
Aα

A[0]
transformed into the coordinates of the inertial barycentric RF0:

Aα
A[0]

(xp) =
∑

B 6=A

[
− ∂αUB(x

p) ·
(
1− vA[0]β

vβA[0]
− 4

∑

B′ 6=A

UB′(xp)
)
−
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−3vαA[0]
∂0UB(x

p)− 4vαA[0]
vλA[0]

∂λUB′(xp)− 4∂0V
α
B (xp)+

+4vA[0]λ

(
∂αV λ

B (x
p)− ∂λV α

B (xp)
)
− 2∂αΦ1B(x

p)− 2∂αΦ2B(x
p)−

−∂αΦ3B(x
p)− 3∂αΦ4B(x

p) +
1

2
γαν

∂3

∂xν∂x02
χB(x

p)
]∣∣∣∣∣

γA

+O(c−6), (5.37)

where the quantities in the right hand side of this expression are taken at the world-line of
the test body (A). The equation (5.37) is the usual form of the geodesic equation (Will, 1993;
Brumberg, 1991) in the coordinates of an inertial RF0. This result proves the previous conclusion
that the relation (5.35) is also the geodesic equation, simply written in the coordinates of the
proper quasi-inertial RFA.

5.4 The Proper RF of the Small Self-Gravitating Body.

In this part we will discuss the transformation functions for the massive rotating test body
with the small proper dimensions obtained in the previous parts of this Section. In order to
do this, let us note that the generalized Fermi conditions eqs.(5.2) involve the first derivatives
from the metric tensor, which gave us the differential equations of the second order on the
transformation functions KA, LA, Q

α
A. The expected form of the post-Newtonian expansions of

the metric tensor in the proper RFA, which resulted in the condition (B3a), enabled us (with the
help of the conditions (5.2)) to obtain the complete solution for the function KA. However, the
functions L and Qα were only defined up to the second order with respect to the spatial point
separation, namely: LA, Q

α
A ∼ O(|yαA|3). This means that the arbitrariness due to the highest

orders of the spatial point separation caused by the multipoles of higher than quadrupole (k ≥ 3)
orders should be included in the expressions for these functions. Taking these notes into account,
we should include in the final expressions for these functions the higher order terms with respect
the spatial points separation. Then, the solutions for these functions, presented by the relations
(5.23) and (5.34) respectively, should be extended as follows:

Q̂α
A[0]

(y0A, y
ν
A) = Qα

A[0]
(y0A, y

ν
A) +

k∑

l≥3

Qα
A{L}(y

0
A) · y

{L}
A +O(|yνA|k+1), (5.38a)

L̂A[0]
(y0A, y

ν
A) = LA[0]

(y0A, y
ν
A) +

k∑

l≥3

LA{L}(y
0
A) · y

{L}
A +O(|yνA|k+1). (5.38b)

As a result, the post-Newtonian dynamically non-rotating coordinate transformations from
the coordinates of barycentrical inertial RF0 to those of the proper quasi-inertial RFA will take
the following form:

x0 = y0A + c−2KA[0]
(y0A, y

ǫ
A) + c−4L̂A[0]

(y0A, y
ǫ
A) +O(c−6)y0A, (5.40a)

xα = yαA + yαA[0]
(y0A) + c−2Q̂α

A[0]
(y0A, y

ǫ
A) +O(c−4)yαA. (5.40b)

With the transformation functions KA, Q
α
A and LA given as follows:

KA[0]
(y0A, y

ν
A) =

∫ y0A
dt′
[ ∑

B 6=A

〈
UB

〉
0′
− 1

2
vA[0]ν

vνA[0]
+ ζA1

]
− vA[0]ν

· yνA +O(c−4)y0A, (5.41a)
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Q̂α
A[0]

(y0A, y
ν
A) = −

∑

B 6=A

[
yαAy

β
A ·
〈∂UB

∂yβA

〉
0
− 1

2
γασyAβy

β
A ·
〈∂UB

∂yσA

〉
0
+ yαA ·

〈
UB

〉
0

]
+

+yAβ

∫ y0
A

dt′
[1
2
a
[α
A[0]

v
β]
A[0]

+ 2
∑

B 6=A

〈
∂[αV

β]
B

〉
0′

]
− 1

2
vαA[0]

vA[0]β
· yβA+

+fαAβ · yβA + wα
A[0]

(y0A) +
k∑

l≥3

Qα
A{L}(y

0
A) · y

{L}
A +O(|yνA|k+1) +O(c−4)yαA, (5.41b)

L̂A[0]
(y0A, y

ν
A) =

∑

B 6=A

(1
2
yAβy

β
A ·
〈∂UB

∂y0A

〉
0
− 2yλAy

β
A ·
〈
∂λVBβ

〉
0
+

+vA[0]β

[
yβAy

λ
A ·
〈∂UB

∂yλA

〉
0
− 1

2
γβσyAλ

yλA ·
〈∂UB

∂yσA

〉
0

])
+

+vA[0]β
yAλ

∫ y0
A

dt′
[1
2
a
[λ
A[0]

v
β]
A[0]

+ 2
∑

B 6=A

〈
∂[λV

β]
B

〉
0′

]
+

+yAβ

[
2vβA[0]

∑

B 6=A

〈
UB

〉
0
− 4

∑

B 6=A

〈
V β
B

〉
0
− ẇβ

A[0]
(y0A) + vβA[0]

· ζA1 +

+σβA − vA[0]λ
· fβλA +

(
σβλA − 2γβλζA1

) ∫ y0
A

dt′ ·
〈∂UA

∂yλA

〉
0′

]
+

+

∫ y0
A

dt′
[
−
∑

B 6=A

〈
WB

〉
0′
− 1

2

( ∑

B 6=A

〈
UB

〉
0′
− 1

2
vA[0]β

vβA[0]
+ ζA1

)2
−

−vA[0]µ
ẇµ
A[0]

(t′) +
(
σµλA − 2γµλζA1

) ∫ t′

dt′′
〈∂UA

∂yµA

〉
0′′

∫ t′′

dt′′′
〈∂UA

∂yλA

〉
0′′′

+

+ζA2 − 2ζA1 ·
〈
UA

〉
0′
+ σµA ·

∫ t′

dt′′
〈∂UA

∂yµA

〉
0′′

]
+

+
k∑

l≥3

LA{L}(y
0
A) · y

{L}
A +O(|yνA|k+1) +O(c−6). (5.41c)

with the equations for both time-dependent functions yαA[0]
(y0A) and wα

A[0]
(y0A) defined by the

equations (5.12) and (5.35) respectively.

At this point we are ready to present the general form of the metric tensor in the proper RFA

defined with the generalized Fermi conditions. Thus, by substituting the solutions obtained for
the functions KA, LA and Qα

A into general form of the metric tensor gmn(y
p
A) in a proper RFA

given by the relations eqs.(4.11), we will obtain this tensor in the following form:

gA00(y
p
A) = 1− 2

(
∑

B

UB(y
0
A, y

ν
A)−

∑

B 6=A

[
yµA

〈∂UB

∂yµA

〉
0
+
〈
UB

〉
0

]
+ ζ1A

)
+

+2

(
∑

B

WB(y
0
A, y

ν
A)−

∑

B 6=A

[
yµA

〈∂WB

∂yµA

〉
0
+
〈
WB

〉
0

]
+ ζ2A

)
+
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+yδAy
β
A ·
[
γδβ aA[0]λ

aλA[0]
− aA[0]δ

aA[0]β
+
∑

B 6=A

∂

∂y0A

(
γδβ
〈∂UB

∂y0A

〉
0
− 4

〈∂VBβ

∂yδA

〉
0

)]
+

+2
k∑

l≥3

( ∂

∂y0A
LA{L}(y

0
A) + vA[0]β

· ∂

∂y0A
Qβ

A{L}(y
0
A)
)
· y{L}A +

+
(
σµλA − 2γµλζA1

)(
yAµ ·

〈∂UA

∂yλA

〉
0
+

∫ y0
A

dt′
〈∂UA

∂yµA

〉
0′

∫ t′

dt′′
〈∂UA

∂yλA

〉
0′′

)
+

+σµA ·
∫ y0

A

dt′
〈∂UA

∂yµA

〉
0′
− 2ζA1 ·

〈
UA

〉
0
+O(|yνA|k+1) +O(c−6), (5.42a)

gA0α(y
p
A) = 4γαǫ

(
∑

B

V ǫ
B(y

0
A, y

ν
A)−

∑

B 6=A

[
yµA

〈∂V ǫ
B

∂yµA

〉
0
+
〈
V ǫ
B

〉
0

]
+ σǫA

)
−

−1

2

(
γαǫδ

β
λ + γαλδ

β
ǫ − γǫλδ

β
α

)
yǫAy

λ
A ·

∑

B 6=A

∂

∂y0A

〈∂UB

∂yβA

〉
0
+

+
k∑

l≥3

(
γαλ

∂

∂y0A
Qλ

A{L}(y
0
A) +

[
LA{L}(y

0
A) + vA[0]β

·Qβ
A{L}(y

0
A)
] ∂

∂yαA

)
· y{L}A +

+γαµ
(
σµλA − 2γµλζA1

) ∫ y0
A

dt′
〈∂UA

∂yλA

〉
0′
+O(|yνA|k+1) +O(c−5), (5.42b)

gAαβ(y
p
A) = γαβ + 2γαβ

(
∑

B

UB(y
0
A, y

ν
A)−

∑

B 6=A

[
yµA

〈∂UB

∂yµA

〉
0
+
〈
UB

〉
0

])
+ σAαβ+

+
k∑

l≥3

(
γαλQ

λ
A{L}(y

0
A)

∂

∂yβA
+ γβλQ

λ
A{L}(y

0
A)

∂

∂yαA

)
· y{L}A +O(|yνA|k+1) +O(c−4), (5.42c)

where the subscript (A) for the components of the metric tensor specifies that this tensor was ob-
tained by making of use the specifically defined transformation functions (5.41). The expressions
for the functions WA and WB were obtained by substituting the solutions for the transfora-
tion functions into the relations for the HA<4>

00 and HB<4>
00 given by the eqs.(4.14) and (4.16)

correspondingly. These functions have the following form:

WA(y
p
A) = U2

A(y
p
A) + ΨA(y

p
A) +

1

2

∂2

∂y0A
2χA(y

p
A) + 2aλA[0]

· ∂

∂yλA
χA(y

p
A)+

+2
∑

B 6=A

(
UA(y

p
A)UB(y

p
A)−

∫

A

d3y′A
|yνA − y′νA |

ρA(y
0
A, y

′ν
A )UB(y

0
A, y

′ν
A )
)
+

+
k∑

l≥3

Qλ
A{L}(y

0
A)

∫

A
d3y′AρA(y

0
A, y

′ν
A )

∂

∂y′λA

[y{L}A − y
′{L}
A

|yνA − y′νA |
]
−

−fλβA · ∂2

∂yλA∂y
β
A

χA(y
0
A, y

ν
A)− 2ζ1A · UA(y

0
A, y

ν
A) +O(|yνA|k+1) +O(c−6). (5.43a)
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WB(y
p
A) = UB(y

p
A)

∑

B′ 6=A

UB′(ypA) + ΨB(y
p
A) +

1

2

∂2

∂y0A
2χB(y

p
A) + 2aλA[0]

(y0A) ·
∂

∂yλA
χB(y

0
A, y

ν
A)−

−2

∫

B

d3y′A
|yνA − y′νA |

ρB(y
0
A, y

′ν
A )
∑

B′

UB′(y0A, y
′ν
A )+

+
k∑

l≥3

Qλ
A{L}(y

0
A) ·

∫

B
d3y′AρB

(
y0A, y

′ν
A + yνBA0

(y0A)
) ∂

∂y′λA

[y{L}A − y
′{L}
A

|yνA − y′νA |
]
−

−fλβA · ∂2

∂yλA∂y
β
A

χB(y
0
A, y

ν
A)− 2ζ1A · UB(y

0
A, y

ν
A) +O(|yνA|k+1) +O(c−6). (5.43b)

The expressions (5.42) are the general solution for the field equations of the general theory
of relativity, which satisfies the generalized Fermi conditions eqs.(5.2) in the immediate vicinity
of body (A). This solution reflects the geometrical features of the proper RFA with respect to
the special properties of the motion of the kth multipoles of the of unknown functions LA{L}(y

0
A)

and Qν
A{L}(y

0
A) for l ≥ 3 which will be discussed further.

The transformation functions eq.(5.41) correspond to non-rotating coordinate transformations
between different RFs in the WFSMA. They were obtained by applying the generalized Fermi
conditions eqs.(5.2). The set of the resulting formulae eqs.(5.41) together with eqs.(5.12) and
(5.35) represents the generalization of the Poincaré group of motion to the problem of practical

celestial mechanics. The arbitrary constants ζA = c−2ζA1 + c−4ζA2 , σ
α
A and fαβA correspond to the

maximal number of Killing vectors (M = 10) in the background pseudo-Euclidean space-time
and the expressions (5.40)-(5.41) represent the ten-parameter group of motion constructed for
the dynamic of the celestial bodies in the WFSMA. The non-zero parameters describe the shift of
the origin of the coordinate system, the constant spatial rotation of the axes and the relativistic
Poincaré rotation. These parameters represent the offset of the origin of the coordinate system
from the center of the field of the body under consideration, which may vary from body to
body. Moreover, these parameters lead to the appearance of the proper gravitational potential
UA and it’s gradients ∂αUA in the function LA (5.41c). The contribution of this sort could be
a useful tool for some practical applications of the atomic time comparison (Brumberg, 1991a).
This dependence is indicating the fact that the constant part of the proper gravity of the body
(A) is also affecting the definition of its world-line. This contribution, my be neglected if one
will choose these constants in such a way that this influence of the proper field will vanish. In
addition, let us mention that the component of the metric tensor gA00 becomes also dependent
on these quantities describing the proper gravitational field, which violates the conditions on
the metric tensor and the coordinate transformations to the proper RFA given in the Section 1.
Therefore, without loosing a generality, in our future calculations we will eliminate this offset
and will set all of these parameters to be zero:

ζA = c−2ζA1 + c−4ζA2 = σαA = fαβA = 0. (5.44)

In order to find the unknown functions Qα
A{L}(y

0
A), LA{L}(y

0
A) up to the kth (k ≥ 3) order, one

should use the conditions which will contain the spatial derivatives from the metric tensor of the
(k − 1) order. Moreover, one expects to obtain the recurrent formulae which would connect the
features of transformation of an arbitrary kth term with those for the previous (k−1) terms. Thus,
following Synge (1960), one may want to apply some non-local geometrical constructions, such as
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Jacobi equations (Manasse & Misner, 1963) or both Jacobi equations and Fermi-Walker transport
(Li & Ni, 1979a,b). However, these constraints are generally not related to the particular theory
under consideration, so their application should be justified for particular theory of gravity under
question. Another method is to use the ‘external’ multipole moments as they were defined for
the gravitational wave theory by Thorne (1980) or Blanchet & Damour (1986, 1989). Indeed,
one could show that the functions Qα

A{L}(y
0
A) and LA{L}(y

0
A) in the WFSMA may be chosen in

a such a way that the metric tensor in a proper RFA eqs.(4.11) corresponding to this choice will
accept the desired form. The presentation of the transformation functions in the terms of the
‘external’ multipole moments simply corresponds to the specific RF for which KLQ dynamical
parameterization is strictly defined by this choice.

5.5 The Fermi-Normal-Like Coordinates.

As we noticed above, in order to determine the metric up to the kth multipole contribution, one
should apply some additional conditions which enable us to define the specific properties of the
reference frame with which we will be dealing. For example, we might obtain these functions for
the case of the motion of the monopole test particle up to the second order of a spatial point
separation. Assuming the motion of that particle is described by the geodesic equation and the
deviation of geodesics is governed by the Jacobi equation, we might easy obtain the metric tensor
in the generalized Fermi normal coordinates (Misner and Manasse, 1963; Li & Ni, 1979; Dolgov,
Khriplovich 1983; Ashby & Bertotti, 1986; Marzlin, 1994) up to the second order of the spatial
separation and presented as follows:

gF00(y
p
A) = 1 +HA

00(y
p
A) +

〈
RB

0µ0ν

〉
0
· yµAyνA +O(c−6) +O(|yνA|3), (5.45a)

gF0α(y
p
A) = HA

0α(y
p
A) +

2

3

〈
RB

0µαν

〉
0
· yµAyνA +O(c−5) +O(|yνA|3), (5.45b)

gFαβ(y
p
A) = γαβ +HA

αβ(y
p
A) +

1

3

〈
RB

αµβν

〉
0
· yµAyνA +O(c−4) +O(|yνA|3), (5.45c)

where
〈
RB

mnkl

〉
0
are the components of the Riemann tensor eqs.(G9) which is calculated with

respect to the external gravitational field HB
mn and taken on the world-line γA of the body (A)

under consideration.

Let us mention, that if the proper gravitational field may be neglected and the effects due
to acceleration of the proper RFA are also negligible, the obtained metric tensor (5.45) will
correspond to that of, so-called, Fermi normal coordinates constructed in the immediate vicinity
of the world-line of an inertial observer (Misner et al., 1973). However, for the general case
of non-vanishing contributions of the proper gravitational field and the accelerated barycentric
motion, the form of the metric tensor gFmn (5.45) and the corresponding proper RF, is what will
be referred to as the Fermi-normal-like coordinates. From these expressions for the metric tensor
gFmn, one may see that, in order to obtain this form of the metric tensor, it is necessary to perform
the coordinate transformation which should contain the terms with the third order of the spatial
point separation (Li & Ni, 1979a,b; Zhang, 1985, 1986). We will obtain the necessary equations
on these functions by making of use the components of the Riemann tensor Rmnkl(y

p
A) expanded

with respect to the spatial separation from the world-line of the body (A) and then equating the
coefficients proportional to ∼ yµAy

ν
A.
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Thus, the components of the Riemann tensor calculated with respect to external gravitational
field HB

mn from the relations eqs.(G9) might be presented on a world-line of the body (A) as
follows:

〈
RB

0µ0ν

〉
0
=
∑

B 6=A

(
−
〈 ∂2UB

∂yµA∂y
ν
A

〉
0
+ γµν

∂

∂y0A

[〈∂UB

∂y0A

〉
0
− 2

(〈∂VBµ

∂yνA

〉
0
+
〈∂VBν

∂yµA

〉
0

)]
+

+
〈 ∂2WB

∂yµA∂y
ν
A

〉
0

)
+ γµν aA[0]λ

aλA[0]
− aA[0]µ

aA[0]ν
+O(c−6), (5.46a)

〈
RB

0µαν

〉
0
= γµαȧA[0]ν

− γµν ȧA[0]α
+

+2
∑

B 6=A

(
γαλ

〈 ∂2V λ
B

∂yµA∂y
ν
A

〉
0
− γνλ

〈 ∂2V λ
B

∂yµA∂y
α
A

〉
0

)
+O(c−5), (5.46b)

〈
RB

αµβν

〉
0
=
∑

B 6=A

(
γαβ

〈 ∂2UB

∂yµA∂y
ν
A

〉
0
+ γµν

〈 ∂2UB

∂yαA∂y
β
A

〉
0
−

−γβµ
〈 ∂2UB

∂yαA∂y
ν
A

〉
0
− γαν

〈 ∂2UB

∂yµA∂y
β
A

〉
0

)
+O(c−4). (5.46c)

To find the necessary corrections of the third order of the transformation functions Qα
A and

LA, let us look in the following form:

δν3Q
α
A[0]

(y0A, y
ν
A) =

=
∑

B 6=A

[
c1 · γασyµAyAµy

ν
A ·
〈 ∂2UB

∂yνA∂y
σ
A

〉
0
+ c2 · yαAyµAyλA ·

〈 ∂2UB

∂yµA∂y
λ
A

〉
0

]
+O(|yνA|4), (5.47a)

δν3LA[0]
(y0A, y

ν
A) =

∑

B 6=A

[
q1 · yµAyAµy

λ
A

〈 ∂2U∗
B

∂y0A∂y
λ
A

〉
0
+ q2 · yµAyνAyλA

〈 ∂2VBλ

∂yµA∂y
ν
A

〉
0

]
−

−vA[0]β
· δν3Qβ

A[0]
(y0A, y

ν
A) +O(|yνA|4), (5.47b)

where the constants c1, c2 and q1, q2 are unknown at the moment.

The expressions for the components of the metric tensor gFmn eqs.(5.45) and those for the
Riemann tensor eqs.(5.46) will enable us to obtain the equations for the determination of the con-

stants c1, c2 and q1, q2. Thus, from the component gFαβ eq.(5.45c) and relation for the
〈
RB

αµβν

〉
0

eq.(5.46c) we will have:

2c1 + 1 =
1

3
, 2c2 =

1

3
, 2(c1 + c2) = −1

3
,

which will give the following values for these constants:

c1 = −1

3
, c2 =

1

6
. (5.48)
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Analogously, from the component gF0α eq.(5.45b), the relation for the
〈
RB

0µασ

〉
0
eq.(5.46b), and

the solution for the function δν3Q
α
A[0]

given by eq.(5.46a) with the obtained c1 and c2 eq.(5.47),

we obtains:

2q1 − 1 = −2

3
; q1 +

1

2
=

2

3
⇒ q1 =

1

6
,

2q2 = −4

3
; q2 + 2 =

4

3
⇒ q2 = −2

3
. (5.49)

Taking these results into account, the corrections up to the third order with respect to the
spatial point separation to the solutions for the Qα

A and LA, presented by the equations eqs.(5.47)
will take the following form:

δν3Q
α
A[0]

(y0A, y
ν
A) =

1

6

∑

B 6=A

[
γασyµAyAµy

ν
A ·
〈 ∂2UB

∂yνA∂y
σ
A

〉
0
−

−2 · yαAyµAyλA ·
〈 ∂2UB

∂yµA∂y
λ
A

〉
0

]
+O(|yνA|4), (5.50a)

δν3LA[0]
(y0A, y

ν
A) =

1

6

∑

B 6=A

(
yµAyAµy

λ
A

〈 ∂2UB

∂y0A∂y
λ
A

〉
0
− 4 · yµAyνAyλA

〈 ∂2VBλ

∂yµA∂y
ν
A

〉
0

)
−

−vA[0]β

(
γβσyµAyAµy

ν
A ·
〈 ∂2U∗

B

∂yνA∂y
σ
A

〉
0
− 2 · yβAy

µ
Ay

λ
A ·
〈 ∂2U∗

B

∂yµA∂y
λ
A

〉
0

)
+O(|yνA|4). (5.50b)

By substituting these solutions into the expressions eqs.(5.42) one might get the metric tensor
in a proper RFA of the moving extended body (A) with accuracy up to the second order of the
spatial point separation. Thus, assuming that all the integration constants satisfy eq.(5.44), one
may get the following form of the metric tensor in the generalized Fermi normal coordinates:

gF00(y
p
A) = 1− 2UA(y

p
A) + 2WA(y

p
A)+

+
( ∑

B 6=A

[
−
〈 ∂2UB

∂yµA∂y
ν
A

〉
0
+
〈 ∂2WB

∂yµA∂y
ν
A

〉
0
+

∂

∂y0A

(
γµν

〈∂UB

∂y0A

〉
0
− 4

〈∂VBµ

∂yνA

〉
0

)]
+

+γµν aA[0]λ
aλA[0]

− aA[0]µ
aA[0]ν

)
· yµAyνA +O(c−6) +O(|yνA|3), (5.51a)

gF0α(y
p
A) = 4γαǫV

ǫ
A(y

p
A) +

2

3

(
2
∑

B 6=A

[
γαλ

〈 ∂2V λ
B

∂yµA∂y
ν
A

〉
0
− γνλ

〈 ∂2V λ
B

∂yµA∂y
α
A

〉
0

]
+

+γµαȧA[0]ν
− γµν ȧA[0]α

)
· yµAyνA +O(|yνA|3) +O(c−5), (5.51b)

gFαβ(y
p
A) = γαβ + 2γαβUA(y

p
A) +

1

3

( ∑

B 6=A

[
γαβ

〈 ∂2UB

∂yµA∂y
σ
A

〉
0
+ γµσ

〈 ∂2UB

∂yαA∂y
β
A

〉
0
−

−γβµ
〈 ∂2UB

∂yαA∂y
σ
A

〉
0
− γασ

〈 ∂2UB

∂yµA∂y
β
A

〉
0

])
· yµAyσA +O(|yνA|3) +O(c−4). (5.51c)
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Thus we have obtained the form of the metric tensor in Fermi-normal-like coordinates and the
coordinate transformation, which leads to this form as well. These transformations are defined
up to the third order with respect to the spatial point separation.

A more detailed analysis of the coordinate transformation for the extended self-gravitating
bodies will be performed in the next Section.

6 General Relativity: 3. Proper RF for the Extended Body.

In this Section we will generalize the results obtained for the relativistic coordinate transfor-
mations (5.40) and will extend their applicability to the problem of motion of a system of N-
extended-bodies in the WFSMA. The relations (5.40) were obtained by using the generalized
Fermi conditions (3.26) and, hence, they are well suited to describe the motion of the system
of N self-gravitating bodies omitting only the lowest intrinsic multipole moments. To generalize
these results in the case of arbitrarily shaped extended bodies we must use the more general
definition of the proper RF given by the expressions (3.29). This definition is based on the study
of existance of the integral conservation laws for the metric theories of gravity (3.28). The stud-
ies of existance of the conservation laws in the general relativity was performed by a number of
scientists, notably by Fock (1955) and Chandrasekhar (1965), whose methods were developed
in application to the motion of the more general N-body systems in the framework of the PPN

formalism (Lee et al., 1974; Denisov & Turyshev, 1989; Will, 1993). It should be noted that the
search for the conservation laws in these methods was performed in the barycentric inertial RF0

and, in particular, it was shown that the general relativity in the WFSMA has all ten conservation
laws for the closed system of fields corresponding to energy of the system, its momentum and
angular momentum. The difference of the present research from that cited above is in the fact
that we will study the problem of existence of the integral conservation laws in an accelerated
arbitrary KLQ- parameterized proper RFA. As a result of our study, we should find the condi-
tions, necessary to impose on the transformation functions KA, LA and Qα

A, so that the general
relativity in the coordinates of this RF will preserve the existent conservation laws for the entire
system under consideration.

6.1 The Extended-Body Generalization.

It is well-known that in all metric theories of gravity the Lagrangian density of matter is the same
functional of metric of Riemann space-time gmn and the other fields of matter ψA. Then the
application of the method of infinitesimal displacements (Bogoljubov & Shirkov, 1984; Logunov,
1987) to the action function of matter in these theories together with the condition that the
eq.m. for the fields ψA are satisfied, leads to the same covariant equation for the conservation of
density of the energy-momentum tensor of matter in Riemann space-time:

∇kT̂
mk = ∂kT̂

mk + Γm
lp T̂

lp = 0. (6.1)

Note that this result is independent of the choice of RF. In the case of a system of bodies formed
from an ideal fluid with the individual density of energy-momentum tensor T̂mn

B of an arbitrary
body (B) in the coordinates of its proper RFB is given by the expression (2.1) by

T̂mn
B (ypB) =

√−gB
([
ρB0(1 + Π) + p

]
umun − pgmn

B

)
, (6.2a)
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the total density of the energy-momentum tensor of the system of N bodies in the coordinates
(ypA) of the proper RFA of a particular body (A) may then be composed as follows:

T̂mn(ypA) =
∑

B

JB(y
p
A)
∂ymA
∂ykB

∂ynA
∂ylB

T̂ kl
B (yqB(y

p
A)), (6.2b)

where JB is the Jacobian of the corresponding coordinate transformation:

JB(y
p
A) = det ||∂y

m
B

∂ykA
||. (6.2c)

In addition, from the equation (6.1) for an ideal fluid model (6.2) we may also obtain a
covariant equation of continuity in the coordinates (ypA) as follows:

∇A
k

[∑

B

ρB0u
k
]
=

1√−gA

[ ∂ρ
∂y0A

+
∂(ρvµ)

∂yµA

]
= 0, (6.3)

where ∇A
k is the covariant derivative with respect to metric tensor gAmn of the proper RFA. The

total conserved mass density of the entire system in the coordinates (ypA) is denoted as

ρ(ypA) =
∑

B

ρB0

√−gBu0B =
∑

B

ρ̂B(y
p
A)J

−1
B

dy0B
dy0A

, (6.4)

where ρ̂B is the conserved mass density of the body (B) and all the quantities on the right-
hand side of this expression are transformed to the coordinates (ypA) using the standard rules
of relativistic transformations of the mechanics of Poincaré (Fock, 1955). Equations (6.1) and
(6.3) together with the metric tensor give all the expressions necessary for the construction of
the eq.m. of the extended bodies composed from ideal fluid and for analysis of various general
questions.

In order to generalize the results obtained in the previous Section, in the case of arbitrarily
composed extended bodies, we shall first construct the components of the density of the energy-
momentum tensor of matter T̂mn to the required accuracy. Thus, from the definition (6.2) one
may get these components in the Newtonian approximation as follows:

T̂ 00(ypA) = ρ
(
1 +O(c−2)

)
, (6.5a)

T̂ 0α(ypA) = ρvα
(
1 +O(c−2)

)
, (6.5b)

T̂αβ(ypA) = ρvαvβ − γαβp+ ρ̂O(c−4). (6.5c)

As a result, the covariant conservation equation (6.1) for m = α transforms into the Euler
equation for an ideal fluid, while for m = 0 it transforms into the equation for the internal energy
Π of the local fields in the vicinity of the body (A):

ρ
dvα

dy0A
= −ρ∂αU + ∂αp+ ρ∂αO(c−4), (6.6a)

ρ
dΠ

dy0A
= −p∂µvµ + ρO(c−5), (6.6b)
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where the total time derivative with respect to the proper time y0A is given by the usual relation:
d/dy0A = ∂/∂y0A + vµ∂/∂yµA. The total Newtonian potential of the system in these coordinates
was denoted as U(ypA).

In order to apply the conditions (3.29) one must substitute the expression for the total
Newtonian potential U into (6.6a) and integrate this equation over the body (A)’s compact
volume. However, if we do so for the potential from the solution (5.42), the conditions (3.29)
will not be satisfied. Indeed, the total Newtonian potential U [0] may be identified as the terms
of order c−2 in the expression (5.42a) for the g00 component of the metric tensor as follows:

U [0] =
∑

B

UB(y
0
A, y

ν
A)−

∑

B 6=A

[
yµA

〈∂UB

∂yµA

〉
0
+
〈
UB

〉
0

]
. (6.7)

If one substitutes this potential into equation (6.6a) and integrates the resultant expression over
the body (A)’s compact volume one obtains:

m̈α
A[0]

= −γασ
∑

B 6=A

∫

A
d3y′Aρ̂A

[∂UB

∂y′σA
−
〈∂UB

∂yσA

〉
0

]
+O(c−4) 6= 0. (6.8a)

By expanding the integrand in the expression above in the Taylor series with respect to the
spatial deviation from the supporting world-line γA (which is given as λA ∼ ~yA/|yBA0 |) one may
bring this result to the following form:

m̈α
A[0]

= −γασ
∑

B 6=A

k∑

l≥1

1

l!

〈∂{L+1}UB

∂yσAy
{L}
A

〉
0

∫

A
d3y′ρ̂Ay

′{L}
A +O(c−4). (6.8b)

It is easy to see that this result does not satisfy the requirement for the ‘good’ proper RF even in
the Newtonian order. The origin of the RF, defined this way, coincides with the center of inertia
of the local fields in the vicinity of the body under question in one particular moment of time only
and will drift away from it as time progresses. Exactly the same situation was encountered with
the solutions in both Brumberg-Kopejkin (Brumberg & Kopejkin, 1988a,b) and Damour-Soffel-
Xu (DSX, 1991-1994; Damour & Vokrouhlický, 1995) formalisms. In both of these methods,
the translational motion of extended bodies in their proper RFs do not vanish in the Newtonian
limit, but rather non-linearly depend on the coupling of the intrinsic multipole moments with
the external gravitational field. To solve this problem, the authors of both formalisms have
introduced ‘external’ multipole moments in order to compensate for the terms on the right-hand
side of the expression (6.8b). However, this substitution may not be considered as a satisfactory
solution to this problem. The reason for this is that the authors in both approaches were trying
to describe the motion of extended bodies using methods which were developed to treat the
motion of point-like test bodies. As we already know, to overcome this problem we should
develop a microscopic treatment of the matter, the gravitational field and the field of inertia in
the immediate vicinity of the bodies (i.e. in their local region) in the system.

In our method, the only step we have to make in order to the take into account the extent of
the bodies, is to change the limiting procedure 〈..〉0 defined by expression (5.7), to an averaging
over the bodies volumes14. We define this new procedure 〈..〉A which, being applied to any
function f(ypA), will denote an averaging of this function over the body’s (A) three-dimensional

14Note, that this situation is similar to that from the electrodynamics of continuous media where one have to
average the field over the body’s volume (Landau & Lifshitz, 1987).
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compact volume in accord to the following formula:

〈
f(ypA)

〉
A
≡ f̂(y0A) =

1

mA

∫

A
d3y′A t̂

00
A (y′pA)f(y

0
A, y

′ν
A ), (6.9a)

mA =

∫

A
d3y′At̂

00
A (y′pA) +O(c−4), (6.9b)

where t̂00(y′pA) is the component of the conserved density of the energy-momentum tensor of
matter, inertia and gravitational field in the local region of the body (A) taken jointly. It is easy
to see that in the case of a system of N massive particles with the total mass density taken to be
ρ(ypA) =

∑
BmBδ(y

0
A, ~yA + ~yBA0), this new procedure coincides with the procedure 〈..〉0 defined

by the expression eq.(5.7). Note that the new operation 〈..〉A given by eq.(6.9), contrary to that
of eq.(5.7), does not commutatating with the operation of time defferrentiation.

Because of this change, the total gravitational potential U(ypA), which, in the vicinity of the
body (A) is composed from the local Newtonian potential generated by the body (A) itself and
the tidal gravitational potential produced by external the sources of gravity, will now have the
form:

U(ypA) =
∑

B

UB(y
q
B(y

p
A))−

∑

B 6=A

[
yβA

〈∂UB

∂yβA

〉
A
+ 〈UB〉A

]
+O(c−4). (6.10)

One may make sure that the expression (6.10) is what we need in order to have the origin of the
proper RFA to coincide with the local center of inertia. Indeed, by substituting this result for the
total Newtonian potential U into the equation (6.6a) and integrating the resultant expression
over the body (A)’s compact volume, one finds that: m̈α

A0
= O(c−4). Thus the center of inertia

of the local fields, defined as the dipole moment of the fields in the immediate vicinity of the
body (A), moves along a straight line as given by the formula: mα

A0
(y0A) = Aα +Bαy0A +O(c−4),

where Aα,Bα are some constants. One may perform an additional infinitesimal post-Galilean
transformation (similar to that of (1.12)) in order to make them vanish: Aα = Bα = 0. This
means that the origin of the proper RFA will coincide with the center of inertia of the local fields
and, hence, the constructed frame will satisfy the definition of a ‘good’ proper RF discussed in
the Section III.

As a result, the general form of the coordinate transformations between the coordinates (xp)
of RF0 and those (ypA) of a proper quasi-inertial RFA of an arbitrary body (A) for the problem
of motion of the N-extended-body system in the WFSMA may be presented as follows:

x0 = y0A + c−2KA(y
0
A, y

ǫ
A) + c−4LA(y

0
A, y

ǫ
A) +O(c−6), (6.11a)

xα = yαA + yαA0
(y0A) + c−2Qα

A(y
0
A, y

ǫ
A) +O(c−4), (6.11b)

where the barycentric radius-vector rαA0
of the body (A) in the coordinates of the proper RFA is

decomposed into Newtonian and post-Newtonian parts, which are given as follows:

〈
rαA0

(ypA)
〉
A
= yαA0

(y0A) +
1

mAc2

∫

A
d3y′At̂

00(y′pA)Q
α
A(y

0
A, y

′ǫ
A) +O(c−4). (6.12)

The transformation functions KA, Q
α
A and LA, in this case will take the following form:

KA(y
0
A, y

ν
A) =

∫ y0
A

dt′
( ∑

B 6=A

〈
UB

〉
A
− 1

2
vA0νv

ν
A0

)
− vA0ν · yνA +O(c−4)y0A, (6.13a)
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Qα
A(y

0
A, y

ν
A) = −

∑

B 6=A

(
yαAy

β
A ·
〈
∂βUB

〉
A
− 1

2
yAβy

β
A

〈
∂αUB

〉
A
+ yαA

〈
UB

〉
A

)
+

+yAβ

∫ y0A
dt′
(1
2
a
[α
A0
v
β]
A0

+ 2
∑

B 6=A

[〈
∂[αV

β]
B

〉
A
+
〈
∂[αUBv

β]
〉
A

])
−

−1

2
vαA0

vβA0
yAβ + wα

A0
(y0A) +

k∑

l=3

Qα
A{L}(y

0
A) · y

{L}
A +O(|yνA|k+1) +O(c−4)yαA, (6.13b)

LA(y
0
A, y

ν
A) =

∑

B 6=A

(1
2
yAβy

β
A · ∂

∂y0A

〈
UB

〉
A
− 2 yλAy

β
A ·
[〈
∂λVBβ

〉
A
+
〈
vβ∂λUB

〉
A

]
+

+ vA0β

[
yβAy

λ
A ·
〈
∂λUB

〉
A
− 1

2
yAλ

yλA ·
〈
∂βUB

〉
A

])
+

+yAλ
vA0β

∫ y0
A

dt′
(1
2
a
[λ
A0
v
β]
A0

+ 2
∑

B 6=A

[〈
∂[λV

β]
B

〉
A
+
〈
v[β∂λ]UB

〉
A

])
+

+yAβ

[
2 vβA0

∑

B 6=A

〈
UB

〉
A
− 4

∑

B 6=A

〈
V β
B

〉
A
− ẇβ

A0
(y0A)

]
−

−
∫ y0A
dt′
[ ∑

B 6=A

〈
WB

〉
A
+

1

2

( ∑

B 6=A

〈
UB

〉
A
− 1

2
vA0βv

β
A0

)2
+ vA0µẇ

µ
A0

(t′)
]
+

+
k∑

l=3

LA{L}(y
0
A) · y

{L}
A +O(|yνA|k+1) +O(c−6). (6.13c)

One may verify that in the case of the free-falling massive test particle with conserved mass
density given as ρ̂A(y

p
A) = mAδ(~yA), the functions (6.13) will correspond to the coordinate

transformations to the proper RF defined on the geodesic world line (5.41).

Note that we have changed the notation fA[0]
to fA0 in the new expressions eqs.(6.11)-(6.13).

This is because all these quantities are now defined with the procedure eq.(6.9), which takes
into account the internal structure of the bodies. As a result, the Newtonian acceleration of the
extended body (A) with respect to the barycentric RF0 now is given as:

aαA0
(y0A) = −γαµ

∑

B 6=A

〈∂UB

∂yµA

〉
A
+O(c−4). (6.14)

Furthermore, in order to take into account the extent of the bodies and its influence on
the post-Newtonian dynamics of the N-body system, the time-dependent function wα

A0
has been

replaced by the new function wα
A0

:

wα
A0

(y0A) = wα
A0

+ δwα
A0
, (6.15a)

where the function wα
A0

is determined as the solution of the following differential equation:

ẅα
A0

(y0A) =
∑

B 6=A

(
γαµ

〈∂WB

∂yµA

〉
A
+ vαA0

∂

∂y0A

〈
UB

〉
A
− 4

∂

∂y0A

〈
V α
B

〉
A

)
−
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−1

2
vαA0

vA0βa
β
A0

+ aαA0

∑

B 6=A

〈
UB

〉
A
+

+aA0β

∫ y0A
dt′
(1
2
a
[α
A0
v
β]
A0

+ 2
∑

B 6=A

[〈
∂[αV

β]
B

〉
A
+
〈
v[β∂α]UB

〉
A

])
+O(c−6). (6.15b)

and the function δwα
A0

is unknown at the moment. This function will be determined later, when
we will apply the conditions (3.29) in order to make the total momentum of the matter, inertia
and the gravitational field calculated in the coordinates of the proper RFA vanish in the volume
of the body (A).

As a result, the ‘averaged’ components of the metric tensor gAmn in the coordinates (ypA) of
the proper RFA take the following form:

gA00(y
p
A) = 1− 2U + 2W + yµAy

β
A ·
{
γµβ aA0λa

λ
A0

− aA0µaA0β+

+
∑

B 6=A

∂

∂y0A

(
γµβ

∂

∂y0A

〈
UB

〉
A
− 2

[〈
∂(µVBβ)

〉
A
+
〈
v(β∂µ)UB

〉
A

])}
+

+2
k∑

l≥3

[
∂0LA{L}(y

0
A) + vA0β∂0Q

β
A{L}(y

0
A)
]
· y{L}A +O(|yνA|k+1) +O(c−6), (6.16a)

gA0α(y
p
A) = 4 γαǫV

ǫ − 1

5

(
yAαyAβ +

1

2
γαβyAµy

µ
A

)
· ȧβA0

+

+
k∑

l≥3

[
γαλ∂0Q

λ
A{L}(y

0
A) +

(
LA{L}(y

0
A) + vA0β ·Qβ

A{L}(y
0
A)
) ∂

∂yαA

]
· y{L}A +

+O(|yνA|k+1) +O(c−5), (6.16b)

gAαβ(y
p
A) = γαβ

(
1 + 2U

)
+

+
k∑

l≥3

[
γαλQ

λ
A{L}(y

0
A)

∂

∂yβA
+ γβλQ

λ
A{L}(y

0
A)

∂

∂yαA

]
· y{L}A +O(|yνA|k+1) +O(c−4), (6.16c)

where the total gravitational potential U at the vicinity of the body (A) is composed of the
local Newtonian potential generated by the body (A) itself and the tidal gravitational potential
produced by the external sources of gravity is given by expression the (6.10). This potential may
now be obtained from (6.13a) as follows:

U(ypA) =
∑

B

UB(y
q
B(y

p
A))−

∂KA(y
p
A)

∂y0A
− 1

2
vA0µv

µ
A0

=

=
∑

B

UB(y
q
B(y

p
A))−

∑

B 6=A

[
yβA

〈∂UB

∂yβA

〉
A
+ 〈UB〉A

]
+O(c−4). (6.17)

84



This potential is the solution of the corresponding Poisson equation in the coordinates (ypA):

γµν
∂2U

∂yµA∂y
ν
A

= 4πρ(ypA), (6.18)

which is searched for together with the following integral boundary conditions:

〈U〉A =

∫

A
d3y′A ρ̂A(y

′p
A)U (y′pA) =

∫

A
d3y′A ρ̂A(y

′p
A)UA(y

′p
A) (6.19a)

〈 ∂U
∂yµA

〉
A
=

∫

A
d3y′A ρ̂A(y

′p
A)
∂U(y′pA)

∂y′µA
= 0. (6.19b)

The quantity V
α
(ypA), in the expressions (6.16b), is the total vector-potential produced by all

the bodies in the system as seen in the coordinates (ypA) of the RFA. The averaging procedure
(6.9) enables one to define this potential as follows:

V
α
(ypA) =

∑

B

V α
B (yqB(y

p
A))−

∑

B 6=A

(
yµA

[〈∂V α
B

∂yµA

〉
A
+
〈
vα
∂UB

∂yµA

〉
A

]
+ 〈V α

B 〉A

)
+

+
1

10
(3yαAy

λ
A − γαλyAµy

µ
A

)
ȧA0λ

+O(c−4). (6.20)

It is interesting to note that the vector-potential now depends on the coupling of the intrinsic
motion of matter in the body (A) to the gradient of the external gravitational field. Thus it can
be seen from the expression (6.13) for the function Qα

A, that this coupling contributes to the
corresponding precession term of the coordinates in this RF relative to the barycentric inertial
one. This potential also satisfies the usual Poisson equation of the form:

γµν
∂2V

α

∂yµA∂y
ν
A

= −4πρ(ypA)v
α(ypA). (6.21)

Moreover, due to the covariant equation of continuity (6.3), both quantities (6.17) and (6.21) are
connected by the following relation:

∂U

∂y0A
=
∂V

µ

∂yµA
. (6.22)

Another quantity we have introduced in the expressions (6.16) is W (ypA). This is the post-
Newtonian contribution to the component g00 of the effective metric tensor in the coordinates
(ypA) given by (6.16a). This contribution is given as follows:

W (ypA) =
∑

B

WB(y
q
B(y

p
A))−

∑

B 6=A

[
yµA

〈∂WB

∂yµA

〉
A
+ 〈WB〉A

]
+O(c−6), (6.23a)

The solution (6.23a) repeats the structure of the tidal representation of the Newtonian potential
(6.17), so it could be considered as the generalized post-Newtonian potential in this RF. The
functions WA and WB in the expression (6.23a) are given by the relations (5.43) and they fully
represent the non-linearity of the total post-Newtonian gravitational field in the proper RFA.
These functions contain the contributions of two sorts: (i) the gravitational field produced by
the external bodies in the system (B 6=A), and (ii) the field of inertia caused by the accelerated
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and non-geodesic motion of the proper RFA. This happens due to the coupling of the proper
multipole moments of the body (A) to the external gravitational field as well as to the self-action
contributions which are given by the terms with Qλ

A{L} in the expressions (5.43). One may
obtain the corresponding Poisson-like equation for this potential as well. Thus, directly from the
gravitational field equation (4.4d) this last equation will take the form:

γµν
∂2W

∂yµA∂y
ν
A

= −8πρ
(
Π− 2vµv

µ +
3p

ρ

)
+ 2

∑

B

[
∂200UB + 2∂µUB

(
2aµA0

+
∑

C

∂µUC

)]
−

−2
∑

B

k∑

l≥3

Qµ
A{L}(y

0
A)
[
2∂2µλUB · ∂λ + ∂µUB · ∂λ∂λ

]
y
{L}
A +O(|yνA|k+1) +O(c−6). (6.23b)

We have not yet presented the last function which is necessary to complete the coordinate
transformation for the extended bodies, namely: the function δwα

A0
from (6.15). To find this

function one needs to apply the procedure for constructing a ‘good’ proper RF with the full
post-Newtonian accuracy. In order to do this, one must perform the study of existance of the
conservation laws in the proper RFA and define the conserved quantities which will correspond
to the energy, momentum and the angular momentum of the local fields. Then, after integrating
these quantities over the body’s compact volume, one must find the form of the eq.m. for the
extended bodies in their proper RFs. These equations will contain the time derivatives of the
only unknown function δwα

A0
, which should be chosen in such a way that the conditions (3.29)

will be satisfied.

6.2 Conservation Laws in the Proper RF.

As we have stated before, our goal is to construct a formalism which will be useful for calculations
in a number of the metric theories of gravity. This is the reason why in our further discussion
we will use the method developed for analysis of the conservation laws in the parametrized post-
Newtonian gravity developed by Fock and Chandrasekhar (Fock, 1955; Ehlers, 1967; Denisov
& Turyshev, 1989; Will, 1993). It is known that the most important question for any metric
theory of gravity is the presence or absence of laws of conservation of energy, momentum and
angular momentum for the closed system of interacting fields. Strictly speaking, the solution
of this question requires detailed information regarding the structure of each metric theory of
gravitation. It is necessary to know what geometric object has been chosen to describe the grav-
itational field, what geometry is natural for it, and what is the form of the equation connecting
the gravitational field and the metric of the Riemann space-time. Using the standard methods
of theoretical physics, it is then possible to give an exhaustive answer to this question. However,
such an analysis can not be carried out in a general form for all metric theories of gravity at
once. This leaves us with only one option: attempt to obtain some information regarding the
possibility of the existence of conservation laws in these theories proceeding only from the eq.m.
of matter in the WFSMA. It should be noted that conditions obtained in this way are necessary
but not sufficient to prove the existence of integral conservation laws for matter and the gravi-
tational field taken jointly in a particular metric theory of gravitation. It is altogether possible
that although the necessary conditions are satisfied for some theory of gravitation it neverthe-
less may not have conservation laws for closed system of interacting fields. The reason for this
situation is that quantities that do not depend on time, obtained on the basis of post-Newtonian
equations of motion, may not have the character of integrals of the motion for a closed system
and hence also have no physical meaning. Therefore, in resolving the question of whether or not
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conservation laws are present in a particular theory of gravitation, the last word can be said only
after a complete analysis of the theory has been performed.

It is known that general relativity in the WFSMA possesses the integral conservation laws for
the energy-momentum tensor of matter and the gravitational field taken jointly. It means that
the covariant equation of conservation of the energy-momentum tensor of matter in Riemann
space-time (6.1) can be identically represented as the covariant conservation law of the sum of
symmetric energy-momentum tensors of the gravitational field tmn

g and matter tmn
M in space-time

of a constant curvature:
∇kT̂

mk = 0 ⇒ Dk

(
tmk
g + tmk

M

)
= 0. (6.24)

It should be especially emphasized that, since in an arbitrary Riemann space-time the oper-
ation of integrating tensors (with the exception of scalar density) is meaningless, from a math-
ematical point of view it follows that the presence of some differential conservation equations
in this case does not guarantee the possibility of obtaining corresponding integral conservation
laws. The possibility of obtaining integral conservation laws in a Riemann space-time is entirely
predetermined by its geometry and closely connected with the existence of Killing vectors of the
given space-time. Namely, only an equation of the form (6.24) guarantees the existence of all ten
integral conservation laws for a closed system of interacting fields. Indeed, since, in a space-time
of constant curvature the Killing equations Dmηn + Dnηm = 0 are completely integrable and
their solutions contain the maximal possible number M= 10 of arbitrary parameters (Eisenhart,
1926), we have ten independent Killing vectors in this case. Multiplying (6.24) successively by
each of these vectors ηk, we obtain

Dk

[
ηm
(
tmk
g + tmk

M

)]
=

1√−γ ∂k
[
ηm
(
tmk
g + tmk

M

)√−γ
]
= 0. (6.25)

Since the left side of this expression is a scalar, we can integrate it over a three-dimensional
volume (Logunov, 1987) and obtain all ten (the number of independent Killing vectors) integral
conservation laws for a system consisting of matter, inertia and a gravitational field taken jointly.

Thus, in general relativity, which possesses the integral conservation laws, expressions for the
integrals of motion of an isolated system can be determined also from the equation of motion
of matter eq.(6.1). We shall find a necessary condition which the post-Newtonian expansions of
this theory in the proper quasi-inertial RF must satisfy, and obtain post-Newtonian expansions
of integrals of the motion required for subsequent computation. For this we should transform
the covariant conservation equation (6.1) to the form of eq.(6.24), after which, multiplying this
relation by the corresponding Killing vectors of a space of constant curvature and integrat-
ing over the volume, we may easily obtain the desired expressions. Since the metric tensor of
Riemann space-time in the absence of matter (ρ0 = p = 0) should have as its limit the pseudo-
Euclidean Minkowski metric, the covariant conservation equation (6.1) should be transformed to
the conservation law (6.24) just in the pseudo-Euclidean space-time. Then in the quasi-Cartesian
coordinates of the barycentric inertial RF0 the expression (6.24) will take the form:

∇kT̂
mk = ∂k

(
tmk
g + tmk

M

)
= 0. (6.26)

We expect that the ‘good’ proper RF will resemble the properties of the inertial RF0, then in the
coordinates of this proper RF the expression, analogous to that of (6.24), should take the form
of the conservation law of the total energy-momentum tensor of the fields of inertia, matter and
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gravity taken jointly:

∇kT̂
mk(ypA) =

∂

∂ykA

(
tmk
i + tmk

g + tmk
M

)
= 0. (6.27)

Knowledge of the metric (6.16) to a post-Newtonian degree of accuracy makes it possible to
determine the components of the energy- momentum tensor in the next approximation. Indeed,
using the definition for T̂mn (6.2), the metric (6.16), the expressions for the four-velocity eqs.(E4)
and (E13b), and also the covariant components of the metric tensor (B5a), we obtain the following
expressions for the components of the density of the energy-momentum tensor in the post-
Newtonian approximation in the coordinates of the proper RFA:

T̂ 00(ypA) = ρ
[
1 + Π− 1

2
vµv

µ + U +O(c−4)
]
, (6.28a)

T̂ 0α(ypA) = ρvα
[
1 + Π− 1

2
vµv

µ +
p

ρ
+ U +O(c−4)

]
, (6.28b)

T̂αβ(ypA) = ρvαvβ
[
1 + Π− 1

2
vµv

µ +
p

ρ
+ U

]
− pγαβ+

+p
k∑

l≥3

Qµ
A{L}(y

0
A)
(
δαµ∂

β + δβµ∂
α − γαβ∂µ

)
y
{L}
A + ρO(c−4) +O(|yνA|k+1), (6.28c)

where the total conserved mass density of the entire system ρ is given by (6.4).

Furthermore, by using the solutions for the transformation functions (6.11) and (6.13), from
the expressions (F2) one may obtain the Christoffel symbols of the Riemann metric in the proper
RFA in the form:

Γ0
00(y

p
A) = − ∂U

∂y0A
+O(c−5), Γ0

0α(y
p
A) = − ∂U

∂yαA
+O(c−6), Γ0

αβ(y
p
A) = O(c−3),

Γα
00(y

p
A) = γαµ

∂

∂yµA

[
U −W − U

2
]
+ 4

∂V
α

∂y0A
− 1

5

(
yαAy

λ
A +

1

2
γαλyµAyAµ

)
äA0λ

+ (6.29)

+
{
aαA0

aA0λ − δαλ · aµA0
aA0µ +

∑

B 6=A

∂

∂y0A

[
2
〈∂V α)

B

∂y
(λ
A

〉
A
+ 2

〈
v(α

∂UB

∂y
λ)
A

〉
A
− δαλ

∂

∂y0A

〈
UB

〉
A

]}
yλA+

+δẅα
A0

+
k∑

l≥3

[
∂200Q

α
A{L}(y

0
A) + aA0λQ

λ
A{L}(y

0
A)∂

α
]
y
{L}
A −

− ∂U

∂yµA

k∑

l≥3

[
Qµ

A{L}(y
0
A)∂

α +Qα
A{L}(y

0
A)∂

µ
]
y
{L}
A +O(|yνA|k+1) +O(c−6),

Γα
0β(y

p
A) = δαβ

∂U

∂y0A
+ 2

(∂V α

∂yβA
− ∂V β

∂yAα

)
+

+
k∑

l≥3

∂0Q
α
A{L}(y

0
A)∂βy

{L}
A +O(|yνA|k+1) +O(c−5),
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Γα
βω(y

p
A) = δαβ

∂U

∂yωA
+ δαω

∂U

∂yβA
− γβωγ

ασ ∂U

∂yσA
+

k∑

l≥3

Qα
A{L}(y

0
A)∂

2
βωy

{L}
A +O(|yνA|k+1) +O(c−4).

Writing (6.1) for m = 0 and substituting (6.28) and (6.29) into it, we obtain

∂

∂y0A

[
ρ
(
1 + Π− 1

2
vµv

µ + U
)]

+
∂

∂yµA

[
ρvµ

(
1 + Π− 1

2
vµv

µ + U +
p

ρ

)]
−

−ρ ∂U
∂y0A

− 2ρvµ
∂U

∂yµA
= ρO(c−5). (6.30)

Thus, to bring this relation to the form of (6.27) it is necessary to transform the last two terms
by extracting from them the partial derivatives with respect to time and the three-dimensional
divergence. Such a transformation cannot be carried out in a unique manner. Therefore, using
the equations (6.18) and (6.21), we rewrite the given terms in the most general form reflecting
this ambiguity:

ρ
∂U

∂y0A
+ 2ρvµ

∂U

∂yµA
=

∂

∂y0A

(
a1ρU +

2a1 − 3

8π
∂µU∂

µU
)
+

+
∂

∂yµA

(1− a1
4π

∂µU
∂U

∂y0A
+
a2
4π
U∂µ

∂U

∂y0A
+ (a1 + a2)ρUv

µ+

+
2− a1 − a2

4π
∂νU [∂νV

µ − ∂µV
ν
]
)
, (6.31)

where a1 and a2 are arbitrary numbers. With consideration of this relation, and collecting like
terms in (6.30) we get:

∂

∂y0A

(
t00i + t00g + t00M

)
+

∂

∂yβA

(
t0βi + t0βg + t0βM

)
= ρO(c−5), (6.32a)

with the following expressions for the (00) and (0α) components of the density of total energy-
momentum tensor:

t00i + t00g + t00M = ρ
(
1 + Π− 1

2
vµv

µ + (1− a1)U
)
+

3− 2a1
8π

∂µU∂
µU + ρO(c−4), (6.32b)

t0αi + t0αg + t0αM = ρvα
(
1 + Π− 1

2
vµv

µ + (1− a1 − a2)U +
p

ρ

)
+

+
a1 − 1

4π
∂αU

∂U

∂y0A
− a2

4π
U∂α

∂U

∂y0A
+

+
a1 + a2 − 2

4π
∂νU [∂νV

α − ∂αV
ν
]
)
+ ρO(c−5). (6.32c)

Writing the expression (6.1) for n = α and substituting (6.28) and (6.29) into it, we have

∂

∂y0A
T̂α0 +

∂

∂yµA
T̂αµ + ρ∂αU − ρ∂αW + ρ∂αU

(
Π− 3

2
vµv

µ +
p

ρ
− U

)
+
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+4ρ
[∂V α

∂y0A
− 1

20
äA0λ

(
yαAy

λ
A +

1

2
γαλyµAyAµ

)]
+

+ρ
{
aαA0

aA0λ
− δαλ · aA0µa

µ
A0

+
∑

B 6=A

∂

∂y0A

[
2
〈∂V α)

B

∂y
(λ
A

〉
A
+ 2

〈
v(α

∂UB

∂y
λ)
A

〉
A
− δαλ

∂

∂y0A

〈
UB

〉
A

]}
yλA+

+4ρvµ
(
∂µV

α − ∂αV µ

)
+ 2ρvα

∂U

∂y0A
+ 2ρvαvµ∂µU+

+ρ
(
δẅα

A0
(y0A) +

k∑

l≥3

[
∂200Q

α
A{L}(y

0
A) + aA0λ

Qλ
A{L}(y

0
A)∂

α
]
y
{L}
A

)
−

−ρ ∂U
∂yµA

k∑

l≥3

[
Qµ

A{L}(y
0
A)∂

α +Qα
A{L}(y

0
A)∂

µ
]
y
{L}
A + 2ρvµ

k∑

l≥3

∂0Q
α
A{L}(y

0
A)∂µy

{L}
A +

+(ρvµvλ − γµλp)
k∑

l≥3

Qα
A{L}(y

0
A)∂

2
µλy

{L}
A = ρO(|yνA|k+1) + ρO(c−6). (6.33)

One may note that these expressions are not dependent on the function LA{L} with l ≥ 3. This
means that, in the post- Newtonian order, the function Qα

A{L} with l ≥ 3 only are responsible
for the existence of the integrals of motion in the RFA under consideration.

To reduce this equation to the form (6.27) we use the identities presented in Appendix H.
Substituting these into (6.33) and collecting the like terms, we obtain:

∂

∂y0A

(
tα0i + tα0g + tα0M

)
+

∂

∂yβA

(
tαβi + tαβg + tαβM

)
=

= −ρ d2

dy0A
2

k∑

l≥3

Qα
A{L}(y

0
A)y

{L}
A + ρO(|yνA|k+1) + ρO(c−5), (6.34)

with the following expressions for the (α0) and (αβ) components of the density of total energy-
momentum tensor:

tα0i + tα0g + tα0M = ρvα
(
1 + Π− 1

2
vµv

µ + 3U +
p

ρ

)
−

− 3

4π
∂αU

∂U

∂y0A
+

1

π
∂νU [∂αV

ν − ∂νV
α
]
)
+ ρO(c−5). (6.35)

4π
(
tαβi + tαβg + tαβM

)
= Γαβ

[
U −W + U

2
+
(
yµAy

ν
A − γµνyAλy

λ
A

)
aA0µaA0ν +

(
yAµδẅ

µ
A0

)
+

+
∑

B 6=A

∂

∂y0A

(
4yλAy

ǫ
A

[〈∂VBǫ

∂yλA

〉
A
+
〈
vǫ
∂UB

∂yλA

〉
A

]
− yAµy

µ
A

∂

∂y0A

〈
UB

〉
A

)
+ 2aA0µ

k∑

l≥3

Qµ
A{L}(y

0
A)y

{L}
A

]
+

+4

(
∂αU

∂V
β

∂y0A
+ ∂βU

∂V
α

∂y0A
− γαβ∂λU

∂V
λ

∂y0A
+ [∂νV

α − ∂αV
ν
][∂νV

β − ∂βV ν ]−
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−γαβ
[
∂µV

ν
∂µV ν − ∂µV

ν
∂νV µ

])
+

3

2
γαβ

( ∂U
∂y0A

)2
+ 4π(1 + 2U)T̂αβ+

+
1

5

(
γαβγλµ − δαλδ

β
µ − δαµδ

β
λ

)(
yµAy

ν
A +

1

2
γµνyAǫy

ǫ
A

)
äA0ν∂

λU+

+
[
δαλδ

β
µγσǫ − (δαλδ

β
ǫ + δαǫ δ

β
λ)γµσ + γαβ(γλǫγµσ − 1

2
γλµγσǫ)

]
∂λU∂µU

k∑

l≥3

Qσ
A{L}(y

0
A)∂

ǫy
{L}
A +

+
1

2
∂µU∂

µU
k∑

l≥3

Qβ
A{L}(y

0
A)∂

αy
{L}
A − ∂αU∂µU

k∑

l≥3

Qβ
A{L}(y

0
A)∂µy

{L}
A −

−p
k∑

l≥3

Qα
A{L}(y

0
A)∂

βy
{L}
A + ρO(|yνA|k+1) + ρO(c−6). (6.36)

It can be shown that the expression on the right hand side of the relation (6.34) cannot
be represented as four-dimensional divergence of any combination of generalized gravitational
potentials and characteristics of the ideal fluid. Then for arbitrary functionsQα

A{L} the expression

(6.33) cannot be reduced to the form (6.27). However, since general relativity posesses all
conservation laws, such a reduction is always possible, and it follows that we must require that
all the functions Qα

A{L} with l ≥ 3 vanish:

Qα
A{L}(y

0
A) = 0, ∀l ≥ 3. (6.37a)

In addition to this, as we have noticed earlier, the functions LA{L} with (l ≥ 3) do not enter
the eq.m. (6.33) at all and any choice of these functions will not affect the dynamics of the system
of the extended bodies in the WFSMA. This suggest that these functions may be considered as
the infinitesimal gauge functions and, without losing generality of the description, we may set
these functions to be zero:

LA{L}(y
0
A) = 0, ∀l ≥ 3. (6.37b)

Moreover, in correspondence with the definition (6.27) in metric theories of gravitation which
posess all conservation laws, the expression (6.36) must then contain the components of the
complete energy-momentum tensor of matter and gravitational field in pseudo-Euclidean space-
time. Since below we shall mainly be interested only in the components tα0 of this tensor
comparing the expressions for it given by (6.32c) and (6.35), we can see that t0αi + t0αg + t0αM 6=
tα0i + tα0g + tα0M . Therefore, although it is possible to obtain the conservation laws of energy
and momentum, it is not yet suffient for obtaining the remaining conservation laws for which
it is required that the components of the complete energy-momentum tensor of the system be
symmetric. For our purposes in order to ensure the symmetry of the complete energy-momentum
tensor of the system we should set:

a1 = −2, a2 = 0. (6.38)

Thus, a necessary (but not sufficient) condition for the existence of all conservation laws in any
metric theory of gravitation is that relations (6.37) and (6.38) should hold.
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With consideration of these equalities, the component t00 of (6.32a) of the complete energy-
momentum tensor will have the form:

t00i + t00g + t00M = ρ
(
1 + Π− 1

2
vµv

µ + 3U
)
+

7

8π
∂µU∂

µU + ρO(c−4). (6.39)

This expression can be used to describe the energy distribution of the system is space, while
the component tα0 of (6.35) can be used to describe the density of momentum. Integrating the
expression (6.39) for the energy-momentum tensor over the body (A)’s volume space and using
the trivial relation:

∫

A
d3y′A∂µU∂

µU = −4π

∫

A
d3y′AρU +

∮

A
dSµ

A U∂µU, (6.40)

we obtain the following expression for the energy P 0 of the system of matter, inertia and gravi-
tational field defined in the vicinity of the body (A) as usual:

P 0 ≡ mA =

∫

A
d3y′A

(
t00i + t00g + t00M

)
. (6.41a)

This corresponds to the following result for the total mass of the fields in this RFA:

mA =

∫

A
d3y′Aρ

(
1 + Π− 1

2
vµv

µ − 1

2
U
)
+

7

8π

∮

A
dSµ

A U∂µU =

=

∫

A
d3y′Aρ̂A

(
1 + Π− 1

2
vµv

µ − 1

2
UA

)
+

7

16π

∮

A
dSµ

A ∂µU
2
+mAO(c−3). (6.41b)

The obtained result may be presented in terms of the unperturbed mass mA(0) of the body (A)

as follows:

mA = mA(0) +
7

16π

∮

A
dSµ

A ∂µU
2
+mAO(c−3), (6.42)

where the second term represents the contribution of the coupling of the proper gravitational field
of the body under study to the external gravity. This term is zero in the case of an isolated body,
because one may move the boundary of integration to infinite distance. Taking into account that
the integrand behaves as r−3, one makes the conclusion that this integral is zero. One loses
this useful option in the case of the N-body system, and, due to this reason, we must take into
account such ‘surface’ effects in order to correctly describe the perturbed motion of the bodies
in the system.

The momentum Pα
A of the system of fields in the coordinates of this RFA is determined in

an entirely analogous way: by integrating the component tα0 of (6.35) of the complete energy-
momentum tensor over the compact volume of the body (A):

Pα
A =

∫

A
d3y′A

(
tα0i + tα0g + tα0M

)
. (6.43a)

Then for the momentum Pα
A we obtain the following expression:

Pα
A =

∫

A
d3y′A

[
ρvα

(
1 + Π− 1

2
vµv

µ + 3U +
p

ρ

)
−

− 3

4π
∂αU

∂U

∂y0A
+

1

π
∂νU

(
∂αV

ν − ∂νV
α
)]

+ ρO(c−5). (6.43b)
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Finally, the requirement (3.29) may be fulfilled by integrating the equation (6.34) over the
volume of the body (A) and making such a choice of the function δẅA0 such that corresponding
momentum Pα

A in the RFA will vanish for all times. However, as we will see later this requirement
is not easy to satisfy. The problem one is faced with is that the system of the fields and matter
overlapping the body (A) is not a closed system. This system is a part of a bigger ensemble
of celestial bodies which was initially taken to be a closed N body system. The definitions for
the energy and momentum of the system may not be given in the local form, instead these
quantities are non-zero in all regions of the system. As a result of such a non-locality, one loses
the possibility of eliminating the integrals from the three-divergences. Thus, in the analysis of the
conservational laws in the gravitational one- body problem, one can integrate such divergences
by using the Stokes theorem and moving the surface of integration at the infinite distance (Fock,
1959; Denisov & Turyshev, 1989; Will, 1993). In the case of coordinates originated with the
quasi-inertial proper RF, such an integration is meaningless. Instead, one may integrate the
corresponding quantities on the surface of the body under consideration. As a result, one may
see from the expressions (6.32) that the mass in the proper RF is not a constant anymore. Thus,
by integrating the expression (6.32a) over the body (A)’s compact volume we obtain:

dmA

dy0A
=

1

4π

∮

A
dSβ

A

[
3∂βU

∂U

∂y0A
+ 4∂νU

(
∂νV β − ∂βV

ν
)]

+mAO(c−5). (6.44)

The integral on the right-hand side of the expression above vanishes in the case of an isolated
distribution of matter, but for the N-body problem in the quasi-inertial RF it depends on the
magnitude of the fields on the surface of the body under study. The analysis of the conservation
laws is the only way to correctly define the important physical quantities such as the mass,
momentum and angular momentum of the field in the local region of the body. One expects
that, in the immediate vicinity of the origin of the coordinate system in the ‘good’ proper RF, the
form of these laws should resemble that which was developed by Fock (1955) and Chandrasekhar
(1965) for the inertial frames. Therefore we will use the technique which was developed for the
barycentric approach by modifying it for the case under consideration.

Here we must mention the following circumstance. It follows from eq.(6.35) and eq.(6.43)
that, in the post-Newtonian approximation, the density of the total momentum of the system,
in contast to barycentric RF0, can be written in the coordinates of the proper RF only in the
non-local form (6.35) when the components tα0 are non-zero, generally speaking, in the entire
space. Unfortunately, this expression cannot be written in the local form which would be nonzero
only in the region occupied by the body (A) because of the presence of external sources of
gravity. Comparing (6.32a) and (6.40), we can draw an analogous conclusion regarding the
energy density of the system. Since the total momentum and energy of the system in the
post-Newtonian approximation do not depend on the choice of the form of writing them, the
momentum and energy of the gravitational field, which are non-local by their nature, can be
effectively considered in this approximation by adding local terms to the energy density of matter.
The latter circumstance is especially convenient in computing the motion of complex systems,
since it lets us distinguish in explicit form the total momentum and energy of each of the bodies
of the system.

Therefore, we shall henceforth use the following expression for the density of the total mo-
mentum of matter, inertia and the gravitational field in the volume occupied by the body:

t̂α0 = ρvα
(
1 + Π− 1

2
vµv

µ + 3U +
p

ρ

)
−
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− 3

4π
∂αU

∂U

∂y0A
+

1

π
∂νU

(
∂αV

ν − ∂νV
α
)]

+ ρO(c−5), (6.45)

and for the total energy density we shall use the expression:

t̂00 = ρ
(
1 + Π− 1

2
vµv

µ − 1

2
U
)
+

7

8π
∂µ
[
U∂µU

]
+ ρO(c−4). (6.46)

The relationships obtained will be used in order to define the eq.m. of the extended bodies
form with respect to the coordinates of the proper RFA. Note that by integrating the expressions
(6.45) and (6.46) over the compact volumes of the bodies in the system, one may obtain the mass
and the momentum of these bodies measured with respect to the proper RFA. Such relative
quantities may be very important in the analysis of the relativistic gravitational experiments in
the solar system which we will discuss in the next Section. In order to complete the formulation
of the coordinate transformations to the ‘good’ proper RFA we should present the function which
was not yet determined, namely the function δwα

A0
.

6.3 The Solution for the Function δwα
A0
.

To obtain the equation of motion of extended bodies in the gravitational field we must first of
all bring the covariant conservation equation (6.33) to the form

∂

∂y0A
t̂α0(ypA) = Fα(ypA), (6.47)

where t̂α0 is defined by (6.45), and Fα represents the entire remaining part of (6.33) and can
be considered the force density acting on matter. This is exactly the force we have mentioned
in Section 3 while discussing the expressions (3.27). After performing identity transformations
using eqs.(6.3) and (6.6), we obtain from eq.(6.33):

Fα(ypA) = −ρ∂αU + ρ∂αW − ρ∂αU
(
Π− 3

2
vµv

µ +
3p

ρ
+ U

)
+

+ρ
(
yαAy

λ
A +

1

2
γαλyAµy

µ
A

)1
5
äA0λ

+
1

4π

∂

∂y0A

[
∂αU

∂U

∂y0A

]
−

−ρyλA
(
aαA0

aA0λ
− δαλ · aµA0

aA0µ +
∑

B 6=A

∂

∂y0A

[
2
〈∂V α)

B

∂y
(λ
A

〉
A
+ 2

〈
v(α

∂UB

∂y
λ)
A

〉
A
− δαλ

∂

∂y0A

〈
UB

〉
A

])
−

− 1

π

∂

∂yβA

(
∂αU

∂V
β

∂y0A
+ ∂βU

∂V
α

∂y0A
− γαβ∂νU

∂V
ν

∂y0A
+ ∂[νV

α]
∂[νV

β]−

−γαβ∂[µV ν]
∂[µV ν] +

1

2
γαβ

( ∂U
∂y0A

)2
+ π(1 + 2U)T̂αµ

)
− ρδẅα

A0
(y0A) + ρO(c−6). (6.48)

The eq.m. of each body can be obtained if (6.44) is integrated over the volume occupied by this
body. In order to find the function δwα

A0
we should start with finding the eq.m. of the body (A)

relative to its own RF. Integrating (6.48) over the VA, we obtain

dPα
A

dy0A
= Fα

A(y
0
A) (6.49)
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where Pα
A given by the expression (6.43b) and

Fα
A(y

0
A) =

∫

A
d3y′AFα(y0A, y

′ν). (6.50)

In order to define the function δwA0(y
0
A) we will require that the momentum of the body (A)

in its proper RF will vanish. This requirement may be fulfilled if the equation for δẅA0(y
0
A) will

be chosen in the following form:

δẅA0(y
0
A) = −

〈
∂αU

(
Π− 3

2
vµv

µ +
3p

ρ
+ U

)〉
A
+

+
1

5
äA0µ

∫

A
d3y′νA ρ̂A

(
y′αA y

′µ
A +

1

2
γαµy′Aλ

y′λA

)
−

− 1

πmA

∮

A
dSβ

A

(
∂αU

∂V β

∂y0A
+ ∂βU

∂V
α

∂y0A
− δαβ∂λU

∂V
α

∂y0A
+ ∂[νV

α]
∂[νV β]−

−1

2
δαβ∂

[µV
ν]
∂[µV ν] +

1

2
δαβ

( ∂U
∂y0A

)2
)
+O(c−6). (6.51)

As a result, one may obtain the differential equation for the total post- Newtonian acceleration
ẅα

A0
from (6.13) which is necessary to apply in order to hold the extended body in the state of

equilibrium in its proper RF. Thus with the help of the expressions (6.15) and (6.51) we will
obtain the following equation:

ẅα
A0

(y0A) =
∑

B 6=A

(
γαµ

〈∂WB

∂yµA

〉
A
+ vαA0

∂

∂y0A

〈
UB

〉
A
− 4

∂

∂y0A

〈
V α
B

〉
A

)
−

+aA0β

∫ y0
A

dt′
(1
2
a
[α
A0
v
β]
A0

+ 2
∑

B 6=A

[〈
∂[αV

β]
B

〉
A
+
〈
v[β∂α]UB

〉
A

])
−

−1

2
vαA0

vA0β
aβA0

+ aαA0

∑

B 6=A

〈
UB

〉
A
−
〈
∂αU

(
Π− 3

2
vµv

µ +
3p

ρ
+ U

)〉
A
+

+
1

5
äA0µ

∫

A
d3y′νA ρ̂A

(
y′αA y

′µ
A +

1

2
γαµy′Aλ

y′λA

)
−

− 1

πmA

∮

A
dSβ

A

(
∂αU

∂V β

∂y0A
+ ∂βU

∂V
α

∂y0A
− δαβ∂λU

∂V
α

∂y0A
+ ∂[νV

α]
∂[νV β]−

−1

2
δαβ∂

[µV
ν]
∂[µV ν] +

1

2
δαβ

( ∂U
∂y0A

)2
)
+O(c−6). (6.52)

For practical purposes one may find the value of the surface integrals in the expression (6.52)
by performing the iteration procedure. Thus it is easy to show that the lowest multipole moments
of the bodies will not contribute to this surface integration. However, the general results will
fully depend on the non-linear interaction of the intrinsic multipole moments with the external
gravity in the local region at the vicinity of the body under consideration. This additional
iterative option will make all the results obtained with the proposed formalism easy to use in
the practical applications.
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As one may see, we have reconstructed the post-Newtonian non-linear group of motion for the
WFSMA. Thus, the straight transformation is given by the eqs.(6.11)-(6.13). The substitution of
the results obtained for the transformation functions in the relations (3.18) will give the inverse
transformation. Finally, the common element of this group may be obtained by making of use the
relations (3.19)-(3.20). These results generalize and specify those obtained by Chandrasekhar &
Contopulos (1967) and given by (1.12). In this previous work the post-Galilean transformations
were obtained which preserve the invariancy of the metric tensor. In contrast to these, our
transformations eqs.(6.11)-(6.13), in general, transform the coordinates in different non-inertial
RFs and were specifically defined for a system of self-gravitating extended and arbitrarily shaped
bodies. Comparison with the Poincaré group of motion (1.7) expanded similarly in inverse powers
of c, shows that:

(i). The spatial part of the transformations up to the terms O(c−2) includes the Lorentzian
terms and allows, in addition, infinitesimal rotations, uniform motion, the shift of the
origin, and the terms due to the gravitational coupling of the internal multipoles of the
extended bodies with the external gravitation.

(ii). The temporal part of the transformation includes the Lorentzian terms up to O(c−4) plus
additional terms of a purely gravitational nature as well as the terms due to precession of
the spatial axes. It is the presence of these gravitational terms in both spatial and tem-
poral components of the transformation that gives the transformation its non-Lorentzian
character.

As one can see the obtained coordinate transformations are in general the non-local ones.
As such, they represent an important and powerful way to study the nature of the multipolar
structure of a system of extended bodies and their gravitational interaction in the WFSMA of the
general theory of relativity. In the next Section we will discuss the generalization of the obtained
results to the case of the scalar-tensor theories of gravity.

7 Parameterized proper RF.

In this Section we will further generalize the results obtained for the coordinate transformations
and the metric tensor in the proper RF which was obtained in the previous Section. In order
to generalize the results obtained we have applied the presented formalism to the scalar-tensor
theories of gravity. It should be noted that considerable interest has recently been shown in the
physical processes occurring in the strong gravitational field regime. However, many modern
theoretical models which include general relativity as a standard gravity theory are faced with
the problem of the unavoidable appearance of space-time singularities. It is well known that the
classical description, provided by general relativity, breaks down in a domain where the curvature
is large, and, hence, a proper understanding of such regions requires new physics (Horowitz &
Myers, 1995). The tensor-scalar theories of gravity, in which, the usual for general relativity
tensor field coexists together with one or several long-range scalar fields, are believed to be the
most interesting extension of the theoretical foundation of modern gravitational theory. The
superstring, many-dimensional Kaluza-Klein, and inflationary cosmology theories have revived
the interest in so-called ‘dilaton fields’, i.e. neutral scalar fields whose background values deter-
mine the strength of the coupling constants in the effective four-dimensional theory. However,
although the scalar field naturally arises in theory, its existence leads to a violation of the strong
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equivalence principle and modification of large-scale gravitational phenomena (Damour et al.,
1990; Damour & Taylor, 1992; Damour & Esposito-Farese, 1992; Damour & Nordtvedt, 1993;
Berkin & Hellings, 1994; Turyshev, 1996). Moreover, the presence of the scalar field affects the
equations of motion of the other matter fields as well (Turyshev, 1996), which makes it interest-
ing to study the opportunities of the advanced dynamical tests of these theories in the WFSMA

before they will be applied to the strong-field-regime research. Therefore, the motivation for the
present work was to perform the similar full-scale analysis of the WFSMA for some tensor-scalar
theories of gravity in order to generalize the results obtained previously.

7.1 Parameterized coordinate transformations.

In this subsection we will present the results of the relativistic study of the Brans-Dicke theory
of gravity (Will, 1993). However, concerning the length of the expressions and also, in order
to avoid unreasonable complication of the discussion in this Section, we will not present here
the details of these calculations. Instead, we have introduced the two Eddington parameters
(γ, β) in order to present the obtained relations in more compact form valid for a number of
modern metric theories of gravity. This gives us a chance to present the final results only. One
may repeat the necessary calculations using the technique of the general post-Newtonian power
expansions in the WFSMA developed in the Appendices.

By taking into account the properties of a scalar-tensor theories of gravity, and by applying
the rules for constructing the proper RF presented in the Section 2, one may obtain the set of
differential equations on the transformation functions KA,Qα

A and LA. As a result, the relativistic
coordinate transformation between the coordinates (xp) of RF0 to those (ypA) of the proper quasi-
inertial RFA of an arbitrary body (A) may be given as follows:

x0 = y0A + c−2KA(y
0
A, y

ǫ
A) + c−4LA(y

0
A, y

ǫ
A) +O(c−6), (7.1a)

xα = yαA + yαA0
(y0A) + c−2Qα

A(y
0
A, y

ǫ
A) +O(c−4). (7.1b)

Analogously to the derivations in the Section 5, one may obtain the necessary corrections of the
third order with respect to the spatial separation to the functions (7.2). Then the parameterized
coordinate transformation functions KA,Qα

A and LA may be given as follows:

KA(y
0
A, y

ν
A) =

∫ y0A
dt′
( ∑

B 6=A

〈
UB

〉
A
− 1

2
vA0νv

ν
A0

)
− vA0ν · yνA +O(c−4)y0A, (7.2a)

Qα
A(y

0
A, y

ν
A) = −γ

∑

B 6=A

(
yαAy

β
A ·
〈
∂βUB

〉
A
− 1

2
yAβy

β
A

〈
∂αUB

〉
A
+ yαA

〈
UB

〉
A

)
+

−1

2
vαA0

vβA0
yAβ + wα

A(y
0
A)+

+yAβ

∫ y0
A

dt′
(1
2
a
[α
A0
v
β]
A0

+ (γ + 1)
∑

B 6=A

[〈
∂[αV

β]
B

〉
A
+
〈
∂[αUBv

β]
〉
A

])
−

+
1

6
γ
∑

B 6=A

yµAy
ν
Ay

β
A ·
(
ηαληµν

〈
∂2βλUB

〉
0
− 2δαβ

〈
∂2µνUB

〉
0

)
+O(|yνA|4) +O(c−4)yαA, (7.2b)
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LA(y
0
A, y

ν
A) =

∑

B 6=A

(1
2
γ yAβy

β
A · ∂

∂y0A

〈
UB

〉
A
− (γ + 1) yλAy

β
A ·
[〈
∂λVBβ

〉
A
+
〈
vβ∂λUB

〉
A

]
+

+γ vA0β

[
yβAy

λ
A ·
〈
∂λUB

〉
A
− 1

2
yAλ

yλA ·
〈
∂βUB

〉
A

])
+

+yAλ
vA0β

∫ y0
A

dt′
(1
2
a
[λ
A0
v
β]
A0

+ (γ + 1)
∑

B 6=A

[〈
∂[λV

β]
B

〉
A
+
〈
v[β∂λ]UB

〉
A

])
+

+yAβ

[
(γ + 1) vβA0

∑

B 6=A

〈
UB

〉
A
− 2(γ + 1)

∑

B 6=A

〈
V β
B

〉
A
− ẇβ

A0
(y0A)

]
−

−
∫ y0

A

dt′
[ ∑

B 6=A

〈
WB

〉
A
+

1

2

( ∑

B 6=A

〈
UB

〉
A
− 1

2
vA0βv

β
A0

)2
+ vA0µẇ

µ
A0

(t′)
]
+

+
1

6

∑

B 6=A

yµAy
ν
Ay

β
A ·
(
γ ηµν

〈
∂20βUB

〉
0
− 2(γ + 1)

〈
∂2µνVBβ

〉
0
−

−γ vA0σ

[
ησληµν

〈
∂2βλUB

〉
0
− 2δσβ

〈
∂2µνUB

〉
0

])
+O(|yνA|4) +O(c−6). (7.2c)

Note that, in order to distinguish between the PPN parameter γ and the Minkowski tensor γmn,
we are using new notation for this tensor, namely: ηmn ≡ γmn = diag(1,−1,−1,−1). The time-
dependent functions Qα

A{L} and LA{L} in the expressions (7.2) are the contributions coming from

the higher multipoles (l ≥ 3) (both mass and current induced) of the external gravitational field
generated by the bodies (B 6=A) in the system. These functions enable one to take into account
the geometric features of the proper RFA with respect to three-dimensional spatial rotation.
The form of these functions may be chosen arbitrarily. This freedom enables one to choose any
coordinate dependence for the terms with l ≥ 3 in order to describe the motion of the highest
monopoles. Moreover, one may show that, even thought the total solution to the metric tensor
gmn(x

p) in the barycentric inertial RF0 resembles the form of the one-body solution eqs.(2.5),
but, if one will express this solution through the proper multipole moments of the bodies, it will
contain the contributions coming form the functions Qα

A{L}(y
0
A) and LA{L}(y

0
A). As a result, the

metric tensor in the proper RFA fully represents the tidal nature of the external gravity in the
coordinates of this frame.

The quasi-Newtonian acceleration of the body (A) with respect to the barycentric RF0 may
be described as follows

aαA0
(y0A) = −ηαµ

∑

B 6=A

〈∂UB

∂yµA

〉
A
+O(c−6). (7.3a)

With the accuracy necessary for future analysis, we present the equation for the time-dependent
function wα

A0
(y0A) with respect to the time y0A as follows:

ẅα
A0

(y0A) =
∑

B 6=A

(
ηαµ

〈∂WB

∂yµA

〉
0
+ vαA0

∂

∂y0A

〈
UB

〉
0
− 2(γ + 1)

∂

∂y0A

〈
V α
B

〉
0

)
−

−1

2
vαA0

vA0βa
β
A0

+ γ aαA0

∑

B 6=A

〈
UB

〉
0
+
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+aA0β

∫ y0
A

dt′
(1
2
a
[α
A0
v
β]
A0

+ (γ + 1)
∑

B 6=A

[〈
∂[αV

β]
B

〉
A
+
〈
v[β∂α]UB

〉
A

])
+

+
1

5
äA0µ

∫

A
d3y′Aρ̂A

(
y′αA y

′µ
A +

1

2
γαµy′Aλ

y′λA

)
+O(c−6). (7.3b)

The expressions (7.3) are the two parts of the force necessary to keep the body (A) in it’s orbit
(world tube) in the N-body system. These expressions are written in the proper time and if
one performs the coordinate transformation from the coordinates (ypA) to those of (xp) for all
the functions and potentials entering both equations (7.3), and will take into account the lowest
intrinsic multipole moments of the bodies only, one will obtain the simplified equations of motion
for the extended bodies (2.14)-(2.20) written in the coordinates (xp) of the barycentric inertial
RF0.

Finally, the metric tensor, corresponding to the coordinate transformations (7.1)-(7.3), will
take the form of the Fermi-normal- like proper RFA chosen to study the physical processes in
the vicinity of the body (A):

gF00(y
p
A) = 1− 2U(ypA) + 2WA(y

p
A)+

+

(
∑

B 6=A

[〈
∂2µνWB

〉
0
+

∂

∂y0A

(
γ ηµν

〈∂UB

∂y0A

〉
0
− (γ + 1)

[〈
∂(νVBµ)

〉
0
+
〈
∂(νUBvµ)

〉
A

])]
+

+γ ηµν aA0λa
λ
A0

− (2γ − 1) aA0µaA0ν

)
· yµAyνA +O(|yνA|3) +O(c−6), (7.4a)

gF0α(y
p
A) = 2(γ + 1)ηαǫ

[
V ǫ
A(y

p
A) +

∑

B 6=A

yµA

〈
vǫ∂µUB

〉
A

]
+

2

3

(
γ
(
ηαµȧA0ν − ηµν ȧA0α

)
+

+(γ + 1)
∑

B 6=A

[
ηαλ

〈
∂2µνV

λ
B

〉
0
− ηνλ

〈
∂2µαV

λ
B

〉
0

])
· yµAyνA +O(|yνA|3) +O(c−5), (7.4b)

gFαβ(y
p
A) = ηαβ

(
1 + 2γUA(y

p
A)
)
+

1

3
γ
∑

B 6=A

[
ηαβ

〈
∂2µνUB

〉
0
+ ηµν

〈
∂2αβUB

〉
0
−

−ηβµ
〈
∂2ανUB

〉
0
− ηαν

〈
∂2βµUB

〉
0

]
· yµAyνA +O(|yνA|3) +O(c−4), (7.4c)

where total Newtonian potential U in the vicinity of the body (A) is given by expression (6.17).
Both functions WA and WB parameterized by the two Eddington parameters γ and β:

WA(y
p
A) = β U2

A(y
p
A) + ΨA(y

p
A) + 2aλA0

· ∂

∂yλA
χA(y

p
A) +

1

2

∂2

∂y0A
2χA(y

p
A)+

+
∑

B 6=A

(
2β UA(y

p
A)UB(y

p
A)− (3γ + 1− 2β)

∫

A

d3y′A
|yνA − y′νA |

ρA(y
0
A, y

′ν
A )UB(y

0
A, y

′ν
A )

)
+

+
1

6
γ
∑

B 6=A

(
ηαληµν

〈
∂2βλUB

〉
0
− 2δαβ

〈
∂2µνUB

〉
0

)
×
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×
∫

A
d3y′AρA(y

0
A, y

′ν
A )

∂

∂y′λA

[yµAyνAy
β
A − y′µA y

′ν
Ay

′β
A

|yνA − y′νA |
]
+O(|yνA|4) +O(c−4)yαA, (7.5a)

WB(y
p
A) = βUB(y

p
A)
∑

C 6=A

UC(y
p
A) + ΨB(y

p
A) + 2aλA0

· ∂

∂yλA
χB(y

p
A) +

1

2

∂2

∂y0A
2χB(y

p
A)−

−(3γ + 1− 2β)

∫

B

d3y′A
|yνA − y′νA |

ρB(y
0
A, y

′ν
A )
∑

B′

UB′(y0A, y
′ν
A )+

+
1

6
γ
∑

B 6=A

(
ηαληµν

〈
∂2βλUB

〉
0
− 2δαβ

〈
∂2µνUB

〉
0

)
×

×
∫

A
d3y′AρB

(
y0A, y

′ν
A + yνBA0

(y0A)
) ∂

∂y′λA

[yµAyνAy
β
A − y′µA y

′ν
Ay

′β
A

|yνA − y′νA |
]
+O(|yνA|4) +O(c−4)yαA. (7.5b)

The functionsWA andWB fully represent the non- linearity of the total post-Newtonian gravita-
tional field in the Fermi-normal-like coordinates of the proper RF. As a result we have obtained
the metric tensor in the Fermi-normal-like coordinates and the coordinate transformations lead-
ing to this form. These transformations are defined up to the third order with respect to the
spatial coordinates. Let us note, that as a partial result of the analysis presented in the pre-
vious Section, we have shown that the Fermi-normal-like coordinates do not provide one with
the conservation laws of the joint density of the energy-momentum of matter, inertia and the
gravitational field in the immediate vicinity of the body under consideration. However, taking
into account the expected accuracy of the radio-tracking data from the future Mercury Orbiter
mission, we can neglect the influence of the corresponding effects and, therefore, use the Fermi-
normal-like coordinates for out theoretical studies. As a result, we will analyze the motion of the
spacecraft in orbit around Mercury from the position of the parameterized relativistic gravity.

7.2 Equations of the Spacecraft Motion.

We will now obtain the equations of the spacecraft motion in a Hermean- centric RF. To do
this, we consider a Riemann space-time whose metric coincides with the metric of N moving
extended bodies. We shall study the motion of a point body in the neighborhood of the body
(A). The expression for the acceleration of the point body aα(0) can be obtained in two ways:

either by using the equations of geodesics of Riemann space-time dun/ds + Γn
mku

muk = 0 or
by computing the acceleration of the center of mass of the extended body and then letting all
quantities characterizing its internal structure and proper gravitational field tend to zero. In
either case one obtains the same result (Denisov & Turyshev, 1990).

In order to obtain the Hermean-centric equations of the satellite motion we will write out the
equations of geodesics to the required degree of accuracy. For n = α we have:

duα

ds
+ Γα

00u
0u0 + 2Γα

0βu
0uβ + Γα

µβu
µuβ = O(c−6). (7.6)

We consider the metric tensor of Riemann space-time to be given by the expressions (7.4) in this
case. It is then possible to find the connection components of Riemann space- time needed for
subsequent computations:

Γα
00(y

p
A) = ηαλ

[ ∂U
∂yλA

− ∂WA

∂yλA
− γ

∂U2
A

∂yλA

]
+ 2(γ + 1)

∂V α
A

∂y0A
+
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+

(
(2γ − 1)aαA0

aA0µ − γδαµ · aλA0
aA0λ − ηαλ

∑

B 6=A

[〈
∂2λµWB

〉
0
+ 2γUA

〈
∂2λµUB

〉
0

]
+

+
∑

B 6=A

∂

∂y0A

[
(γ+1)

[〈
∂(µV

α)
B

〉
0
+
〈
v(α∂µ)UB

〉
A

]
−γδαλ

〈∂UB

∂y0A

〉
0

])
·yµA+O(|yνA|2)+O(c−6), (7.7a)

Γα
0β(y

p
A) = γδαβ

∂UA

∂y0A
+ (γ + 1)δµ[β

∂V
α]
A

∂yµA
+ γηβµȧ

[µ
A0
y
α]
A+

+(γ + 1)
∑

B 6=A

[〈
∂2[βµV

α]
B

〉
0
−
〈
v[α∂β]UB

〉
A

]
· yµA +O(|yνA|2) +O(c−5), (7.7b)

Γα
βω(y

p
A) = γ

(
δαβ
∂UA

∂yωA
+ δαω

∂UA

∂yβA
− ηβωη

αλ ∂UA

∂yλA

)
+

+
1

3
γ
∑

B 6=A

[
ηβµ

〈
∂α∂ωUB

〉
0
+ ηωµ

〈
∂α∂βUB

〉
0
+ δαω

〈
∂2βµUB

〉
0
+ δαβ

〈
∂2ωµUB

〉
0
−

−2ηβω
〈
∂α∂µUB

〉
0
− 2δαµ

〈
∂2βωUB

〉
0

]
· yµA +O(|yνA|2) +O(c−4). (7.7c)

To reduce the equation of geodesic motion (7.6) we shall use both the expressions above and
the definition for the four-vector of velocity in the form:

un =
dynA
dy0A

(
g00 + 2g0µv

µ + gµλv
µvλ

)−1/2
.

Then by taking into account that d/ds = u0d/dy0A (with the components of the three-dimensional
velocity vector of the point body denoted as vα(0) = dyαA/dy

0
A) and by using the Newtonian

equation of motion of a point body as:

aα(0) =
dvα(0)

dy0A
= −ηαµ ∂U

∂yµA
+O(c−4),

we may make the following simplification:

vα(0)
d lnu0

dy0A
= vα(0)

( ∂U
∂y0A

+ 2vµ(0)
∂U

∂yµA
+O(c−5)

)
.

Substituting this relation into the equations of motion (7.6), we find the acceleration aα(0) of the
point body:

aα(0) = −ηαµ ∂U
∂yµA

(1− 2γUA) + ∂αWA +
∑

B 6=A

〈
∂α∂µWB

〉
0
· yµA−

−(2γ + 1)vα(0)
∂UA

∂y0A
− 2(γ + 1)

∂V α
A

∂y0A
− 2(γ + 1)v(0)µ

[
∂[µV

α]
A +

∑

B 6=A

〈
v[µ∂α]UB

〉
0

]
+

+γv(0)λv
λ
(0)

[
∂αUA +

2

3

∑

B 6=A

〈
∂α∂µUB

〉
0
· yµA

]
−
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−vα(0)vλ(0)
[
2(γ + 1)∂λUA +

2

3
(γ + 3)

∑

B 6=A

〈
∂λ∂µUB

〉
0
· yµA

]
+

+yµA

(
γδαµaA0λa

λ
A0

− (2γ − 1)aαA0
aA0µ + 2γvλ(0)[ηλµȧ

α
A0

− δαµ ȧA0λ
]+

+
∑

B 6=A

(
∂

∂y0A

[
γδαµ

〈∂UB

∂y0A

〉
0
− (γ + 1)

(〈
∂(µV

α)
B

〉
0
+
〈
vµ∂

αUB

〉
0
+ 3

〈
vα∂µUB

〉
0

)]
+

+2(γ + 1)vλ(0)

〈
∂[α∂µVBλ]

〉
0
+

2

3
γvλ(0)v

β
(0)δ

[α
µ

〈
∂2λ]βUB

〉
0

))
+O(|yνA|2) +O(c−6). (7.8)

By expanding all the potentials in (7.8) in power series of 1/yBA0 and retaining terms with
∼ yα/|yBA0 | only to the required accuracy, we then obtain:

aα(0) = −ηαµ ∂U
∂yµA

+ δAa
α
(0) + δABa

α
(0) + δBa

α
(0) + δBCa

α
(0) +O(|yνA|2) +O(c−6), (7.9)

where the post-Newtonian acceleration δAa
α
(0) due to the gravitational field of the body (A) only,

may be given as

δAa
α
(0) = 2(γ + β)UA∂

αUA − (γ +
1

2
)∂αΦ1A + (2β − 3

2
)∂αΦ2A+

+(1− γ)∂αΦ4A +
1

2
∂αAA − (2γ + 1)vα(0)∂µV

µ
A + γv(0)µv

µ
(0)∂

αUA−

−2(γ + 1)vα(0)v
µ
(0)∂µUA − 2(γ + 1)v(0)µ

[
∂µV α

A − ∂αV µ
A

]
−

−2(γ + 1)

∫

A
d3y′Aρ̂Av

′α
A v

′
Aµ

(yµA − y′µA )

|yνA − y′νA |
− 1

2
(4γ + 3)

∫

A
d3y′A

ρ̂A∂
αUA

|yνA − y′νA |
+

+
1

2

∫

A
d3y′Aρ̂A∂µUA

(yαA − y′αA )(yµA − y′µA )

|yνA − y′νA |
+O(c−6). (7.10)

This term is known and reasonably well understood (Denissov & Turyshev, 1990). The term
δABa

α
(0) is the acceleration due to the interaction of the gravitational field of the extended body

(A) with the external gravitation in the N body system:

δABa
α
(0) =

∑

B 6=A

(
(4β − 3γ − 1)

mAmB

yBA0

nα

y2
+ 2(β − 1)

mAmB

y

Nµ
BA0

y2BA0

(δαµ + nαnµ)+

+
mAmB

y3BA0

Pǫλ

(
(2β +

5

3
γ)ηαǫnλ + (β − 1

6
)nαnǫnλ

)
− (γ + 1)

mB

y3BA0

PǫλS
αǫ
A vλ(0)+

+
mAmB

y4BA0

(
(2β + γ − 1)δαµ + 2(3β + γ − 1)Nα

BA0
NBA0µ

)
yµA+

+3β
mAmB

y4BA0

|yνA|nǫnλ
(
2δαǫ NBA0λ +Nα

BA0
(ηǫλ + 5NBA0 ǫNBA0λ)

))
+O(|yνA|2) +O(c−6), (7.11)
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where Sαǫ
A is the reduced spin moment of the body (A) and Pǫλ = ηǫλ +3NBA0 ǫNBA0λ is the po-

larizing operator. Note that the combination of the post-Newtonian parameters in the first term
of the expression (7.11) differs from that for the well known Nordtvedt effect (Nordtvedt, 1968b,c;
Will, 1993). This may provide an independent test for the parameters involved. The reason that
our third term in this expression differs from the analogos term derived in Ashby & Bertotti
(1986) is that, in order to obtain this result (7.9)-(7.11), we used the consistent definitions for
the conserved mass density in the proper RFA. Moreover, in constructing the Fermi normal coor-
dinates previous authors used incomplete expressions for the spatial coordinate transformations,
which differ from eq.(7.2) (specifically in the third order of the spatial coordinates). Note that
if we decide to use our definitions, the result cited above will take the form of (7.11). The next
term, δBa

α
(0), is the post-Newtonian acceleration caused by the other bodies in the system on the

orbit of the body (A) (the effect of the post-Newtonian tidal forces):

δBa
α
(0) =

∑

B 6=A

yµA

(
− 3

2

m2
B

y4BA0

(1
3
(14γ − 4β − 7)δαµ + 3Nα

BA0
NBA0µ

1

9
(42γ − 16β − 17)

)
+

+
mB

y3BA0

Pα
µ

[
(γ +

1

2
)vBA0λv

λ
BA0

+
3

2
(vBA0λN

λ
BA0

)2 + (4β − γ − 3)EB

]
+

+γ
mB

y3BA0

Pǫλ

[
δαµv

ǫ
BA0

vλBA0
− vαBA0

vǫBA0
δλµ − vǫBA0

vBA0µη
αλ
]
−

− mB

y3BA0

(
δαǫ ηλµ − 3Nα

BA0
NBA0µNBA0 ǫNBA0λ

)
vǫBA0

vλBA0
+

+
mB

y3BA0

Pǫλ

[2
3
γv(0)βv

β
(0)η

αǫδλµ − 2

3
(γ + 3)vα(0)v

ǫ
(0)δ

λ
µ+

+
2

3
γvβ(0)v

λ
(0)[δ

α
µδ

ǫ
β − ηβµη

αǫ] + 2γvβ(0)v
λ
BA0

[δαµδ
ǫ
β − ηβµη

αǫ]+

+2(γ + 1)vβ(0)δ
λ
µ[vBA0βη

αǫ − vαBA0
δǫβ ]
])

+O(|yνA|2) +O(c−6). (7.12)

Finally, the last term in the expression (7.9), δBCa
α
(0), is the contribution to the equation of

motion of the non-linear gravitational interaction of the external bodies with each other given
as follows:

δBCa
α
(0) = −

∑

B 6=A

∑

C 6=A,B

yµA

(
mBmC

y2BA0
y2CA0

[
3(γ − 1)Pα

µNBA0λN
λ
CA0

+

+(2β − 1)Nα
BA0

NCA0µ −Nα
CA0

NBA0µ

]
+

mBmC

y3BA0
yCA0

[
(2β − 3γ +

1

2
)Pα

µ+

+
1

2
γPǫλ

(
ηαǫNCA0µN

λ
CA0

+ δǫµN
α
CA0

Nλ
CA0

− (δαµ +Nα
CA0

NCA0µ)N
ǫ
CA0

Nλ
CA0

)]
+

+
mBmC

y2BA0
y2CB0

(1
2
Pα
µ + γδαµ

)
NBA0λN

λ
CB0

−

−(γ +
1

2
)(Nα

BA0
NCB0µ +NBA0µN

α
CB0

)
]
+ (2β − 3

2
)Pα

µ

mBmC

y3BA0
yCB0

)
+
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+O(|yνA|2) +O(c−6). (7.13)

Thus, the equations presented in this part are represent the motion of a test body in the Fermi-
normal-like coordinates chosen in the proper RF of a body (A). Together with the coordinate
transformations (7.1)-(7.3) this is the general solution of the gravitational N body problem.

We present here the restricted version of the equations which is consistent with the expected
accuracy for ESA’s Mercury Orbiter mission. This limited accuracy permits us to completely
neglect contributions proportional to the spatial coordinates yµA. The planeto-centric equations
of satellite motion around Mercury can be represented by a series of 1/|yBA0 | as follows:

aα(0) = −ηαµ
(∂UA

∂yµA
+
∑

B 6=A

[∂UB

∂yµA
−
〈∂UB

∂yµA

〉
A

])
+ δAa

α
(0)+

+
∑

B 6=A

(
(4β − 3γ − 1)

mAmB

yBA0

nα

y2
+ 2(β − 1)

mAmB

y

Nµ
BA0

y2BA0

(δαµ + nαnµ)+

+
mAmB

y3BA0

Pǫλ

[
(2β +

5

3
γ)ηαǫnλ + (β − 1

6
)nαnǫnλ

])
+O(|yνA|) +O(c−6), (7.14)

where index (A) denotes the planet Mercury and the post-Newtonian acceleration δAa
α
(0) is due

to the gravitational field of Mercury only.

Thus, the formalism presented in this Section could significantly simplify the general analysis
of the tracking data for the Mercury Orbiter mission. We have presented the Hermean-centric
equations of the satellite motion, the barycentric equations of the planet’s motion in the solar
system barycentric RF, and the coordinate transformations which link these equations together.
In particular, our analysis had shown that in a proper Hermean-centric RF the corresponding
equations of the satellite motion depends on the Mercury’s gravitational field only. This set
of equations in well-known and widely in use for studying the dynamics of the test bodies in
the isolated gravitational one body problem. The existence of the external gravitational field
manifests itself in the form of the tidal forces only as well as determining the dynamic properties
of the constructed Hermean-centric proper RF. Note that within the accuracy expected for the
future Mercury Orbiter mission one may completely neglect the post-Newtonian tidal terms.
However, while constructing this RF, we went further than the expected accuracy of the future
experiments. Indeed, the last term in the equation (7.14) is due to the coordinate transformation
to the Fermi-normal-like RF which may be chosen in the planet’s vicinity. One may neglect this
term for the solar system motion, however, if one applies the presented formalism to the problems
of motion with a more intensive gravitational environment, one will find that this term may plays
a significant role. The application of the results obtained here to the problems of motion of the
double pulsars is currently under study and will be reported elsewhere.

It should be noted at once that the coefficients in front of the two terms in the second line
of the expression eq.(7.14) prove the correctness of the decomposition of the local fields in the
proper RFA which we have performed in the end of the Section 4. Indeed, if even one of these
terms would have a non-zero value, this would mean that the metric tensor of the local problem
would depend on the external gravity not through the relativistic tidal-like potential, which is of

second order with respect to the spatial coordinate ∼ y
{2}
A , but instead, this dependence will be

at least of order ∼ y
{1}
A . As a result, this new dependence may lead to a violation of the Strong
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Equivalence Principle (SEP). There are certainly no worries for the general theory of relativity for
which the PPN parameters have the values: γ = β = 1. However, the theories having a different
means of γ and β may predict a new effects in motion of the satellites due to the corresponding
SEP violation. At this point we have all the necessary equations in order to discuss this and
other gravitational experiments with the future Mercury Orbiter mission.

7.3 Gravitational Experiment for Post 2000 Missions

Mercury is the closest to the Sun of all the planets of the terrestrial group and because of its
unique location and orbital parameters, it is well suited to relativistic gravitational experiments.
The short period of its solar orbit allows experiments over several orbital revolutions and its
high eccentricity and inclination allow various effect to be well separated. In this Section we
will discuss the possible gravitational experiments for the Mercury Orbiter mission. Analysis
performed in this Section is directed towards the future mission, so we will show which relativistic
effects may be measured and how accurately.

It is generally considered that processing the data from orbiters is more complicated than
that of landers. This is because of the need to convert from the measured earth- spacecraft
distance to the desired earth-planet distance. This involves determining the orbit of the spacecraft
about the planetary center of mass, which requires solving from the tracking data for a number
of spatial harmonics of the gravitational field, solving for radiation pressure, and other such
effects. The other non-gravitational perturbations, such as firing attitude control jets which
have unbalanced forces, are also frequently present which further complicates the analysis. The
orbit determination of the Mariner 9, for example, was substantially affected not only by these
factors, but also by the fact that the spacecraft was placed on the 12 hr period orbit with low
periapsis. Thus, in order to precisely describe the motion of the Mercury Orbiter relative to
Earth, one should solve two problems, namely: (i) the problem of the satellite motion about the
Mercury’s center of inertia in the Hermean-centric frame, and (ii) the relative motion of the both
planets - Earth and Mercury - in the solar system barycentric RF0. Our analysis is intended to
provide a complete solution of these two problems.

In order to study the relativistic effects in the motion of the Mercury Orbiter satellite, we
separate these effects into the three following groups:

(i). The effects due to Mercury’s motion with respect to the solar system barycentric RF0.

(ii). Effects in the satellite’s motion with respect to the Hermean-centric RF.

(iii). Effects due to the dragging of the inertial frames.

The effects of the first group are standard and, with the accuracy anticipated for the future
Mercury Orbiter mission, most of them may be obtained directly from the Lagrangian function
(2.9) or from the equations of motion (2.14)-(2.20). The effects of the second group can be
discussed based on the equations (7.14). And finally, the effects of the last group can be discussed
based on the coordinate transformation rules given by the eqs.(7.2). In the last case, however,
we employ a simplified version of these transformations, due to the limited expected accuracy
(∼ 1 m) of the Mercury ranging data. Thus, in the future discussion we will use the following
expression for the temporal components:

x0(y0A, y
µ
A) = y0A + c−2

(∫ y0A [ ∑

B 6=A

mB

yBA0

(
1 + (IλµA + IλµB )

NBA0λNBA0µ

y2BA0

)
−
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−1

2
vA0µv

µ
A0

]
dt′ − vA0µy

µ
A

)
+O(c−4), (7.15)

where IµνC represents the STF intrinsic quadrupole moments of the bodies. Note that the terms
contained in the function LA ∼ O(c−4) will contribute to the post-Newtonian redshift. However,
it will not be possible to perform the redshift experiment with the accuracy anticipated for
the mission, and therefore this term was omitted. The corresponding expression for the spatial
components of the coordinate transformation is given by:

xα(y0A, y
µ
A) = yαA0

(y0A) + yαA + c−2

(
yAµ

[ ∫ y0
A

Ωαµ
A (t′)dt′ − 1

2
vαA0

vµA0
− γηαµ

∑

B 6=A

mB

yBA0

]
−

−
∑

B 6=A

mB

y2BA0

[
yαAyAµN

µ
BA0

− 1

2
yAµy

µ
AN

α
BA0

]
+ wα

A(y
0
A)

)
+O(|yA|3) +O(c−4), (7.16a)

with the precession angular velocity tensor Ωαβ
A given as follows:

Ωαβ
A (y0A) =

∑

B 6=A

[
(γ +

1

2
)
mB

y2BA0

N
[α
BA0

v
β]
A0

− (γ + 1)
mB

y2BA0

N
[α
BA0

v
β]
b0
+

+(γ + 1)
mB

2y3BA0

P [α
λ (S

β]λ
A + S

β]λ
B )

]
, (7.16b)

where Sµν
C is the STF intrinsic spin moment of the bodies.

We mention that by means of a topographic Legendre expansion complete through the second
degree and order, the systematic error in Mercury radar ranging has been reduced significantly
(Anderson et al., 1995). However, a Mercury Orbiter is required before significant improvements
in relativity tests become possible. Currently, the precession rate of Mercury’s perihelion, in
excess of the 530 arcsec per century (′′/cy) from planetary perturbations, is 43.13 ′′/cy with a
realistic standard error of 0.14 ′′/cy (Anderson et al., 1991). After taking into account a small
excess precession from solar oblateness, Anderson et al. find that this result is consistent with
general relativity. Pitjeva (1993) has obtained a similar result but with a smaller estimated error
of 0.052 ′′/cy. Similarly, attempts to detect a time variation in the gravitational constant G using
Mercury’s orbital motion have been unsuccessful, again consistent with general relativity. The
current result (Pitjeva, 1993) is Ġ/G = (4.7 ± 4.7)× 10−12 yr−1.

7.3.1 Mercury’s Perihelion Advance.

Based on Mercury’s barycentric equations of motion one may study the phenomenon of Mer-
cury’s perihelion advance. The secular trend in Mercury’s perihelion15 depends on the linear
combination of the PPN parameters γ and β and the solar quadrupole coefficient J2⊙ (Nobili &
Will, 1986; Heimberger et al., 1990; Will, 1993):

π̇ = (2 + 2γ − β)
µ⊙nM

aM (1− e2M )
+

3

4

(R⊙

aM

)2 J2⊙nM
(1− e2M )2

(3 cos2 iM − 1), ′′/cy (7.17a)

15 It should be noted that the Mercury Orbiter itself, being placed in orbit around Mercury, will experience the
phenomenon of periapse advance as well. However, we expect that uncertainties in Mercury’s gravity field will
mask the relativistic precession, at least at the level of interest for ruling out alternative gravitational theories.
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where aM , nM , iM and eM are the mean distance, mean motion, inclination and eccentricity of
Mercury’s orbit. The parameters µ⊙ and R⊙ are the solar gravitational constant and radius
respectively. For Mercury’s orbital parameters one obtains:

π̇ = 42′′.98
[ 1
3
(2 + 2γ − β) + 0.296 · J2⊙ × 104

]
, ′′/cy (7.17b)

Thus, the accuracy of the relativity tests on the Mercury Orbiter mission will depend on our
knowledge of the solar gravity field. The major source of uncertainty in these measurements is
the solar quadrupole moment J2⊙. As evidenced by the oblateness of the photosphere (Brown
et al., 1989) and perturbations in frequencies of solar oscillations, the internal structure of the
Sun is slightly aspherical. The amount of this asphericity is uncertain. It has been suggested
that it could be significantly larger than calculated for a simply rotating star, and that the
internal rotation rate varies with the solar cycle (Goode & Dziembowski, 1991). Solar oscillation
data suggest that most of the Sun rotates slightly slower than the surface except possibly for
a more rapidly rotating core (Duvall & Harvey, 1984). An independent measurement of J2⊙
performed with the Mercury Orbiter would provide a valuable direct confirmation of the indirect
helioseismology value (2± 0.2) × 10−7. Furthermore, there are suggestions of a rapidly rotating
core, but helioseismology determinations are limited by uncertainties at depths below 0.4 solar
radii (Libbrecht & Woodard, 1991).

The Mercury Orbiter will help us understand this asphericity and independently will enable
us to gain some important data on the properties of the solar interior and the features of it’s
rotational motion. Preliminary analysis of a Mercury Orbiter mission suggests that J2⊙ would be
measurable to at best ∼ 10−9 (Ashby et al., 1995) or about 1% of the expected J2⊙ value. This
should be compared with the present 10% solar oscillation determination (Brown et al., 1989).

7.3.2 The Redshift Experiment.

Another important experiment that could be performed on a Mercury Orbiter mission is a test
of the solar gravitational redshift. This would require a stable frequency standard to be flown
on the spacecraft. The experiment would provide a fundamental test of the theory of general
relativity and the Equivalence Principle upon which it and other metric theories of gravity are
based (Will, 1993). Because in general relativity the gravitational redshift of an oscillator or
clock depends upon its proximity to a massive body (or more precisely the size of the Newtonian
potential at its location), a frequency standard at the location of Mercury would experience a
large, measurable redshift due to the Sun. With the result for the function KA given eqs. (7.2a)
and (7.15) in hand, one can obtain the corresponding Newtonian proper frequency variation
between the barycentric standard of time and that of the satellite (the terms with the magnitude
up to 10−12), given as:

dx0

dy0(0)
= 1 +

µ⊙
RM

+
µM
y(0)

+
1

2c2
(~vM + ~v(0))

2 − µ⊙
R3

M

(~RM~y(0)) +O(c−4), (7.18a)

where (y0(0), ~y(0)) are the four-coordinates of the spacecraft in the Hermean-centric RF and ~v(0)
is the spacecraft orbital velocity. One can see that the eccentricity of Mercury’s orbit would be
highly effective in varying the solar potential at the clock, thereby producing a distinguishing
signature in the redshift. The anticipated frequency variation between perihelion and aphelion
is to first-order in eccentricity: (δf

f0

)
eM

=
2µ⊙eM
aM

. (7.18b)
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This contribution is quite considerable and is calculated to be (δf/f0)eM = 1.1 × 10−8. Its
magnitude, for instance, at a radio-wave length λ0 = 3 cm (f0 = 10 GHz) is (δf)eM = 110
Hz. We would also benefit from the short orbital period of Mercury, which would permit the
redshift signature of the Sun to be measured several times over the duration of the mission.
If the spacecraft tracking and modelling are of sufficient precision to determine the spacecraft
position relative to the sun to 100m (a conservative estimate) then a frequency standard with
10−15 fractional frequency stability δf/f = 10−15 would be able to measure the redshift to 1
part in 107 or better. This stability is within the capability of proposed spaceborne trapped-ion
(Prestage et al., 1992) or H-maser clocks (Vessot et al., 1980; Walsworth et al., 1994).

7.3.3 The SEP Violation Effect.

Besides the Nordtvedt effect (for more details see Anderson, Turyshev et al. (1996)), there exists
an interesting possibility for testing the SEP violation effect by studying spacecraft motion in
orbit around Mercury. The corresponding equation of motion is given by eq.(7.14). As one
can see, the two terms in the second line of this equation vanish for general relativity, but for
scalar-tensor theories, they become responsible for small deviations of the spacecraft motion from
the support geodesic. Both of these effects, if they exist, are due to non-linear coupling of the
gravitational field of Mercury to external gravity. They come from the expression for WA given
by eq.(7.5a), which is the local post-Newtonian contribution to the g00 component of the metric
tensor in the proper RF.

The first of these terms may be interpreted as a dependence of the locally measured gravita-
tional constant on the external gravitational environment and may be expressed in the vicinity
of body (A) as follows:

GA = G0

[
1− (4β − 3γ − 1)

∑

B 6=A

mB

yBA0

]
. (7.19)

In the case of a satellite around Mercury, the main contribution to this effect comes from the
Sun16. Because of the high eccentricity of Mercury’s orbit, the periodic changing of the sun’s local
gravitational potential may produce an observable effect, which can be modeled by a periodic
time variation in the effective local gravitational constant:

[ Ġ
G

]
period

= (4β − 3γ − 1)
[ µ⊙
aM (1− e2M )

] 3
2 ceM sinφ(t)

aM (1− e2M )
(1 + eM cosφ(t))2, (7.20)

which gives the following estimate for this effect on Mercury’s orbit:

[Ġ
G

]
period

≈ (4β − 3γ − 1)× 1.52 × 10−7 sinφ(t) yr−1. (7.21)

Note that this effect eq.(7.21) is fundamentally different from that introduced by Dirac’s hy-
pothesis of possible time dependence of the gravitational constant (Pitjeva, 1993). As one can see
from expression (7.21), the characteristic time in this case is Mercury’s siderial period. This short
period may be considered as an advantage from the experimental point of view. In addition, the

16Note that this combination of PPN parameters differs from the one presented for a similar effect in (Will, 1993).
The reason for this is that, in this case the transformations in the form of eqs.(7.2) let us define transformation
rules of the metric tensor between the barycentric and a proper planeto-centric RFs and, hence, to obtain the
correct and complete equations of geodesic motion in the quasi-inertial Hermean-centric RFM .
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results of the redshift experiment could help in confident studies of this effect. Recently a differ-
ent combination of the post-Newtonian parameters entering in Nordtvedt effect, η = 4β − γ − 3,
was measured at η ≤ 10−4 (Dickey et al., 1994). This means that, in order to obtain the com-
parable accuracy for the combination of parameters eq.(7.21), one should perform the Mercury
gravimetric measurements on the level no less precise than [Ġ/G]period ≈ 10−11 yr−1. Recently a
group at the University of Colorado has analyzed a number of gravitational experiments possible
with future Mercury missions (Ashby et al., 1995). Using a modified worst case error analysis,
this group suggestes that after one year of ranging between Earth and Mercury (and assuming
a 6 cm rms error), the fractional accuracy of determination of the sun’s gravitational constant
m⊙G is expected to be of order ∼ 2.1×10−11. Moreover, even higher accuracy could be achieved
with a Mercuty lander as proposed by Ashby et al. (1995). This suggests that the experiment
for determination of the effect eq.(7.21) may be feasible with the Mercury Orbiter mission.

Another interesting effect on the satellite’s orbit may be derived from the eq.(7.14) in the
form of the following acceleration term:

δ~a(0)SEP = 2(β − 1)
mMm⊙

yR2
M

( ~NM − ~n(~n · ~NM )), (7.22)

where RM is Mercury’s heliocentric radius-vector and ~NM is the unit vector along this direction.
This effect is very small for the orbit proposed for ESA’s Mercury Orbiter mission. However,
one can show that there exist two resonant orbits for a satellite around Mercury, either with
the orbital frequency ω(0) equal to Mercury’s siderial frequency ωM : ω(0) ≈ ωM or at one third
of this frequency ω(0) ≈ ωM/3. For these resonant orbits, the corresponding experiment could
provide an independent direct test of the parameter β.

7.3.4 The Precession Phenomena.

In addition to the perihelion advance, while constructing the Hermean proper RFM , one should
take into account several precession phenomena included in the transformation function Qα

A and
associated with the angular momentum of the bodies. As one may see directly from eqs.(7.2b) and
(7.16a), besides the obvious special relativistic contributions, the post-Newtonian transformation
of the spatial coordinates contains terms due to the non-perturbative influence of the gravitational
field. This non-Lorentzian behavior of the post-Newtonian transformations was discussed first
by Chandrasekhar & Contopulos (1967) for the case of post-Galilean transformations. Our
derivations differ from the latter by taking into account the acceleration of the proper RF and
by including the infinitesimal precession of the coordinate axes with the angular velocity tensor
Ωαβ
M given as follows:

Ωαβ
M =

∑

B 6=M

[
(γ +

1

2
)
µB
y2BM0

N
[α
BM0

v
β]
M0

− (γ + 1)
µB
y2BM0

N
[α
BM0

v
β]
B0

+

+(γ + 1)
µB

2y3BM0

P [α
λ (S

β]λ
M + S

β]λ
B )

]
, (7.23)

where, as before, the subscript (M) stays for the Mercury and summation is performed over the
bodies of the solar system. This expression re-derives and generalizes the result for the precession
of the spin of a gyroscope ~s0 attached to a test body orbiting a gravitating primary. Previously
this result was obtained from the theory of Fermi-Walker transport (Will, 1993). Indeed, in
accord with eq.(7.16a), this spin (or coordinate axes of a proper Hermean RFM ) will precess
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with respect to a distant standard of rest such as quasars or distant galaxies. The motion of the
spin vector of a gyroscope can be described by the relation:

d~s0
dt

= [~ΩM × ~s0]. (7.24)

By keeping the leading contributions only and neglecting the influence of the Mercury’s intrinsic
spin moment we obtain from the expression (7.23) the angular velocity ~ΩM in the following
form:

~ΩM = (γ +
1

2
)
µ⊙
R3

M

[~RM × ~vM0 ]− (γ + 1)
µ⊙
R3

M

[~RM × ~v⊙]+

+(γ + 1)
µ⊙
2R3

M

(
~S⊙ − 3( ~S⊙ ~NM ) ~NM

)
, (7.25)

where ~vM0 and ~v⊙ are Mercury’s and the Sun’s barycentric orbital velocities and ~S⊙ is the solar
intrinsic spin moment.

The first term in eq.(7.25) is known as geodetic precession (De-Sitter, 1916). This term arises
in any non-homogeneous gravitational field because of the parallel transport of a direction defined
by ~s0 in (7.24). It can be viewed as spin precession caused by a coupling between the particle
velocity ~vM0 and the static part of the space-time geometry. For Mercury orbiting the Sun this
precession has the form:

~ΩG = (γ +
1

2
)
µ⊙
R3

M

(~RM × ~vM0). (7.26)

This effect could be studied for theMercury Orbiter, which, being placed in orbit around Mercury
is in effect a gyroscope orbiting the Sun. Thus, if we introduce the angular momentum per unit
mass, ~L = ~RM × ~vM0 , of Mercury in solar orbit, the equation (7.26) shows that ~ΩG is directed
along the pole of the ecliptic, in the direction of ~L. The vector ~ΩG has a constant part

~Ω0 =
1

2
(1 + 2γ)

µ⊙ωM

aM
=

1 + 2γ

3
· 0.205 ′′/yr, (7.27a)

with a significant correction due to the eccentricity eM of the Mercury’s orbit,

~Ω1 cosωM t =
3

2
(1 + 2γ)

µ⊙ωM

aM
eM cosωM t0 =

1 + 2γ

3
· 0.126 cos ωM t0

′′/yr, (7.27b)

where ωM is Mercury’s siderial frequency, t0 is reckoned from a perihelion passage; aM is the
semimajor axis of Mercury’s orbit.

Geodetic precession has been studied for the motion of lunar perigee and its existence was first
confirmed with an accuracy of 10% (Bertotti et al., 1987). Two other groups have analyzed the
lunar laser-ranging data more completely to estimate the deviation of the lunar orbit from the
predictions of general relativity (Shapiro et al., 1988; Dickey et al., 1989). Geodetic precession
has been confirmed within a standard deviation of 2%. The precession of the orbital plane
proposed for ESA’s Mercury orbiter (periherm at 400 km altitude, apherm at 16,800 km, period
13.45 hr and latitude of periherm at +30 deg) would include a contribution of order 0.205 ′′/yr
from the geodetic precession. We recommend this precession be included in future studies of the
Mercury Orbiter mission.

The third term in expression (43) is known as Lense-Thirring precession ~ΩLT . This term gives
the relativistic precession of the gyroscope’s spin ~s0 caused by the intrinsic angular momentum
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~S of the central body. This effect is responsible for a small perturbation in the orbits of artificial
satellites around the Earth (Tapley et al., 1972; Ries et al., 1991). However, our preliminary
studies indicate that this effect is so small for the satellite’s orbit around Mercury that will be
masked by uncertainties in the orbit’s inclination.

8 Discussion: Relativistic Astronomical RFs.

In this Section we will discuss some questions of the practical application of the results presented
in the report. Let us mention that presently the radio sources seems to be able to provide one with
a more stable and precise reference measurements needed for a reliable navigation in the outer
space. This makes it reasonable to construct the future astronomical RFs based upon the radio
source catalogues which are expected to be an essential part of the future relativistic navigation
in the solar system and beyond (Standish, 1995). Moreover, as we know the accuracy of the
VLBI timing measurements has improved rapidly over the last few years and is presently a few
tens of a picosecond (ps). It is important in precise measurements such as these that inadequate
modelling not contribute to the inaccuracy of the results. We believe that the results obtained
in this report are ready to be used directly in application to this and many other problems of
the relativistic observations in the solar system.

The KLQ parameterized theory of the astronomical RFs discussed in this report enable one to
perform the necessary calculations in the most arbitrary form valid for many theories of gravity.
The different physical aspects of choosing a well defined local RF in a curved space-time has
been discussed in many publications. In summary, in modern astronomical practice there are
two physically different types of relativistic RFs which are extensively in use, namely:

I. The set of inertial RFs, which includes:

(i). The asymptotic inertial RF.

(ii). The barycentric inertial RF.

II. The set of observer’s quasi-inertial proper RFs, which consist of:

(i). The bodycentric RF, constructed for a particular extended body in the system.

(ii). The satellite RF, defined on the geodetic world-line of a test particle orbiting the body
under consideration.

(iii). The topocentric RF, which is defined on the surface of the body under study.

The main difference between these two classes of the RFs is that, unlike the frames of the first
type, which are inertial, the observer’s frame is, in general, non-inertial. Such an hierarchy of
frames in the WFSMA, if needed, may be extended to a larger scale of motion. The barycentric
RF0 could also be used (with some cosmological assumptions) as an analog of the rest frame
of the universe for the description of the galactic and extra-galactic motion. One may find a
more detailed discussion of this hierarchy of the RFs in applications to problems of the modern
astronomical practice in (Brumberg, 1991; Voinov, 1994; Folkner et al., 1994). Theoretically, the
RF and the set of coordinates selected may be arbitrary. The relativistic terms in the equations
of motion, the light time equations, and the transformation from coordinate time to physically
measurable time will vary with the RF and coordinates selected. In general, the numerical values
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of various constants, obtained by fitting the theory to observations, will also vary. However,
the numerical values of the computed observable are independent of the RF and the CS selected
(Moyer, 1971).

While the properties of an inertial RFs from the first set of the frames listed above are well
understood and widely accepted in many areas of modern astronomical practice, below we shall
concentrate our attention on the properties of the relativistic RFs from the second set, namely we
will be interested in construction of the geocentric, the satellite and the topocentric frames. The
logic of construction of these frames is quite simple: Due to the fact that the geocentric frame
was previously well justified physically and explicitly constructed from the mathematical stand
point, the construction of the two remaining frames will be made based on these established
properties of the geocentric RF. Indeed, the proper RFA of an extended body (A) contains all the
information about the proper gravitational field of the body (A) as well as the explicit information
about the external gravity. Then, we will give the definition of the satellite and the topocentric
RFs considering that the properties of the geocentric RF are already known. Moreover, we will
present the results generalized on the case of the scalar-tensor theories of gravity and will include
in the analysis the two Eddington parameters (γ, β).

8.1 The Geocentric Proper RF.

The properties of construction the geocentric RF were discussed in Section 6 of the present report
and below we will present the final results only. Thus, the form of the coordinate transformations
between the coordinates (xp) of the barycentric inertial RF0 and those (ypA) of a proper quasi-
inertial RFA of an arbitrary body (A) for the problem of motion of the N-extended-body system
in the WFSMA was obtained as follows:

x0 = y0A + c−2KA(y
0
A, y

ǫ
A) + c−4LA(y

0
A, y

ǫ
A) +O(c−6), (8.1a)

xα = yαA + yαA0
(y0A) + c−2Qα

A(y
0
A, y

ǫ
A) +O(c−4), (8.1b)

We will present the results corresponding to the coordinate transformations to the RF, which
has all ten parameters ζA, σ

α
A and fαβA of the constructed group of motion vanish, which is given

by the eq.(5.44) as:

ζA = c−2ζA1 + c−4ζA2 = σαA = fαβA = 0.

Moreover, we shall be interested in such a RFs which preserves all ten existing conservation laws
of the local gravity, inertia and matter, so that we require that the conditions eqs.(6.37) hold,
namely:

Qα
A{L}(y

0
A) = LA{L}(y

0
A) = 0, ∀l ≥ 3.

With these conditions, the transformation functions KA, Q
α
A and LA, take the following form:

KA(y
0
A, y

ν
A) =

∫ y0
A

dt′
[ ∑

B 6=A

〈
UB

〉
A
− 1

2
vA0νv

ν
A0

]
− vA0ν · yνA +O(c−4)y0A, (8.2a)

Qα
A(y

0
A, y

ν
A) = γ

∑

B 6=A

[(1
2
ηαλyAµy

µ
A − yαAy

λ
A

)〈
∂λUB

〉
A
− yαA

〈
UB

〉
A

]
− 1

2
vαA0

vµA0
yAµ+

+yAβ

∫ y0
A

dt′
(1
2
a
[α
A0
v
β]
A0

+ (γ + 1)
∑

B 6=A

[〈
∂[αV

β]
B

〉
A
+
〈
∂[αUBv

β]
〉
A

])
+
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+wα
A0

(y0A) +O(c−4)yαA, (8.2b)

LA(y
0
A, y

ν
A) =
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B 6=A
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γ
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2
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β
A · ∂
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〉
A
− (γ + 1) yλAy
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〉
A
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〉
A

]
+
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A
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〉
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( ∑

B 6=A
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A
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µ
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(t′)
]
+O(c−6)y0A. (8.2c)

The equations for the functions aαA0
and ẅA0 was given previously by the equations (7.3) and

(6.52) respectively.

The transformations eqs.(8.2) produce the metric tensor gAmn of the geocentric RF with the
following components:

gA00(y
p
A) = 1− 2U + 2W +O(c−6), (8.3a)

gA0α(y
p
A) = 4 ηαǫVǫ +O(c−5), (8.3b)

gAαβ(y
p
A) = ηαβ

(
1 + 2γU

)
+O(c−4), (8.3c)

where for the brevity of the future discussion we introduced the following notations for the
generalized gravitational potentials in this local frame:

U(ypA) ≡ U(yp) =
∑

B

UB(y
q
B(y

p
A))−
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∑
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Vα(ypA) =
1

2
(γ + 1)

(
∑

B

V α
B (yqB(y

p
A))−

−
∑

B 6=A

[
yµA

(〈∂V α
B

∂yµA

〉
A
+
〈
vα
∂UB

∂yµA

〉
A

)
+ 〈V α

B 〉A
])

+ γ
1

4
(yαAy

λ
A − 1

2
ηαλyAµy

µ
A

)
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where the both functions WA and WB are given by the expressions eqs.(7.5).

The presented expressions for the geocentric proper RF are taking into account the proper
gravitational field of the body (A), the external gravity, and the dynamical properties of the
inertial sector of the local space-time. This presentation of the local metric eqs.(8.3), will enable
us to simplify the discussion of the results obtained for the two other important quasi-inertial
frames which are widely in use for many practical applications of the modern astronomy - the
satellite and the topocentric ones.

8.2 The Satellite Proper RF.

The motion of an artificial satellite may be presented as the motion of a test particle, which
is moving along the geodetic world-line in the effective space-time with the metric tensor given
by the eqs.(8.3). This means that, in order to define the coordinate transformations and the
metric tensor of a satellite RF(0), we can apply the conditions eqs.(3.26) or those of eqs.(5.2).
By performing the same calculations as in the Section 5 for the test particle, we can obtain
the post-Newtonian dynamically non-rotating coordinate transformations linking together the
coordinates (ypA) of the geocentric quasi-inertial RFA and those (zp) of the proper quasi-inertial
RF(0). These transformations may be obtained in the familiar form:

y0A = z0 + c−2K(0)(z
0, zν) + c−4L(0)(z

0, zǫ) +O(c−6)z0, (8.5a)

yαA = zα + zα(0)(z
0) + c−2Qα

(0)(z
0, zν) +O(c−4)zα. (8.5b)

The solutions for the transformation functions K(0), Q
α
(0) and L(0) was chosen with the same

conditions as those for the functions eqs.(8.2), namely: the corresponding group parameters

ζ(0), σ
α
(0) and fαβ(0) are taken to be zero and the requirement of preserving all the conservation

laws in the satellite’s local vicinity is fulfilled. The resultant functions was obtained as follows:
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where the quantities vα(0) and aα(0) are the geocentric velocity and acceleration of the spacecraft

respectively. The notation
〈
f
〉
(0)

, analogously to that of eq.(5.7), denotes the limiting procedure

of taking the value of the function f(zp) on the geodetic world-line of an artificial satellite, where
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zα → 0. The equations for both time-dependent functions zα(0) and wα
(0) may be determined

similarly to those presented in the Section 5. Thus, the equation eq.(5.4) provides us with the
usual relation for the Newtonian acceleration aα(0) of the center of inertia of a test body:

aα(0)(z
0) = −ηαµ

〈 ∂U
∂zµ

〉
(0)

+O(c−4). (8.7)

Analogously, the function wα
(0) is determined as the solution of the equation below:
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∂zµ

〉
(0)

+ vα(0)
∂

∂z0

〈
U
〉
(0)

+ aα(0)

〈
U
〉
(0)

− 4
∂

∂z0

〈
Vα
〉
(0)

−

−1

2
vα(0)v(0)βa

β
(0) + a(0)λ

∫ z0

dt′
[1
2
a
[α
(0)v

λ]
(0) + 2

〈
∂[αVλ]

〉
(0)′

]
+O(c−6). (8.8a)

where function R ∼ O(c−4) is defined in the same way as the functions WA and WB eqs.(5.43)
from the result of the fields decomposition in the local quasi-inertial RF(0) of a satellite. By
repeating this decomposition as it was presented in the Section 4, one may obtain this function
as follows:

R(zp) = W(zp) + 2aλ(0)
∑

B

∂

∂zλ
χB(z

0, zν) +O(c−6), (8.8b)

At this point we may present the form of the metric tensor in the proper RF(0) of an artificial
satellite defined on the geodetic world-line with the generalized Fermi conditions (3.26). Thus,
by substituting the solutions obtained for the functions K(0), Q

α
(0) and L(0) into general form

of the metric tensor gmn(z
p) in the expressions for the metric in a proper RF(0) given by the

relations eqs.(4.11), we will obtain this tensor in the following form:

g
(0)
00 (z

p) = 1− 2U (0) + 2R(0) +O(c−6), (8.9a)

g
(0)
0α (z

p) = 4ηαǫVǫ
(0) +O(c−5), (8.9b)

g
(0)
αβ (z

p) = ηαβ
(
1 + 2γU (0)

)
+O(c−4). (8.9c)

The expressions (8.9) are the general solution for the field equations of the general theory of
relativity, which satisfies the generalized Fermi conditions in the immediate vicinity of a dimen-
sionless test body. By the definition, the proper gravity of the test body is negligibly small, then
the effective Newtonian potential in the vicinity of the satellite may be presented as follows:

U (0)(z
p) = U(z0, zν)−

[
zµ
〈 ∂U
∂zµ

〉
(0)

+
〈
U
〉
(0)

]
. (8.10)

In addition, the functions R(0) and Vα
(0) were obtained in the following form:

R(0)(z
p) = R(z0, zν)−

[
zµ
〈 ∂R
∂zµ

〉
(0)

+
〈
R
〉
(0)

]
+

1

2
zµzβ

[
γηµβ a(0)λa

λ
(0)−

−(2γ − 1)a(0)µa(0)β +
∂

∂z0

(
γηµβ

∂

∂z0

〈
U
〉
(0)

− 2
〈
∂(µVβ)

〉
(0)

)]
, (8.11)

and

Vα
(0)(z

p) = Vα(z0, zν)−
[
zµ
〈∂Vα

∂zµ

〉
(0)

+
〈
Vα
〉
(0)

]
+ γ

1

4

(
zαzβ − 1

2
δαβ zµz

µ
)
ȧβ(0). (8.12)
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8.3 The Topocentric Proper RF.

The construction of the topocentric RF required a little bit more sophisticated analysis. Thus,
we have to specify where this frame is located on the surface of the extended body, and what
point will be considered as the origin of the coordinates. In order to find the dynamical condi-
tions necessary for construction the transformation functions (analogous to those given by the
eqs.(3.26)-(3.29)), one should made an explicit relativistic analysis of the constrained motion of
the tracking station placed on the earth’s surface. This analysis should provide one with the
detailed description of the problem of static equilibrium of a test particle on the surface of an
extended body which interior characterizes by the energy-momentum tensor Tmn and the cor-
responding equation of state p(ρ). Likely, the present accuracy of the topocentric radio-metric
measurements do not requires this level of generality. This permits us to neglect the geometry of
the tracking station, its weight, and instead, to consider the law of the relativistic motion of an
atomic time standard only. Then the answer to the second part of the above question is simple:
the origin of the coordinates of the topocentric RF coincides with the atomic time standard which
is used as the physically measurable time τ . The world-line of the clocks may be considered as
the geodetic line of the massless test particle. This suggests that, in order to find the form of the
corresponding coordinate transformation functions, one can apply the same generalized Fermi
conditions (3.26).

As a result, the general form of the coordinate transformations between the coordinates (ypA)
of geocentric RFA and those (ζp) ≡ (τ, ζν) of a topocentric one in the WFSMA may be presented
as follows:

y0A = τ + c−2KS0(τ, ζ
ǫ) + c−4LS0(τ, ζ

ǫ) +O(c−6), (8.13a)

yαA = ζα + ζαS0
(τ) + c−2Qα

S0
(τ, ζǫ) +O(c−4). (8.13b)

Where we, as before, have neglected the associated group parameters ζS0 , σαS0
and fαβS0

and
require that the constructed frame should preserve have all the conservation laws in its immediate
vicinity. The transformation functions KS0 , Q

α
S0

and LS0 , in this case will take the following
form:

KS0(τ, ζ
ν) =

∫ τ

dt′
[〈
U
〉
S′

0

− 1

2
vS0νv

ν
S0

]
− vS0ν · ζν +O(c−4)τ, (8.14a)

Qα
S0
(τ, ζν) = γ

(1
2
ηαβζµζ

µ − ζαζβ
)〈
∂βU

〉
S0

− γζα
〈
U
〉
S0

− 1

2
vαS0

vβS0
ζβ+

+ζβ

∫ τ

dt′
[1
2
a
[α
S0
v
β]
S0

+ 2
〈
∂[αVβ]

〉
S′

0

]
+wα

S0
(τ) +O(c−4)ζα, (8.14b)

LS0(τ, ζ
ν) = γ

1

2
ζµζ

µ ∂

∂τ

〈
U
〉
S0

− 2 ζλζβ
〈
∂λVβ

〉
S0

+ γvS0β

(
ζβζλ − 1

2
ηβλζµζ

µ
)〈
∂λU

〉
S0

+

+ζλvS0β

∫ τ

dt′
[1
2
a
[λ
S0
v
β]
S0

+ 2
〈
∂[λVβ]

〉
S′

0

]
+ ζβ

(
(γ + 1)vβS0

〈
U
〉
S0

− 4
〈
Vβ
〉
S0

− ẇβ
S0

)
−

−
∫ τ

dt′
[〈
Z
〉
S′

0

+
1

2

(〈
U
〉
S′

0

− 1

2
vS0βv

β
S0

)2
+ vS0µẇ

µ
S0

]
+O(c−6)τ, (8.14c)

where the new quantities vαS0
and aαS0

are the geocentric velocity and acceleration of a particular

point S0 on the surface of an extended body under question. The notation
〈
f
〉
S0

reflects that
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this quantity was defined in a particular point S0 on the surface SA of an extended body (A).
The Newtonian acceleration of the clock with respect to the geocentric RFA is given as:

aαS0
(τ) = −ηαµ

〈 ∂U
∂ζµ

〉
S0

+O(c−4). (8.15)

Furthermore, the function wα
S0

is determined as the solution of the following differential equation:

ẅα
S0
(τ) = ηαµ

〈 ∂Z
∂ζµ

〉
S0

+ vαS0

∂

∂τ

〈
U
〉
S0

+ aαS0

〈
U
〉
S0

− 4
∂

∂τ

〈
Vα
〉
S0

−

−1

2
vαS0

vS0βa
β
S0

+ aS0β

∫ τ

dt′
[1
2
a
[α
S0
v
β]
S0

+ 2
〈
∂[αVβ]

〉
S′

0

]
+O(c−6), (8.16)

where the function Z ∼ O(c−4) was defined similarly to the function R from eqs.(8.8b):

Z(ζp) = W(ζp) + 2aλS0

∑

B

∂

∂ζλ
χB(τ, ζ

ν) +O(c−6), (8.17)

As a result, the components of the metric tensor gS0
mn in the coordinates (ζp) ≡ (τ, ζν) of the

topocentric RF take the following form:

gS0
00 (ζ

p) = 1− 2US0 + 2ZS0 +O(c−6), (8.18a)

gS0
0α(ζ

p) = 4 ηαǫVǫ
S0

+O(c−5), (8.18b)

gS0
αβ(ζ

p) = ηαβ
(
1 + 2γUS0

)
+O(c−4), (8.18c)

The obtained expressions (8.18) represent the general solution for the field equations of the
general relativity on the surface of an extended body in the WFSMA. The effective Newtonian
potential in the vicinity of the antenna may be presented as follows:

US0(ζ
p) = U(τ, ζν)− ∂KS(τ, ζ

ν)

∂τ
− 1

2
vS0µv

µ
S0

=

= U(τ, ζν)−
[
ζµ
〈 ∂U
∂ζµ

〉
S0

+
〈
U
〉
S0

]
. (8.19)

The functions ZS0 and Vα
S0

were obtained in the following form:

ZS0(ζ
p) = R(τ, ζν)−

[
ζµ
〈 ∂R
∂ζµ

〉
S0

+
〈
R
〉
S0

]
+

1

2
ζµζβ

[
γηµβ aS0λa

λ
S0
−

−(2γ − 1)aS0µaS0β +
∂

∂τ

(
γηµβ

∂

∂τ

〈
U
〉
S0

− 2
〈
∂(µVβ)

〉
S0

)]
, (8.20)

Vα
S0
(ζp) = Vα(τ, ζν)−

[
ζµ
〈∂Vα

∂ζµ

〉
S0

+
〈
Vα
〉
S0

]
+ γ

1

4

(
ζαζβ − 1

2
δαβ ζµζ

µ
)
ȧβS0

. (8.21)

It should be stressed that the more detailed analysis is necessary for the final solution of
the problem of the relativistic astronomical measurements performed from the topocentric RF.
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However, we believe that the presented general approach, incorporated in the new formalism,
enables one to construct the topocentric proper reference frame with the well defined physical
properties. Moreover, the accuracy of the theoretical expressions obtained here, is far beyond
that achieved in the real astronomical practice. This suggests that the presented formulae could
be used for quite a long time before the practical needs will require theoreticians to reconsider
the presented results in order to achieve the higher accuracy of the physical modelling of the
relativistic measurements.

8.4 Discussion.

It is generally understood that any RF is not a physical substance but rather a conventional
artifact. The main reason we need a RFs is that they are convenient in exchanging the ob-
servational data and one’s discoveries and opinions, which are the starting points in doing a
scientific research. In this sense, the most important character of the RF is that it is widely
accepted and is related clearly with the other existing references. In addition, it is desirable to
represent the actual phenomenon precisely. If the first point is respected, what we should do in
the days of advanced electronic/computational environment is to thrust a movement toward the
standardization which never means the exclusion of other points of view. Rather it should be
understood as only a scale which enables us to express observation/theoretical quantities in a
concise manner.

An application of atomic frequency standards is the establishment of atomic time scales. In-
ternational Atomic Time is the official basis by which events are dated. However, the need to
distinguish between theoretical times and their realizations, the need for a relativistic treatment
and the survival of previous astronomical times generate a complex situation. Specific problems
raised by time scales, the relationships they have with one another and with the successive defini-
tions of the second should be examined in more details. Thus, currently employed definitions of
ephemeris astronomy and the system of astronomical constants are based on Newtonian mechan-
ics with its absolute time and absolute space. To avoid any relativistic ambiguities in applying
new IAU (1991) resolutions on RFs and time scales one should specify the astronomical construc-
tions and definitions of constants to make them consistent with general relativity. However, up
to this time, the VSOP theories of the motion of the planets were constructed on the base of the
integration of the Lagrange’s differential equations (Brumberg et al., 1993). The development of
the perturbative function included the mutual perturbations of the bodies and was performed up
to the third order of the perturbative masses using the Newtonian perturbative function. The
relativistic contributions to the equations of motion were limited to the Schwarzschild problem.
The accuracy reached by such solutions is only a few mas for the inner planets and less for the
outer ones. Due to the fact that the present astrometric accuracies had reached the mas level, the
mutual relativistic perturbations of the planets must be included in the ephemeris constructions.

In this report we addressed these and other problems of the modern astronomy and have
presented the theoretical foundation, necessary for conducting the relativistic measurements
in the curved space-time in the WFSMA. Our approach in naturally incorporates the general
properties of the dynamical RF into the hierarchy of the relativistic RFs and the time scales.
Moreover, we obtained the new relation between the time scales, which was obtained to the fourth
order in 1/c, c being the velocity of light in the vacuum. The accuracy of these expressions is at
the ps level which is the future requirement in many different applications. Thus, this formulation
leads to improved relations between barycentric and geocentric quantities. These expressions will
be useful in converting the numerical values of some astronomical constants determined in the
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old IAU time scale TDB. The obtained results naturally contain an exhaustive information about
the multipolar structure of the gravitational field in the N-body system and enable one to model
the experimental situation with a very high accuracy. Because of this, we anticipate the that the
results presented in this report may be immediately applied in the following important areas of
the modern astronomy and astrophysics:

(i). The precise VLBI timing measurements.

(ii). The precise radiometric navigation of the future space missions and the corresponding data
analysis.

(iii). The more precise analysis of the binary system dynamics including the modelling of the
coalescing experiments and the studies of the gravitational wave physics.

Let us mention that there are some problems which remains to be unsolved. Thus, it is known
that the rotational motion of extended bodies in general relativity is a complicated problem which
has no complete solution up to now. This is also true, because the modern observational accu-
racy of the geodynamical observations makes it necessary to have a rigorous relativistic model
of Earth’s rotation. Currently employed solution for the Earth’s rotation problem is valid for
restricted intervals of time. Moreover, there is an urgent necessity to elaborate a theory of
nutation-precession matching the accuracy of very modern techniques as VLBI and LLR. To do
this, one would have to model the transfer function leading to theoretical determination of the
nutation coefficients when including predominant geophysical characteristics (elastic mantle, cou-
pling at core-mantle boundary, free core nutation, free inner core nutation etc...). Furthermore,
reductions of measurements included relativistic corrections, effects of propagation of electro-
magnetic signals in the Earth troposphere and in the solar corona with simultaneous evaluation
of parameters of corona model from general fitting. The presented formalism provides one with
the necessary basis in studying this problem from the very general positions and could serve as
the foundation for the future theoretical analysis.

As a result, an astronomical reference system may be defined as a set of the transformation
functions and constants including the physically well defined set of the RFs and their mutual
relationships, time arguments, ephemerides, and the standard constants and algorithms. The
extragalactic, or radio, RF will be the basic frame for the development of the future ephemeris
(Standish, 1995). Achieving milli to microarcsecond accuracies at optical wavelengths will reduce
the disparity between optical, radar, and radio RF determinations. Thus, the relationships and
identifications of common sources should be much more accurate. Another significant change
should be the ability to determine distances, and thus space motions on a three-dimensional basis,
rather than the current two-dimensional basis of proper motions. Improvements in ephemerides
provide the opportunity to investigate the difference between atomic and dynamical time, the
relationship between the dynamical and extragalactic RF and the values of precession and nu-
tation. Also, the relationships between the bright and faint optical catalogs, the infrared, and
extragalactic RFs should be better determined. The theory of the relativistic astronomical RFs
presented in this report was developed in order to serve exactly the mentioned above needs and
it will be used in the future analysis of these problems of fundamental importance.

In order to accomplish these goals, our future efforts will be directed onto the finalizing
the transcription of the results obtained on the language of the practical applications. We will
establish the necessary relativistic measurements models and will implement these results into
existing computer software codes, as well as will perform the detailed analysis of the real data
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from the space gravitational experiments. The analysis of the above mentioned problems from
the new positions of the presented theory of the relativistic astronomical RFs, will be the subject
for the specific studies and future publications.

Appendix A: Generalized Gravitational Potentials.

The generalized gravitational potentials for the non-radiative problems in the WFSMA are given
in Will (1993) as:

U(zp) =

∫
d3z′ρ0(z

′p)

|zν − z′ν | , V α(zp) = −
∫
d3z′

ρ0(z
′p)vα(z′p)

|zν − z′ν | ,

Wα(zp) =

∫
d3z′ρ0(z

′p)vµ(z
′p)

(zα − z′α)(zµ − z′µ)

|zν − z′ν | ,

A(zp) =

∫
d3z′ρ0(z

′p)
[vµ(z′p)(zµ − z′µ)]2

|zν − z′ν |3 , χ(zp) = −
∫
d3z′ρ0(z

′p)|zν − z′ν |,

Uαβ(zp) =

∫
d3z′ρ0(z

′p)
(zα − z′α)(zβ − z′β)

|zν − z′ν |3 ,

Ψ(zp) = −(γ + 1)Φ1 − (3γ + 1− 2β)Φ2 − Φ3 − 3γΦ4,

where the other potentials are given as follows:

Φ1(z
p) = −

∫
d3z′

ρ0(z
′p)vλ(z

′p)vλ(z′p)

|zν − z′ν | , Φ2(z
p) =

∫
d3z′

ρ0(z
′p)U(z′p)

|zν − z′ν | ,

Φ3(z
p) =

∫
d3z′

ρ0(z
′p)Π(z′p)

|zν − z′ν | , Φ4(z
p) =

∫
d3z′

ρ0(z
′p)p(ρ(z′p))

|zν − z′ν | ,

Φw(z
p) =

∫ ∫
d3z′d3z′′ρ0(z

′p)ρ0(z
′′p)

(zβ − z′β)

|zν − z′ν |3
[(zβ − z′′β)

|z′ν − z′′ν | −
(z′β − z′′β)

|zν − z′′ν |
]
.

In order to indicate the functional dependence in the potentials introduced above, we have used
the following notation: (zp) ≡ (z0, zν). Then for any function f one will have: f(zp) = f(z0, zν)
and f(z′p) = f(z0, z′ν).

Appendix B: Power Expansions of the General Geometric

Quantities.

In this Appendix we will present the expansion of some physical quantities with respect to powers
of the small parameter c−1. We will use these expansions for linearizing of the gravitational field
equations of the metric theories of gravity in the WFSMA.

B.1. Expansion for the Metric Tensor gmn.
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The post-Newtonian expansion for the metric tensor gmn with respect to the powers of the small
parameter c−1 in the coordinates (zp) of an arbitrary RF (either barycentric inertial RF0 or
proper RFA non-inertial one) may be presented as follows:

g00 = 1 + c−2g<2>
00 + c−4g<4>

00 +O(c−6), (B1a)

g0α = c−3g<3>
0α + c−5g<5>

0α +O(c−7), (B1b)

gαβ = γαβ + c−2g<2>
αβ + c−4g<4>

αβ +O(c−6), (B1c)

where γαβ is the spatial part of the background metric γmn. The notations g
<k>
mn , (k = 1, 2, 3...)

at the right-hand side of the expressions (B1) are the terms of the expansion of gmn with the
order of magnitude ǫk ∼ c−k respectively. In some calculations, we will omit the multipliers
c−k in order to achieve brevity in the expressions. It should be noted that reversing the sign of
the time z0 → −z0, corresponds to the change of the sign of the small parameter ǫ. Because
of this reason in the expressions for g00 (B1a) and gαβ (B1c) only the terms with even powers
of the small parameter c−1 have been taken into account, and in the expressions for g0α (B1b)
only the odd ones are used. The fact that in expression (B1b) the term g<1>

0α is absent, is quite
natural. Indeed, even the main expansion for g0α (Newtonian) should not be less than the second
order with respect to the small parameter c−1 (Will, 1993). In our further calculations we will
not be investigating the processes of generating of the gravitational waves by the system of the
astronomical bodies, so our expressions for the component g00 in the expressions (B1), do not
contain the term of order O(c−5). However, one may easily reconstruct all the calculations to
account for this term as well.

121



B.2. Expansion for the det [gmn] and gmn.

In some calculations we will need the relations for the determinant of the metric tensor g =
det [gmn] and the inverse metric gmn. ¿From the expressions eqs.(B1) one may obtain the fol-
lowing relations which are valid for any RF:

g = −1− g<2>
00 + g<2>

11 + g<2>
22 + g<2>

33 − g<4>
00 + g<4>

11 + g<4>
22 + g<4>

33 +

+g<2>
00

(
g<2>
11 + g<2>

22 + g<2>
33

)
− g<2>

11 g<2>
22 − g<2>

11 g<2>
33 −

−g<2>
22 g<2>

33 + g<2>
12

2 + g<2>
13

2 + g<2>
23

2 +O(c−6), (B2)

and
g00 = 1 + g<2>00 + g<4>00 +O(c−6),

g0α = g<3>0α + g<5>0α +O(c−7),

gαβ = γαβ + g<2>αβ + g<4>αβ +O(c−6), (B3)

where the components of inverse metric g<k>mn are given as follows:

g<2>00 = − g<2>
00 , g<2>αβ = − γαµγβνg<2>

µν ,

g<3>0α = − γανg<3>
0ν , g<4>00 = (g<2>

00 )2 − g<4>
00 ,

g<4>αβ = − γαµγβνg<4>
µν + γασγβλγµνg<2>

σµ g<2>
λν ,

g<5>0α = − γαµg<5>
0µ + γαµg<2>

00 g<3>
0µ + γαλγµνg<2>

λµ g<3>
0ν . (B4)

B.3. Expansion for the ĝmn =
√−ggmn.

For some practical applications we will need the expansions for the components of density of
the metric tensor ĝmn =

√−ggmn as well. One may easy obtain those from the expressions
eqs.(B2)-(B4) in the following form:

ĝ00 = 1 + ĝ<2>00 + ĝ<4>00 +O(c−6),

ĝ0α = ĝ<3>0α + ĝ<5>0α +O(c−7),

ĝαβ = γ̂αβ + ĝ<2>αβ + ĝ<4>αβ +O(c−6), (B5a)

with the components of ĝmn are given as:

ĝ<2>00 = g<2>00 +
1

2
A<2>,
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ĝ<4>00 = g<4>00 +
1

2
g<2>00A<2> +

1

2

(
A<4> − 1

4
(A<2>)2

)
,

ĝ<3>0α = g<3>0α, ĝ<5>0α = g<5>0α +
1

2
g<3>0αA<2>,

ĝ<2>αβ = g<2>αβ +
1

2
γαβA<2>,

ĝ<4>αβ = g<4>αβ +
1

2
g<2>αβA<2> +

1

2
γαβ

(
A<4> − 1

4
(A<2>)2

)
. (B5b)

In the expressions (B5b) we have introduced the following notations:

A<2> = g<2>
00 − g<2>

11 − g<2>
22 − g<2>

33 ,

A<4> = g<4>
00 − g<4>

11 − g<4>
22 − g<4>

33 −

−g<2>
00

(
g<2>
11 + g<2>

22 + g<2>
33

)
+

+g<2>
11 g<2>

22 + g<2>
11 g<2>

33 + g<2>
22 g<2>

33 −

−(g<2>
12 )2 − (g<2>

13 )2 − (g<2>
23 )2. (B6)

B.4. Expansion for the Gauge Conditions.

The covariant de Donder gauge conditions are given by eq.(3.6) as follows:

Dm

(√−ggmn(zp)
)
= 0, (B7a)

or equivalently
∂

∂zm

(√−ggmn(zp)
)
+ γnkl(z

p)
√−ggkl(zp) = 0, (B7b)

where γnkl(z
p) is the Christoffel symbols with respect to the background metric γkl(z

p) in coor-
dinates (zp) of an arbitrary RF. The relations eqs.(B5)-(B6) enables one to find the expressions
for linearized gauge conditions (B7b). Thus, for n = 0, we will have:

1

2

∂

∂z0

(
γǫνg<2>

ǫν − g<2>
00

)
− γǫν

∂

∂zǫ
g<3>
0ν + γ000

<3>(zp)+

+γµνγ0<3>
µν (zp) = O(c−5). (B7c)

For n = α we will obtain:

1

2
γαλ

∂

∂zλ

(
g<2>
00 + γǫνg<2>

ǫν

)
− γǫνγµα

∂

∂zǫ
g<3>
νµ + γα<3>

00 (zp)+

+γµνγα<3>
µν (zp) = O(c−4), (B7d)
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where the γmkl (z
p) is the components of the Christoffel symbols with respect to Riemann-flat

non-inertial background metric γmn(z
p) in coordinates (zp). One may easily see that for any non-

inertial RF these components may produce a non-vanishing contribution to the gauge conditions
(B7). This property will be in use in order to write the field equations in an arbitrary RF.

B.5. Expansion of the Christoffel Symbols.

One could easily find the expansion of the connection components Γk
mn with respect to the small

parameter c−1 and present those in terms of expansions g<k>
mn . Thus, defining Γk

mn as usual:

Γk
nm(zp) =

1

2
gkp(zp)

(
∂ngmp(z

p) + ∂mgpn(z
p)− ∂pgmn(z

p)
)
,

where ∂n = ∂/∂zn, in coordinates (zp) of an arbitrary RF from the relations (B1), (B3)-(B4) we
will have the following expressions for the components of the Christoffel symbols with respect to
the powers of the small parameter c−1:

Γ0
00(z

p) =
1

2
∂0g

<2>
00 +

1

2
∂0g

<4>
00 +

+
1

2

(
g<2>00∂0g

<2>
00 − g<3>0µ∂µg

<2>
00

)
+O(c−7), (B8a)

Γ0
0α(z

p) =
1

2
∂αg

<2>
00 +

1

2

(
∂αg

<4>
00 + g<2>00∂αg

<2>
00

)
+O(c−6), (B8b)

Γ0
αβ(z

p) =
1

2

(
∂αg

<3>
0β + ∂βg

<3>
0α − ∂0g

<2>
αβ

)
+O(c−5), (B8c)

Γα
00(z

p) = −1

2
γαµ∂µg

<2>
00 − 1

2
γαµ∂µg

<4>
00 + γαµ∂0g

<3>
0µ −

−1

2
g<2>αµ∂µg

<2>
00 +O(c−6), (B8d)

Γα
0β(z

p) =
1

2
γαµ∂βg

<3>
0µ +

1

2
γαµ∂0g

<2>
βµ − 1

2
γαµ∂µg

<3>
0β +O(c−5), (B8e)

Γα
βν(z

p) = γ
α(0)
βν +

1

2
γαµ

(
∂βg

<2>
µν + ∂νg

<2>
µβ − ∂µg

<2>
βν

)
+O(c−4), (B8f)

where γ
α(0)
βν are the Christoffel symbols in coordinates of Galileian inertial RF. One may make

them vanish by choosing quasi-Cartesian coordinates.

B.6. Expansion for the Ricci Tensor Rmn.

By making of use the expressions eqs.(B8) one may also find the relations for the expanded
components of Ricci tensor Rmn(z

p) in coordinates (zp) of an arbitrary RF. This tensor is defined
as follows:

Rmn(z
p) = gkpRkmnp(z

p) = ∂pΓ
p
mn − ∂nΓ

p
mp + Γl

mnΓ
p
lp − Γl

mpΓ
p
ln.
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Then, in quasi-Cartesian coordinates of an arbitrary RF one may obtain the expanded com-
ponents of the Ricci tensor as follows:

R00(z
p) = −1

2
γµλ∂2µλg

<2>
00 − 1

2
γµλ∂2µλg

<4>
00 + γµλ∂20µg

<3>
0λ −

−1

2
∂µ
(
g<2>µλ∂λg

<2>
00

)
− 1

2
γµλ∂200g

<2>
µλ −

−1

4
γµλγσν∂µg

<2>
00 ∂λg

<2>
σν +

1

4
γµλ∂µg

<2>
00 ∂λg

<2>
00 +O(c−6), (B9a)

R0α(z
p) =

1

2
γµλ∂20µg

<2>
αλ − 1

2
γµλ∂20αg

<2>
µλ +

+
1

2
γµλ∂2αµg

<3>
λ0 − 1

2
γµλ∂2µλg

<3>
0α +O(c−5), (B9b)

Rαβ(z
p) = −1

2
γµλ∂2µλg

<2>
αβ +

1

2
γµλ∂2µαg

<2>
λβ +

1

2
γµλ∂2µβg

<2>
λα −

−1

2
∂2αβg

<2>
00 − 1

2
γµλ∂2αβg

<2>
µλ +O(c−4). (B9c)

B.7. Expansion of an Arbitrary Energy-Momentum Tensor TB
mn.

At this point, the precise definition for the energy-momentum tensor of the matter distribution
TB
mn is not important. For the future analysis we will accept the most general assumptions

concerning this quantity. Namely, we will work with such energy-momentum tensors TB
mn, the

temporal, the temporal-spatial and the spatial components of which may be presented in terms

of the order of magnitude as follows: TB
mn(y

p
B) =

(
O(1),O(c−1),O(c−2)

)
.

The construction of the iterative scheme is required to perform the power expansion of the
energy-momentum tensor of matter Tmn as well. Suppose that Tmn may be expanded with
respect to the small parameter c−1 as follows:

T 00 = T<0>00 + T<2>00 +O(c−4), (B10a)

T 0α = T<1>0α + T<3>0α +O(c−5), (B10b)

Tαβ = T<2>αβ + T<4>αβ +O(c−6). (B10c)

Then, by taking into account the expressions (B1) and with the help of relations (B10) we
will get the inverse tensor Tmn as follows:

T00 = T<0>
00 + T<2>

00 +O(c−4); (B11a)

T0α = T<1>
0α + T<3>

0α +O(c−5); (B11b)

Tαβ = T<2>
αβ + T<4>

αβ +O(c−6), (B11c)

125



where
T<0>
00 = T<0>00, T<2>

00 = T<2>00 + 2 g<2>
00 T<0>00,

T<3>
0α = g<3>

0α T<0>00 +
(
g<2>
αµ + γαµg

<2>
00

)
T<1>0β,

T<1>
0α = γαβ T

<1>0β, T<2>
αµ = γαµγβλ T

<2>µλ. (B11d)

Concluding this part, we will present the expression for the right-hand side of the Hilbert-
Einstein field equations eqs.(4.1), which is given as follows:

Smn = Tmn − 1

2
gmn T. (B12)

By substituting the expressions eqs.(B1), (B11) into definition (B12) we will obtain the ex-
pansions for the quantity Smn in the WFSMA:

S00 =
1

2
T<0>00 +

1

2

(
T<2>00 + 2 g<2>

00 T<0>00 − γµλ T
<2>µλ

)
+O(c−4), (B13a)

S0α = γαλ T
<3>0λ +O(c−4), (B13b)

Sαβ = −1

2
γαβ T

<0>00 +
(
γαµγβλ − 1

2
γαβγµλ

)
T<2>µλ−

−1

2

(
γαβ T

<2>00 + 2 γαβ g
<2>
00 T<0>00 + g<2>

αβ T<0>00
)
+O(c−4). (B13c)

Appendix C: Transformation Laws of the Coordinate Base

Vectors.

In this Appendix we will present the transformation rules for the coordinate base vectors under
the general post-Newtonian coordinate transformations, which were discussed in Section 3.

C.1. Direct Transformation of the Coordinate Base Vectors.

According to the transformation rules of the solutions of the field equations hmn
(0) and an arbi-

trary energy-momentum tensor Tmn given by eqs.(3.1)-(3.4), in order to develop the consistent
perturbation theory for N-body problem in the WFSMA, one needs to have the post-Newtonian
expansions for the following derivatives:

∂xk

∂ymA
,

∂ylB
∂xn

,
∂ykB
∂ymA

.

These derivatives form the transformation matrix λkl of the coordinate bases while the transition
between the different coordinate systems is performed. Thus, for the transition from the barycen-
tric RF0 coordinate base em = ∂/∂xn to the body-centric one eAm = ∂/∂ymA , the transformation
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matrix is defined as usual: em = eAp ∂x
p̂/∂ymA = eAp λ

p
Am. Then, making of use the transformations

eqs.(3.5) it is easy to get:

λ0A0(y
p
A) =

∂x0

∂y0A
= 1 +

∂

∂y0A
KA(y

0
A, y

ν
A) +

∂

∂y0A
LA(y

0
A, y

ν
A) +O(c−6), (C1a)

λ0Aα(y
p
A) =

∂x0

∂yαA
=

∂

∂yαA
KA(y

0
A, y

ν
A) +

∂

∂yαA
LA(y

0
A, y

ν
A) +O(c−5), (C1b)

λαA0(y
p
A) =

∂xα

∂y0A
= vαA0

(y0A) +
∂

∂y0A
Qα

A(y
0
A, y

ν
A) +O(c−5), (C1c)

λαAµ(y
p
A) =

∂xα

∂yµA
= δαµ +

∂

∂yµA
Qα

A(y
0
A, y

ν
A) +O(c−4). (C1d)

By using the expressions (C1), one could obtain the determinant of this transformation matrix
as follows:

det
[
λpAm(ypA)

]
= 1 +

∂

∂y0A
KA(y

0
A, y

ν
A)−

−vλA0

∂

∂yλA
KA(y

0
A, y

ν
A) +

∂

∂yµA
Qµ

A(y
0
A, y

ν
A) +O(c−4). (C2)

The condition det
[
λpAm(ypA)

]
= 0 gives the boundary of validity of these transformations in

application of those to constructing a proper RFA.

C.2. Transformation of the Background Metric γmn.

The relations (C1) are the useful tool for the calculations of metric tensor γAkl(y
p
A) of the back-

ground space-time in the non-inertial proper RFA from the eqn.(3.4). The transformation rule
for these components is given by the usual expression:

γAmn(y
p
A) =

∂xk

∂ymA

∂xl

∂ynA
γkl(x

s(ypA)). (C3)

Then, with the help of the relations (C1) the temporal-spatial components of the background
metric could be presented as:

γA0α(y
p
A) = γA<1>

0α (ypA) + γA<3>
0α (ypA) +O(c−5) =

= vαA0
(y0A) +

∂

∂yαA
KA(y

0
A, y

ν
A)+

+
∂

∂yαA
LA(y

0
A, y

ν
A) +

∂

∂yαA
KA(y

0
A, y

ν
A)

∂

∂y0A
KA(y

0
A, y

ν
A)+

+vA0ν

∂

∂yαA
Qν

A(y
0
A, y

ν
A) + γαν

∂

∂y0A
Qν

A(y
0
A, y

ν
A) +O(c−5). (C4)

The expression (C4) contains the terms of two orders of magnitude: c−1 and c−3. However, as we
discussed in Appendix B, in the post-Newtonian approximation for any arbitrary RF one expects

127



that these components of the background metric tensor to be of order: g0α(y
p
A) ∼ O(c−3). This

gives the following condition for the function KA:

vαA0
(y0A) +

∂

∂yαA
KA(y

0
A, y

ν
A) = O(c−3) (C5a)

Then, by formally integrating this last equation, we may find the following expression for the
function KA:

KA(y
0
A, y

ν
A) = PA(y

0
A)− vA0µ · yµA +O(c−4)y0A (C5b)

The result (C5) considerably simplifies the calculation of the transformation rules between
the different RF. Thus, taking into account the relation (C3), one may obtain the following
expression for the tensor γAkl(y

p
A):

γA00(y
0
A, y

ν
A) = 1 + 2

∂

∂y0A
KA(y

0
A, y

ν
A) + vA0βv

β
A0

+

+2
∂

∂y0A
LA(y

0
A, y

ν
A) +

( ∂

∂y0A
KA(y

0
A, y

ν
A)
)2
+

+2vA0β

∂

∂y0A
Qβ

A(y
0
A, y

ν
A) +O(c−6), (C6a)

γA0α(y
0
A, y

ν
A) =

∂

∂yαA
LA(y

0
A, y

ν
A)− vA0α

∂

∂y0A
KA(y

0
A, y

ν
A)+

+vA0ν(y
0
A)

∂

∂yαA
Qν

A(y
0
A, y

ν
A) + γαν

∂

∂y0A
Qν

A(y
0
A, y

ν
A) +O(c−5), (C6b)

γAαβ(y
0
A, y

ν
A) = γαβ + vA0αvA0β+

+γαν
∂

∂yβA
Qν

A(y
0
A, y

ν
A) + γβν

∂

∂yαA
Qν

A(y
0
A, y

ν
A) +O(c−4). (C6c)

The relations (C6) are the KLQ parametrization of the metric γAmn, which form the background
Riemann-flat space-time in the proper RFA:

Rklmn(γ
A
st) = 0.

The functions KA, LA and Qα
A will be chosen in order to separate the forces of inertia from the

gravitational forces which are measured by the observer in this RF.

The relations (C5) are a useful tool for simplifying the result (C2) as well. Thus, for deter-
minant of the transformation matrix we will get following expression:

det
[
λpAm(ypA)

]
= 1 +

∂

∂y0A
KA(y

0
A, y

ν
A)+

+vA0λv
λ
A0

+
∂

∂yµA
Qµ

A(y
0
A, y

ν
A) +O(c−4). (C7)
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C.3. Inverse Transformation of the Coordinate Base Vectors.

Using the transformation rule for the base vectors epA = ∂/∂ypA of the proper RFA to those
ep = ∂/∂xp of the inertial barycentric RF0 given by the expressions (3.18), one easily obtains the
inverse transformation matrix λnAm(xp) = ∂ynA/∂x

m for this transition as well:

∂y0A
∂x0

= 1− ∂

∂x0
KA

(
x0, xν − yνA0

(x0)
)
−

− ∂

∂x0
LA

(
x0, xν − yνA0

(x0)
)
+

∂

∂x0

[1
2

∂

∂x0
K2

A

(
x0, xν − yνA0

(x0)
)
−

−vA0β(x
0) ·Qβ

A

(
x0, xν − yνA0

(x0)
)]

+O(c−6), (C8a)

∂y0A
∂xα

= vA0α(x
0)− ∂

∂xα
LA

(
x0, xν − yνA0

(x0)
)
+

+
∂

∂xα

[1
2

∂

∂x0
K2

A

(
x0, xν − yνA0

(x0)
)
−

−vA0β(x
0) ·Qβ

A

(
x0, xν − yνA0

(x0)
)]

+O(c−5), (C8b)

∂yαA
∂x0

= −vαA0
(x0) +

∂

∂x0

[
−Qα

A

(
x0, xν − yνA0

(x0)
)
+

+vαA0
(x0) ·KA

(
x0, xν − yνA0

(x0)
)]

+O(c−5), (C8c)

∂yαA
∂xβ

= δαβ +
∂

∂xβ

[
−Qα

A

(
x0, xν − yνA0

(x0)
)
+

+vαA0
(x0) ·KA

(
x0, xν − yνA0

(x0)
)]

+O(c−4), (C8d)

where we partially have taken the result (C5b) into account in a form of the relation:

∂

∂xα
KA

(
x0, xν − yνA0

(x0)
)
=

∂

∂yαA
KA(y

0
A, y

ν
A) +O(c−3) = −vαA0

(x0) +O(c−3).

C.4. Mutual Transformation Between the Two Quasi-Inertial RFs.

The expressions for the transformation of the base vectors between two quasi-inertial RF (epB)
and (epA) may be obtained from the relations (3.19). These transformations are given as:

∂y0B
∂y0A

= 1 +
∂

∂y0A
KBA(y

0
A, y

ν
A) +

∂

∂y0A
LBA(y

0
A, y

ν
A) +O(c−6), (C9a)

∂y0B
∂yαA

= −vBA0α(y
0
A) +

∂

∂yαA
LBA(y

0
A, y

ν
A) +O(c−5), (C9b)

∂yαB
∂y0A

= vαBA0
(y0A) +

∂

∂y0A
Qα

BA(y
0
A, y

ν
A) +O(c−5), (C9c)
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∂yαB

∂yβA
= δαβ +

∂

∂yβA
Qα

BA(y
0
A, y

ν
A) +O(c−4), (C9d)

where the functions KBA, LBA and Qα
BA are defined by the expressions (3.20). ¿From these

expressions (C9), one may obtain the determinant of the transformation matrix λpBAm(ypA) for
the transformations between two different proper RFs as follows:

det
[
λpBAm(ypA)

]
= 1 +

∂

∂y0A
KBA(y

0
A, y

ν
A)+

+vλBA0
(y0A)vBA0λ(y

0
A) +

∂

∂yµA
Qµ

BA(y
0
A, y

ν
A) +O(c−4) (C10)

The condition det
[
λpBAm(ypA)

]
= 0 gives the boundary of validity of these transformations.

Appendix D: Transformations of Some Physical Quantities

and Solutions.

In this Appendix we will present the transformation laws for the gauge conditions, the compo-
nents of Ricci tensor, the components of an arbitrary energy-momentum tensor of matter of the

matter distribution Tmn, for the unperturbed solutions of the field equations h
(0)
mn and for the

interaction term hintmn eqs.(3.1)-(3.4) under the general coordinate transformations discussed in
Section 3 of this report.

D.1. Transformation of the Gauge Conditions.

With the help of eqs.(F1) and the expansion of the metric tensor gmn given by eqs.(B7), we may
obtain the relations for the gauge conditions expanded in a power series of the small parameter
c−1.

(i). In Cartesian coordinates of the inertial RF0 the background space-time may be taken in

a simple form of Minkowski metric: γ
(0)
mn = (1,−1,−1,−1). Then the power expansion of

the gauge condition eqs.(B7) may be presented for n = 0 as follows:

1

2

∂

∂y0A

(
γǫνg<2>

ǫν (xp)− g<2>
00 (xp)

)
− γǫν

∂

∂yǫA
g<3>
0ν (xp) = O(c−5), (D1a)

And for n = α:
1

2
γαλ

∂

∂yλA

(
g<2>
00 (xp) + γǫνg<2>

ǫν (xp)
)
−

−γǫνγµα ∂

∂yǫA
g<3>
νµ (xp) = O(c−4) (D1b)

(ii). Analogously one may obtain the expressions for the gauge conditions in a coordinates (ypA)
of the proper RFA of body (A). For n = 0:

1

2

∂

∂y0A

(
γǫνg<2>

ǫν (ypA)− g<2>
00 (ypA)

)
− γǫν

∂

∂yǫA
g<3>
0ν (ypA)+
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+
∂2KA

∂y0A
2 + γνλ

∂2LA

∂yνA∂
λ
A

+ vA0µ

(
aµA0

+ γνλ
∂2Qµ

A

∂yνA∂
λ
A

)
= O(c−5) (D2a)

For n = α:

1

2
γαλ

∂

∂yλA

(
g<2>
00 (ypA) + γǫνg<2>

ǫν (ypA)
)
− γǫνγµα

∂

∂yǫA
g<3>
νµ (ypA)+

+
(
aαA0

+ γνλ
∂2Qα

A

∂yνA∂
λ
A

)
= O(c−4). (D2b)

D.2. Transformation of the Ricci Tensor Rmn.

With the help of the expansion for the components of Ricci tensor eqs.(B9), one may obtain
those in coordinates of the different RFs.

(i). Thus, by making of use the relations for the covariant de Donder gauge conditions in
coordinates (xp) of inertial RF0 eqs.(D1) one may present the components for Ricci tensor
in the following form:

R00(x
p) = −1

2
γνλ

∂2

∂xν∂xλ
g<2>
00 (xp)− 1

2
γνλ

∂2

∂xν∂xλ
g<4>
00 (xp)−

−1

2

∂2

∂x02
g<2>
00 (xp) +

1

2
γλµγνδg<2>

λν (xp)
∂2

∂xµ∂xδ
g<2>
00 (xp)+

+
1

2
γλν

∂

∂xλ
g<2>
00 (xp)

∂

∂xν
g<2>
00 (xp) +O(c−6), (D3a)

R0α(x
p) = −1

2
γνλ

∂2

∂xν∂xλ
g<3>
0α (xp) +O(c−5), (D3b)

Rαβ(x
p) = −1

2
γνλ

∂2

∂xν∂xλ
g<2>
αβ (xp) +O(c−4). (D3c)

(ii). From the relations (D2) and with the help of the expressions for Ricci tensor given by
eqs.(B9) one may get those in coordinates (ypA) of the proper RFA as well:

R00(y
p
A) = −1

2
γνλ

∂2

∂yνA∂y
λ
A

g<2>
00 (ypA)−

1

2
γνλ

∂2

∂yνA∂y
λ
A

g<4>
00 (ypA)−

−1

2

∂2

∂y0A
2 g

<2>
00 (ypA) +

1

2
γλµγνδg<2>

λν (ypA)
∂2

∂yµA∂y
δ
A

g<2>
00 (ypA)+

+
1

2
γλν

∂

∂yλA
g<2>
00 (ypA)

∂

∂yνA
g<2>
00 (ypA)+

+
∂

∂y0A

(
∂2KA

∂y0A
2 + γνλ

∂2LA

∂yνA∂y
λ
A

+ vA0µ

(
aµA0

+ γνλ
∂2Qµ

A

∂yνA∂y
λ
A

))
+
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+
1

2

(
aµA0

+ γνλ
∂2Qµ

A

∂yνA∂y
λ
A

) ∂

∂yµA
g<2>
00 (ypA) +O(c−6), (D4a)

R0α(y
p
A) = −1

2
γνλ

∂2

∂yνA∂y
λ
A

g<3>
0α (ypA) +

1

2
γαµ

∂

∂y0A

(
aµA0

+ γνλ
∂2Qµ

A

∂yνA∂y
λ
A

)
+

+
1

2

∂

∂yαA

(
∂2KA

∂y0A
2 + γνλ

∂2LA

∂yνA∂y
λ
A

+ vA0µ

(
aµA0

+ γνλ
∂2Qµ

A

∂yνA∂y
λ
A

))
+O(c−5), (D4b)

Rαβ(y
p
A) = −1

2
γνλ

∂2

∂yνA∂y
λ
A

g<2>
αβ (ypA)+

+
1

2

(
γµβ

∂

∂yαA
+ γµα

∂

∂yβA

)(
aµA0

+ γνλ
∂2Qµ

A

∂yνA∂y
λ
A

)
+O(c−4). (D4c)

D.3. Transformation Law for an Arbitrary Energy-Momentum Tensor Tmn.

In this part we will present the power expansion for the components of the Smn = Tmn − 1
2gmnT

defined by the equation (B12).

(i). By assuming that each body (B) in the system may be described by the reduced energy-
momentum tensor SB

mn, one may easily obtain the total energy-momentum tensor Smn for
the entire system. Thus, in the coordinates of the inertial RF0 this tensor may be presented
as follows:

Smn(x
p) =

∑

B

∂ykB
∂xm

∂ylB
∂xn

SB
kl(y

q
B(x

p)).

Then, with this relation above and from the eqs.(B10)- (B11), (B13) and eqs.(C6) for the
coordinate transformations to the barycentric inertial RF0, we will obtain the following
result:

S00(x
p) =

1

2

∑

B

(
T<0>00
B (yqB(x

p)) + T<2>00
B (yqB(x

p))+

+2 g<2>
00 (ypB(x

q)) · T<0>00
B (ypB(x

q))− γǫνT
<2>ǫν
B (ypB(x

q))−

−
[
2
∂

∂x0
KB

(
x0, xν − yνB0

(x0)
)
+ vB0ν(x

0)vνB0
(x0)

]
· T<0>00

B (yqB(x
p))−

−4 γǫµv
ǫ
B0

(x0) T<1>0µ
B (yqB(x

p))

)
+O(c−4), (D5a)

S0α(x
p) =

∑

B

γαµ

(
T<1>0µ
B (yqB(x

p)) + vµB0
(x0) T<0>00

B (yqB(x
p))

)
+O(c−3), (D5b)

Sαβ(x
p) = −1

2
γαβ

∑

B

TB<0>00(yqB(x
p)) +O(c−2). (D5c)
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(ii). One may obtain the relation for the energy-momentum tensor of entire system in the
coordinates of proper RFA as follows:

Smn(y
p
A) =

∑

B

∂ykB
∂ymA

∂ylB
∂ynA

SB
kl(y

q
B(y

p
A)) = SA

mn(y
p
A) +

∑

B 6=A

∂ykB
∂ymA

∂ylB
∂ynA

SB
kl(y

q
B(y

p
A))

Then, making of use the formula above and from the eqs.(B10)-(B11) and (B13), but in
this case eqs.(C7), the expression for the quantity Smn in coordinates (ypA) of the proper
RFA may be presented as follows:

S00(y
p
A) =

1

2

(
T<0>00
A (ypA) + T<2>00

A (ypA)+

+2 g<2>
00 (ypA) T

<0>00
A (ypA)− γǫνT

<2>ǫν
A (ypA)

)
+

+
1

2

∑

B 6=A

(
T<0>00
B (yqB(y

p
A)) + T<2>00

B (yqB(y
p
A))+

+2g<2>
00 (yqB(y

p
A)) T

<0>00
B (yqB(y

p
A))− γǫνT

<2>ǫν
B (yqB(y

p
A))+

+
[
2
∂

∂y0A
KBA(y

0
A, y

ν
A)− vνBA0

(y0A)vBA0ν(y
0
A)
]
· T<0>00

B (yqB(y
p
A))+

+4γǫµv
ǫ
BA0

(y0A) T
<1>0µ
B (yqB(y

p
A))

)
+O(c−4), (D6a)

S0α(y
p
A) = γαµT

<1>0µ
A (ypA)+

+
∑

B 6=A

γαµ

(
T<1>0µ
B (yqB(y

p
A))− vµBA0

(y0A)T
<0>00
B (yqB(y

p
A))

)
+O(c−3), (D6b)

Sαβ(y
p
A) = −1

2
γαβ

(
T<0>00
A (ypA) +

∑

B 6=A

T<0>00
B (yqB(y

p
A))

)
+O(c−2). (D6c)

D.4. Transformation of the Unperturbed Solutions h
(0)
mn.

In this chapter we will obtain the transformation rules for unperturbed solutions.

(i). Using the following notation for the second term in the expression (3.1):

H(0)
mn(x

p) =
∑

B

∂ykB
∂xm

∂ylB
∂xn

h
(0)B
kl (yqB(x

p)),

from the equations eqs.(C6), we will obtain the relations for the components H
(0)
mn(xp) in

coordinates of the inertial RF0 as follows:

H
(0)
00 (xp) =

∑

B

(
h
(0)<2>
B00 (yqB(x

p)) + h
(0)<4>
B00 (yqB(x

p))−
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−2
∂

∂x0
KB

(
x0, xν − yνB0

(x0)
)
· h(0)<2>

B00 (yqB(x
p))−

−2vǫB0
(x0) · h(0)<3>

B0ǫ (yqB(x
p)) + vǫB0

(x0)vνB0
(x0) · h(0)<2>

Bǫν (yqB(x
p))

)
+O(c−6), (D7a)

H
(0)
0α (xp) =

∑

B

(
h
(0)<3>
B0α (yqB(x

p))+

+vB0α(x
0) · h(0)<2>

B00 (yqB(x
p))− vǫB0

(x0) · h(0)<2>
Bǫα (yqB(x

p))

)
+O(c−5), (D7b)

H
(0)
αβ (x

p) =
∑

B

h
(0)<2>
Bαβ (yqB(x

p)) +O(c−4). (D7c)

(ii). The transformed components of H
(0)
mn(y

p
A) in coordinates (ypA) of the proper RFA are defined

as in the eqn.(3.4):

H(0)
mn(y

p
A) =

∂xk

∂ymA

∂xl

∂ynA
H

(0)
kl (x

q(ypA)) =
∑

B

∂ykB
∂ymA

∂ylB
∂ynA

h
(0)B
kl (yqB(y

p
A)) =

= h(0)Bmn (ypA) +
∑

B 6=A

∂ykB
∂ymA

∂ylB
∂ynA

h
(0)B
kl (yqB(y

p
A)).

Then, for these components, from the relations (C7) one may obtain the following result:

H
(0)
00 (ypA) = h

(0)<2>
A00 (ypA) +H

(0)<4>
A00 (ypA)+

+
∑

B 6=A

(
h
(0)<2>
B00 (yqB(y

p
A)) + h

(0)<4>
B00 (yqB(y

p
A))+

+2
∂

∂y0A
KBA(y

0
A, y

ν
A) · h

(0)<2>
B00 (yqB(x

p)) + 2vǫBA0
(y0A) · h

(0)<3>
B0ǫ (yqB(y

p
A))+

+vǫBA0
(y0A)v

ν
BA0

(y0A) · h
(0)<2>
Bǫν (yqB(y

p
A))

)
+O(c−6), (D8a)

H
(0)
0α (ypA) = h

(0)<3>
A0α (yqA) +

∑

B 6=A

(
h
(0)<3>
B0α (yqB(y

p
A))−

−vBA0α(y
0
A) · h

(0)<2>
B00 (yqB(y

p
A)) + vǫBA0

(y0A) · h
(0)<2>
Bǫα (yqB(y

p
A))

)
+O(c−5), (D8b)

H
(0)
αβ (y

p
A) = h

(0)<2>
Aαβ (ypA) +

∑

B 6=A

h
(0)<2>
Bαβ (yqB(y

p
A)) +O(c−4). (D8c)
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D.5. Transformation Rules for the Interaction Term hintmn.

The components of the interaction term hintmn(x
s(ypA)) in coordinates (ypA) of the proper RFA are

given as follows:

hintmn(y
p
A) =

∂xk

∂ymA

∂xl

∂ynA
hintmn(x

s(ypA)). (D9a)

By making of use the expressions (C6), the components of hintmn will take the following form:

hint00 (y
p
A) = hint<4>

00 (xs(ypA)) +O(c−6), (D9b)

hint0α (y
p
A) = O(c−5), hintαβ (y

p
A) = O(c−4). (D9c)

D.6. Transformation for the Energy-Momentum Tensor of a Perfect Fluid.

Let us define the model of the matter distribution of a body (B) in its proper RFB by the tensor
density T̂mn

B given by

T̂mn
B (ypB) =

√−g
([
ρB0(1 + Π) + p

]
umun − pgmn

)
, (D10)

where all the quantities entering the formula above are calculated in the coordinates (ypB) of the
non-inertial proper RFB . Then, one may obtain the following post-Newtonian expansion of the
tensor Tmn

B in the coordinates (ypB) of the proper RFB :

T 00(ypB) = ρB0

[
1− vµv

µ +Π+ 2
(∑

C

UC − ∂KB

∂y0B
− 1

2
vB0µv

µ
B0

)
+O(c−4)

]
, (D11a)

T 0α(ypB) = ρB0v
α
[
1− vµv

µ +Π+ 2
(∑

C

UC − ∂KB

∂y0B
− 1

2
vB0µv

µ
B0

)
+

p

ρB0

+O(c−4)
]
, (D11b)

Tαβ(ypB) = ρB0v
αvβ − pγαβ + ρO(c−4). (D11c)

Then, by using these relations one may easily obtain the expressions for the right-hand side
of the Hilbert-Einstein gravitational field equations in a form of the quantity Smn defined by
eqs.(4.1),(B13) and eqs.(D5)-(D6).

(i). From the eqs.(D5) and with the help of the expressions eqs.(D10) we will obtain compo-
nents of the quantity Smn in coordinates (xp) of barycentric inertial RF0 as follows:

S00(x
0, xν) =

1

2

∑

B

ρB0(y
q
B(x

p))×

×
[
1 + Π − 2

∑

B′

UB′ − 2vµ(x
p)vµ(xp) +

3p

ρ
+O(c−4)

]
, (D12a)

S0α(x
0, xν) = γαǫ

∑

B

ρB(x
0, xν − yνB0

(x0))
[
vǫ(xp) +O(c−3)

]
, (D12b)

Sαβ(x
0, xν) = −1

2
γαβ

∑

B

ρB(x
0, xν − yνB0

(x0))
[
1 +O(c−2)

]
, (D12c)

135



where the total mass density of the system was denoted as:

ρ =
∑

B

ρB0 .

(ii). Analogously, but with the help of the expressions eqs.(D6), we may get the relations for
tensor Smn in the coordinates (ypA) of proper RFA:

S00(y
0
A, y

ν
A) =

1

2

∑

B

ρB(y
q
B(y

p
A))
[
1 + Π − 2

∑

B′

UB′+

+2
∂KA

∂y0A
− 2vµ(y

p
A)v

µ(ypA) + vA0µv
µ
A0

+
3p

ρ
+O(c−4)

]
, (D13a)

S0α(y
0
A, y

ν
A) = γαǫ

∑

B

ρB(y
0
A, y

ν
A + yνBA0

(y0A))
[
vǫ(ypA) +O(c−3)

]
, (D13b)

Sαβ(y
0
A, y

ν
A) = −1

2
γαβ

∑

B

ρB(y
0
A, y

ν
A + yνBA0

(y0A))
[
1 +O(c−2)

]
. (D13c)

It should be noted that the functional dependance of the densities in the expressions (D12)-
(D13) reflects the positions of all the bodies with respect to different RFs in the sense of the
Dirac’s delta function.

Appendix E: Transformations of the Gravitational Potentials.

To establish the transformation properties of the unperturbed solutions for h
(0)A
mn (given in Ap-

pendix A) for transitions from the coordinates (ypA) of the proper RFA to those of the barycentric
RF0 (and backwards), one should take into account that these solutions contain the integrals over
the 3-volumes of the bodies. Because of this reason, we should first derive the transformation
laws for generalized gravitational potentials. The powerful technique for obtaining these rules
was elaborated for some special cases of transformations earlier by Chandrasekhar & Contopulos
(1967) (see also, Brumberg & Kopejkin, 1988a; Will, 1993). It was noted that the transformation
of the integrands should include the point transformation combined with the Lie transfer from
one hypersurface to another. This transfer should be produced along the integral curves of the
vector field of the body’s matter four-velocity. The most sophisticated transformation at the
post-Newtonian level is required for the Newtonian potential UB . We will extend this technique
to the general case of the coordinate transformations which was discussed in Section 3 and in
Appendix C.

For the transformation from the proper RFA to the barycentric one RF0 with the help of
expressions (3.18) one may establish the relationship between the observer’s spatial coordinates
and those of the integrating point as follows:

1

|yνB − y′νB |
=

1

|xν − x′ν | ·
(
1− vβ(x

0, x′ν)vB0λ(x
0)
(xβ − x′β)(xλ − x′λ)

|xν − x′ν |2 +

+
[
Qβ

B

(
x0, xν − yνB0

(x0)
)
−Qβ

B

(
x0, x′ν − yνB0

(x0)
)]

·
(xβ − x′β)

|xν − x′ν |2 +O(c−4)

)
. (E1a)
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By using the same procedure as above, from eqs.(3.19)-(3.20) we may obtain the expression for
the observer’s spatial coordinates and those of the integrating point while the transformation
between two proper RFs (corresponding two the bodies (A) and (B)) is being performed:

1

|yνB − y′νB |
=

1

|yνA − y′νA |
·
[
1+

+
(
vA0β(y

0
A) + vβ(y

0
A, y

′ν
A )
)
vBA0λ(y

0
A) ·

(yβA − y′βA )(yλA − y′λA )

|yνA − y′νA |2
+

+

([
Qβ

A(y
0
A, y

ν
A)−Qβ

A(y
0
A, y

′ν
A )
]
−
[
Qβ

B

(
y0A + yνBA0

(y0A)
)
−

−Qβ
B

(
y0A, y

′ν
A + yνBA0

(y0A)
)])

· (y
β
A − y′βA )

|yνA − y′νA |2
+O(c−4)

]
. (E1b)

For the transformation of the integrand we should take into account the property of the
invariant elementary volume (Kopejkin, 1988; Will, 1993):

d3y′B ·
√
−g(ypB)u0(y

p
B) = d3x′ ·

√
−g(xp)u0(xp), (E2)

where
√−g is the determinant of the metric tensor and u0 is the temporal component of the

invariant four-velocity.

¿From the expressions (B2) and the components of the metric tensor of order ∼ c−2 in the
different RFs (given by (4.8) and (4.11)) we will get:

√
−g(xp) = 1 + 2

∑

B

UB(y
q
B(x

p)) +O(c−4), (E3a)

and √
−g(ypA) = 1 +

∂

∂y0A
KA(y

p
A) + vA0β(y

0
A)v

β
A0

(y0A)+

+
∂

∂yβA
Qβ

A(y
p
A) + 2

∑

B

UB(y
q
B(y

p
A)) +O(c−4). (E3b)

The components of the invariant four-velocity are defined as follows:

uk(zp) = vk(zp)
[
g00(z

p) + 2g0ǫ(z
p)vǫ(zp) + gνǫ(z

p)vǫ(zp)vν(zp)
]−1/2

, (E4)

where vk(zp) = dzkB/dz
0 = (1, żǫB). From this last expression and eqs.(4.8) and (4.11) one may

obtain the relations for the component u0 in the coordinates of the barycentric and the observer’s
proper RF as follows:

u0(xp) = 1 +
∑

B

UB(y
p
B(x

p))− 1

2
vβ(x

p)vβ(xp) +O(c−4), (E5a)

and

u0(ypA) = 1 +
∑

B

UB(y
q
B(y

p
A))−

1

2
vβ(y

p
A)v

β(ypA)−

137



−1

2
vA0β(y

0
A)v

β
A0

(y0A)−
∂

∂y0A
KA(y

p
A) +O(c−4). (E5b)

Then making of use the expression eqs.(E3), (E5) we will have

√
−g(xp)u0(xp) = 1 + 3

∑

B

UB(y
p
B(x

p))− 1

2
vβ(x

p)vβ(xp) +O(c−4) (E6a)

and √
−g(ypA)u0(y

p
A) = 1 + 3

∑

B

UB(y
k
B(y

p
A))−

1

2
vβ(y

p
A)v

β(ypA)+

+
∂

∂yβA
Qβ

A(y
p
A) +

1

2
vA0β(y

0
A)v

β
A0

(y0A) +O(c−4). (E6b)

¿From the relation (E2) the following transformation laws for the elementary volume may be
established:

d3y′B = d3x′
√
−g(xp)u0(xp)√

−g(ykB(xp))u0(ykB(xp))
=

= d3x′
(
1− vB0β(x

0)vβ(x0, x′ν)− ∂

∂x′β
Qβ

B

(
x0, x′ν − yνB0

(x0)
)
+O(c−4)

)
, (E7)

and

d3y′B = d3y′A

√
−g(ypA)u0(y

p
A)√

−g(ykB(y
p
A))u

0(ykB(y
p
A))

=

= d3y′A

(
1 + vBA0β(y

0
A)
(
vβA0

(ypA0
) + vβ(y0A, y

′ν
A )
)
+

+
∂

∂y′βA

(
Qβ

A(y
0
A, y

′ν
A )−Qβ

B

(
y0A, y

′ν
A + yνBA0

(y0A)
))

+O(C−4)

)
. (E7b)

Since the quantities ρB(z
0, zν),Π(z0, zν) and p(z0, zν) from the potentials defined in Appendix

A are all measured in the co-moving local quasi-inertial frames, they are transformed as scalars
and for any given element of fluid the following relations are hold:

ρB(x
0, xν) = ρB(y

k
B(x

p)), Π(x0, xν) = Π(ykB(x
p)), p(x0, xν) = p(ykB(x

p)). (E8)

Finally, the expressions (E1), (E7)-(E8) will enable one to present the transformation law for
the Newtonian potential as follows:

UB(y
0
B , y

ν
B) = UB(x

0, xν) + vβB0
(x0) · ∂2

∂x0∂xβ
χB(x

0, xν)+

+

∫

B
d3x′ρB

(
x0, x′ν − yνB0

(x0)
) ∂

∂x′λ

[Qλ
B

(
x0, xν − yνB0

(x0)
)
−Qλ

B

(
x0, x′ν − yνB0

(x0)
)

|xν − x′ν |
]
+

+O(c−6), (E9a)

138



and
UB(y

0
B, y

ν
B) = UB(y

0
A, y

ν
A)−

−vβBA0
(y0A)

(
∂

∂y0A
− vµA0

(y0A)
∂

∂yµA

)
∂

∂yβA
χB

(
y0A, y

ν
A

)
−

−
∫

B
d3y′AρB

(
y0A, y

′ν
A + yνBA0

(y0A)
) ∂

∂y′λA

([Qλ
A(y

0
A, y

ν
A)−Qλ

A(y
0
A, y

′ν
A )

|yνA − y′νA |
]
−

−
[Qλ

B

(
y0A, y

ν
A + yνBA0

(y0A)
)
−Qλ

B

(
y0A, y

′ν
A + yνBA0

(y0A)
)

|yνA − y′νA |
])

+O(c−6). (E9b)

The Newtonian potential and the super-potential in the formulae above are given as follows:

UB(z
0, zν) =

∫

B

d3z′

|zν − z′ν | ρB(y
′q
B(z

′p)) +O(c−6) (E9c)

χB(z
0, zν) = −

∫

B
d3z′ρB(y

′q
B(z

′p)) · |zν − z′ν |+O(c−4)L2
B . (E9d)

where LB is the proper dimensions of the body (B).

In order to establish the transformation properties for the potentials:

V α
B (z0, zν), Φ1B(z

0, zν) and
∂2

∂z02
χB(z

0, zν),

one should find the transformation rules for the spatial components of the four-velocity uk(zp)
while transiting between RFs. Let uk(xp) and uk(ypA) are four-velocities of matter measured in
two different RFs under consideration. Since they are related by the usual tensorial law:

um(ypB) = uk(xp)
∂ymB
∂xk

⇒ dymB
ds

=
∂ymB
∂xk

dxk

ds
, (E10)

the following expression for the transformation of the invariant four-velocity may be obtained:

u0(ypB) =
dy0B
ds

=
∂y0B
∂xk

dxk

ds
, (E11a)

uǫ(ypB) =
dyǫB
ds

= u0(ypB)v
ǫ(ypB) =

∂yǫB
∂xk

dxk

ds
. (E11b)

The last two equations are providing one with the result for transformation of the 3-velocity as
follows:

vǫ(ypB) =
u0(xq)

u0(ypB(x
q))

(∂yǫB
∂x0

+ vν(xp)
∂yǫB
∂xν

)
. (E12)

By collecting together the expressions (E5) and (C8) and substituting those into eq.(E12), one
may get the relation between the components of the velocity while the transformation from the
proper RFA to the barycentric one RF0 is performed. With the required accuracy this result may
be written as follows:

vα(yqB(x
p)) = vα(xp)− vαB0

(x0) +O(c−3). (E13a)
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Analogously, but with the help of the equation (C9), one obtains the relations for velocities in
two different proper RFs:

vα(yqB(y
p
A)) = vα(ypA) + vǫBA0

(y0A) +
( ∂

∂y0A
+ vλ(ypA)

∂

∂yλA

)[
Qα

A(y
p
A)−Qα

B(y
p
A)
]
−

−
(
vα(ypA) + vǫBA0

(y0A)
)( ∂

∂y0A

[
KA(y

p
A)−KB(y

p
A)
]
− vλ(ypA)vBA0λ(y

0
A)

)
−

−aαB0
(y0A)

[
KA(y

p
A)−KB(y

p
A)
]
+O(c−5). (E13b)

Then, based on the expressions (E1) and (E13), we may get the expression for the transformation
law for the vector-potential V ǫ

B:

V ǫ
B(y

0
B, y

ν
B) = V ǫ

B(x
0, xν) + vǫB0

(x0) · UB(x
0, xν) +O(c−5), (E14a)

and
V ǫ
B(y

0
B , y

ν
B) = V ǫ

B(y
0
A, y

ν
A)− vǫBA0

(y0A) · UB(y
0
A, y

ν
A) +O(c−5). (E14b)

¿From the expressions (E1) and (E13) we will obtain the relation for the potential Φ1B :

Φ1B(y
0
B, y

ν
B) = Φ1B(x

0, xν) + 4vB0 ǫ(x
0) · V ǫ

B(x
0, xν)+

+2vB0 ǫ(x
0)vǫB0

(x0) · UB(x
0, xν) +O(c−6), (E15a)

and
Φ1B(y

0
B , y

ν
B) = Φ1B(y

0
A, y

ν
A)− 4vBA0 ǫ(y

0
A) · V ǫ

B(y
0
A, y

ν
A)+

+2vBA0 ǫ(y
0
A)v

ǫ
BA0

(y0A) · UB(y
0
A, y

ν
A) +O(c−6). (E15b)

Finally, for the transformation of the superpotential χB from (E1), (E12) and (C8)-(C9) one
obtains:

∂2

∂y0B
2χB(y

0
B, y

ν
B) =

∂2

∂x02
χB(x

0, xν) + aǫB0
(x0)

∂

∂xǫ
χB(x

0, xν)+

+2vǫB0
(x0)

∂2

∂xǫ∂x0
χB(x

0, xν)+

+vǫB0
(x0)vλB0

(x0)
∂2

∂xǫ∂xλ
χB(x

0, xν) +O(c−6), (E16a)

and
∂2

∂y0B
2χB(y

0
B , y

ν
B) =

∂2

∂y0A
2χB(y

0
A, y

ν
A)− aǫBA0

(y0A)
∂

∂yǫA
χB(y

0
A, y

ν
A)−

−2vǫBA0
(y0A)

∂2

∂yǫA∂y
0
A

χB(y
0
A, y

ν
A)+

+vǫBA0
(y0A)v

λ
BA0

(y0A)
∂2

∂yǫA∂y
λ
A

χB(y
0
A, y

ν
A) +O(c−6). (E16b)
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Appendix F: Christoffel Symbols in the Proper RFA.

In this Appendix we will present some expressions, which are in use in various parts of the present
paper.

F.1. Christoffel Symbols with Respect to the Background Metric γAmn.

The connection components (or, so-called, Christoffel symbols) for the background metric γlm(ypA)
in the coordinates (ypA) of proper RFA are defined as usual:

γkAnm(ypA) =
1

2
γkpA (ypA)

(
∂An γ

A
mp(y

p
A) + ∂Amγpn(y

p
A)− ∂Ap γmn(y

p
A)
)
,

where ∂Ap = ∂/∂ypA. Then from the eqs.(C6) one may obtain expressions for the Christoffel
symbols for the metric tensor γlm(ypA) as follows:

γ0A00 (y
p
A) =

∂2KA

∂y0A
2 + aA0 ǫv

ǫ
A0

+
∂2LA

∂y0A
2 − aǫA0

∂LA

∂yǫA
−

−
(∂2KA

∂y0A
2 + aA0ǫv

ǫ
A0

)(∂KA

∂y0A
+ vA0 ǫv

ǫ
A0

)
+ vA0 ǫ

(∂2Qǫ
A

∂y0A
2 − aA0ǫ

∂Qǫ
A

∂y0A

)
+O(c−7), (F1a)

γ0A0α (y
p
A) = −aA0α +

∂2LA

∂y0A∂y
α
A

+ vA0 ǫ

∂2Qǫ
A

∂y0A∂y
α
A

+ aA0α

(∂KA

∂y0A
+ vA0 ǫv

ǫ
A0

)
+O(c−6), (F1b)

γ0Aαβ (y
p
A) =

∂2

∂yαA∂y
β
A

(
LA + vA0λQ

λ
A

)
+O(c−6), (F1c)

γαA00 (ypA) = aαA0
+
(∂2Qα

A

∂y0A
2 − aλA0

∂Qα
A

∂yλA

)
− vαA0

(∂2KA

∂y0A
2 + aA0λv

λ
A0

)
+O(c−6), (F1d)

γαA0β (ypA) = vαA0
aA0β +

∂2Qα
A

∂y0A∂y
β
A

+O(c−5), (F1e)

γαAβω (y
p
A) = γα<0>

βω +
∂2Qα

A

∂yβA∂y
ω
A

+O(c−4). (F1f)

where γα<0>
βω is the Christoffel symbols in coordinates of Galilean inertial RF (by choosing the

quasi-Cartesian coordinates we may make these symbols vanish: γα<0>
βω = 0).

F.2. Christoffel Symbols with Respect to the Riemann Metric gAmn.

From the expressions eqs.(B8) one may also obtain the connection components Γn
kl(y

p
A) with

respect to total Riemann metric glm(ypA) in coordinates (ypA) of the RFA:

Γ0
00(y

p
A) =

∂

∂y0A

(
∂KA

∂y0A
+

1

2
vA0ǫv

ǫ
A0

−
∑

B

UB(y
0
A, y

ν
A)

)
+

+
∂

∂y0A

(
∂LA

∂y0A
+

1

2

(∂KA

∂y0A

)2
+ vA0 ǫ

∂Qǫ
A

∂y0A
+

1

2
H<4>

00 (y0A, y
ν
A)

)
−
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− ∂

∂y0A

(
∂KA

∂y0A
+

1

2
vA0ǫv

ǫ
A0

−
∑

B

UB(y
0
A, y

ν
A)

)2

−

−
[
∂LA

∂yǫA
− vA0 ǫ

∂KA

∂y0A
+
∂QAǫ

∂y0A
+ vA0λ

∂Qλ
A

∂yǫA
+ 4 γǫλ

∑

B

V λ
B (y0A, y

ν
A)

]
×

×
(
aǫA0

+ γǫν
∑

B

∂

∂yνA
UB(y

0
A, y

ν
A)
)
+O(c−7), (F2a)

Γ0
0α(y

p
A) = −aA0α −

∑

B

∂

∂yαA
UB(y

0
A, y

ν
A)+

+
∂

∂yαA

(
∂LA

∂y0A
+

1

2

(∂KA

∂y0A

)2
+ vA0 ǫ

∂Qǫ
A

∂y0A
+

1

2
H<4>

00 (y0A, y
ν
A)

)
+

+2

(
∂KA

∂y0A
+

1

2
vA0ǫv

ǫ
A0

−
∑

B

UB(y
0
A, y

ν
A)

)(
aA0α +

∑

B

∂

∂yαA
UB(y

0
A, y

ν
A)

)
+O(c−6), (F2b)

Γ0
αβ(y

p
A) =

∂2

∂yαA∂y
β
A

(
LA + vA0λQ

λ
A

)
+

+
∑

B

(
2γβλ

∂

∂yαA
V λ
B (y0A, y

ν
A) + 2γαλ

∂

∂yβA
V λ
B (y0A, y

ν
A)− γαβ

∂

∂y0A
UB(y

0
A, y

ν
A)

)
+O(c−5), (F2c)

Γα
00(y

p
A) = aαA0

+ γαλ
∑

B

∂

∂yλA
UB(y

0
A, y

ν
A)−

−γαλ ∂

∂yλA

(
∂LA

∂y0A
+

1

2

(∂KA

∂y0A

)2
+ vA0ǫ

∂Qǫ
A

∂y0A
+

1

2
H<4>

00 (y0A, y
ν
A)

)
+

+
∂

∂y0A

(
γαλ

∂

∂yλA

(
LA + vA0νQ

ν
A

)
− vαA0

∂KA

∂y0A
+
∂Qα

A

∂y0A
+ 4

∑

B

V α
B (y0A, y

ν
A)

)
−

−
(
vαA0

vµA0
+ γµλ

∂Qα
A

∂yλA
+ γαλ

∂Qµ
A

∂yλA
+ 2γαµ

∑

B

UB(y
0
A, y

ν
A)

)
×

×
(
aA0µ +

∑

B

∂

∂yµA
UB(y

0
A, y

ν
A)
)
+O(c−6), (F2d)

Γα
0β(y

p
A) = vαA0

aA0β +
∂2Qα

A

∂y0A∂y
β
A

+

+
∑

B

(
2
∂

∂yβA
V α
B (y0A, y

ν
A)− 2γαµγβν

∂

∂yµA
V ν
B(y

0
A, y

ν
A) + δαβ

∂

∂y0A
UB(y

0
A, y

ν
A)

)
+O(c−5), (F2e)

Γα
βω(y

p
A) = γα<0>

βω +
∂2Qα

A

∂yβA∂y
ω
A

+

+
∑

B

(
δαβ

∂

∂yωA
UB(y

0
A, y

ν
A) + δαω

∂

∂yβA
UB(y

0
A, y

ν
A)− γβωγ

αλ ∂

∂yλA
UB(y

0
A, y

ν
A)

)
+O(c−4). (F2f)
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where the quantity H<4>
00 (y0A, y

ν
A) comes from the relations for the metric tensor in coordinates

of proper RFA eqn.(4.11) and is given by the relation (4.12).

Appendix G: The Component gA00 and the Riemann Tensor.

In this Appendix we will present the expressions for the flat metric γA00(y
p
A), ”inertial friction”

term and the interaction term hint<4>
00 (xp).

G.1. The Form of the Component γA00.

By substituting in the relations eqs.(C6) the solutions for the transformation functions KA, LA

and Qα
A which are given by the expressions eqs.(5.11),(5.12),(5.23),(5.34) and (5.35), one obtains

the following relations for the components of the metric γA00(y
p
A):

γA<2>
00 (y0A, y

ν
A) =

∂

∂y0A
KA(y

0
A, y

ν
A) + vA0β

(y0A)v
β
A0

(y0A) =

=
∑

B 6=A

[〈
UB

〉
0
+ yλA

〈∂UB

∂yλA

〉
0

]
+ ζA1 +O(c−4), (G1a)

γA<4>
00 (y0A, y

ν
A) = 2

∂

∂y0A
LA(y

0, yν) +
( ∂

∂y0A
KA(y

0, yν)
)2

+ 2vA0β(y
0
A)

∂

∂y0A
Qβ

A(y
0, yν) =

= yµAy
β
A ·
(
γµβ aA0λa

λ
A0

− aA0µaA0β +
∑

B 6=A

∂

∂y0A

[
γµβ

〈∂UB

∂y0A

〉
0
− 4

〈∂VBβ

∂yµA

〉
0

])
+

−yµA
〈∂WB

00

∂yµA

〉
0
−
〈
WB

00

〉
0
+ 2ζA2 +

+2
k∑

l≥3

(
∂

∂y0A
LA{L}(y

0
A) + vA0µ · ∂

∂y0A
Qµ

A{L}(y
0
A)

)
· y{L}A +O(c−6) +O|yνA|k+1), (G1b)

γA<3>
0α (y0A, y

ν
A) =

∂

∂yαA
LA(y

0, yν)− vA0α(y
0
A)

∂

∂y0A
KA(y

0, yν)+

+vA0ν(y
0
A)

∂

∂yαA
Qν

A(y
0, yν) + γαν

∂

∂y0A
Qν

A(y
0, yν) =

= −4γαµ
∑

B 6=A

[
yλA

〈∂V µ
B

∂yλA

〉
0
+
〈
V µ
B

〉
0

]
+ σAα−

−1

2
(γαǫδ

β
λ + γαλδ

β
ǫ − γǫλδ

β
α) y

ǫ
Ay

λ
A ·

∑

B 6=A

∂

∂y0A

〈∂UB

∂yβA

〉
0
+

+
k∑

l≥3

(
∂

∂y0A
Qα

A{L}(y
0
A) · y

{L}
A +

(
LA{L}(y

0
A) + vA0ν ·Qν

A{L}(y
0
A)
)
· ∂

∂yαA

(
y
{L}
A

))
+

+O(c−5) +O(|yνA|k+1), (G1c)
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γA<2>
αβ (y0A, y

ν
A) = vA0α(y

0
A)vA0β(y

0
A) + γαν

∂

∂yβA
Qν

A(y
0
A, y

ν
A) + γβν

∂

∂yαA
Qν

A(y
0
A, y

ν
A) =

= −2γαβ
∑

B 6=A

[
yλA

〈∂UB

∂yλA

〉
0
+
〈
UB

〉
0

]
+ σAαβ+

+
k∑

l≥3

(
γανQ

ν
A{L}(y

0
A)

∂

∂yβA
+ γβνQ

ν
A{L}(y

0
A)

∂

∂yαA

)
· y{L}A +O(c−4) +O(|yνA|k+1). (G1d)

G.2. Lemma. The following relation hold for any values k:

a{K} − b{K} =
k∑

s=1

(−)k−s P k−s+1
k

(s− 1)!(k − s+ 1)!
a{S−1}

(
aν − bν

){K−S+1}
, (G2)

where a{K} = aν1aν2 ...aνk and P p
n - is the operation of all the possible arrangements of p different

objects from n ones.

The formula (G2) may be proved by the direct verification for several arbitrary values of s.
Thus, for s = 1 and s = 2 this formula is trivial. For s = 3 and s = 4 from the right-hand side
of the equation (G2) one may check that these relations are hold as well.

Indeed, by the straightforward calculation we will have the following result for s = 3:

(aν1 − bν1)(aν2 − bν2)(aν3 − bν3)− aν1(aν2 − bν2)(aν3 − bν3)−

−aν2(aν3 − bν3)(aν1 − bν1)− aν3(aν1 − bν1)(aν2 − bν2)+

+aν1aν2(aν3 − bν3) + aν2aν3(aν1 − bν1) + aν3aν1(aν2 − bν2) =

= aν1aν2aν3 − bν1bν2bν3 = a{3} − b{3}.

And for s = 4

−(aν1 − bν1)(aν2 − bν2)(aν3 − bν3)(aν4 − bν4) + aν1(aν2 − bν2)(aν3 − bν3)(aν4 − bν4)+

+aν2(aν3 − bν3)(aν4 − bν4)(aν1 − bν1) + aν3(aν4 − bν4)(aν1 − bν1)(aν2 − bν2)(aν3 − bν3)+

+aν4(aν1 − bν1)(aν2 − bν2)(aν3 − bν3)− aν1aν2(aν3 − bν3)(aν4 − bν4)− aν1aν3(aν2 − bν2)(aν4 − bν4)−

−aν1aν4(aν2 − bν2)(aν3 − bν3)− aν2aν3(aν1 − bν1)(aν4 − bν4)− aν2aν4(aν1 − bν1)(aν3 − bν3)−

−aν3aν4(aν1 − bν1)(aν2 − bν2)+ aν1aν2aν3(aν4 − bν4)+ aν2aν3aν4(aν1 − bν1)+ aν3aν4aν1(aν2 − bν2)+

+aν4aν1aν2(aν3 − bν3) = aν1aν2aν3aν4 − bν1bν2bν3bν4 = a{4} − b{4}.
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Then by the induction, one may extrapolate the validity of the expression (G2) for any s > 4.

Making of use the relation (G2) we will simplify the form of some expressions for the metric
tensor in the proper RFA and the interaction term in the coordinates (xp) of the barycentric
inertial RF0. Let us present two expressions which will be necessary for the future analysis. The
following integral is easy to calculate in the form:

∫

B
d3y′AρB

(
y0A, y

′ν
A + yνBA0

(y0A)
) ∂

∂y′λA

[y{K}
A − y

′{K}
A

|yνA − y′νA |
]
=

=
k∑

s=1

(−)k−s+1P k−s+1
k

(s− 1)!(k − s+ 1)!
· y{S−1}

A ×

×
∫

B
d3y′A · ρB

(
y0A, y

′ν
A + yνBA0

(y0A)
) ∂

∂y′λA

[
(
yνA − y′νA

){K−S+1}

|yνA − y′νA |
]
=

=
k∑

s=1

(−)k−s+1P k−s+1
k

(s− 1)!(k − s+ 1)!
· y{S−1}

A · ∂

∂yλA
Z(ypA)

(K−S+1)
B . (G3)

The same quantity will have the following form in the coordinates (xp) of the inertial RF0:

∫

B
d3x′ρB

(
x0, x′ν − yνB0

(x0)
)
×

× ∂

∂x′λ

[
(
xν − yνB0

(x0)
){K}

−
(
x′ν − yνB0

(x0)
){K}

|xν − x′ν |
]
=

=
k∑

s=1

(−)k−s+1P k−s+1
k

(s− 1)!(k − s+ 1)!

(
xν − yνB0

(x0)
){S−1}

×

×
∫

B
d3x′ · ρB

(
x0, x′ν − yνB0

(x0)
)
· ∂

∂x′λ

[(xν − x′ν){K−S+1}

|xν − x′ν |
]
=

=
k∑

s=1

(−)k−s+1P k−s+1
k

(s− 1)!(k − s+ 1)!

(
xν − yνB0

(x0)
){S−1}

· ∂

∂xλ
Z(xp)

(K−S+1)
B , (G4)

where potential Z(xp)
(S)
B was defined as

Z(zp)
(S)
B =

∫

B

d3z′

|zν − z′ν | · ρB
(
z0, z′ν − zνB0

(z0)
)
· (zν − z′ν){S}. (G5)

G.3. The Form of the ‘Inertial Friction’ Term.

The following term in the temporal component of the metric tensor gA00(y
0
A, y

ν
A) eq.(4.16b) has

the meaning of the gravitational inertial friction:

∫

B
d3y′AρB

(
y0A, y

′ν
A + yνBA0

(y0A)
) ∂

∂y′λA

[Qλ
A(y

0
A, y

ν
A)−Qλ

A(y
0
A, y

′ν
A )

|yνA − y′νA |
]
.
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The substitution in this relation the obtained function Qα
A, will enable us to present the ‘inertial

friction’ term as follows:

∫

B
d3y′AρB

(
y0A, y

′ν
A + yνBA0

(y0A)
) ∂

∂y′λA

[Qλ
A(y

0
A, y

ν
A)−Qλ

A(y
0
A, y

′ν
A )

|yνA − y′νA |
]
=

= 2UB(y
0
A, y

ν
A)

∑

B′ 6=A

[〈
UB′

〉
0
+ yµA

〈∂UB′

∂yµA

〉
0

]
+

+
1

2
vλA0

(y0A)v
β
A0

(y0A) ·
∂2

∂yλA∂y
β
A

χB(y
0
A, y

ν
A)+

+
5

2
aλA0

(y0A) ·
∂

∂yλA
χB(y

0
A, y

ν
A)− fλβA · ∂2

∂yλA∂y
β
A

χB(y
0
A, y

ν
A)+

+
k∑

l≥3

Qλ
A{L}(y

0
A) ·

l∑

s=1

(−)l−s+1P l−s+1
l

(s− 1)!(l − s+ 1)!
· y{S−1}

A · ∂

∂yλA
Z(yqA)

(L−S+1)
B +

+O(c−4) +O(|yqA|k+1). (G6)

G.4. The Form of the Interaction Term.

Making of use the solutions for the functions KA, LA and Qα
A of the coordinate transformation,

one may also obtain the form of the interaction term hint<4>
00 in any coordinate system. Thus,

for example, in coordinates of inertial RF0 from eq.(4.6) we will have the following expression:

hint<4>
00 (x0, xν) = 4

∫

B

d3x′

|xν − x′ν |
∑

B

ρB
(
x0, x′ν − yνB0

(x0)
)∑

C

UC(x
′p)+

+2
(∑

B

UB(x
p)
)2

+ 2
∑

B

[
2aλB0

(x0) · ∂

∂xλ
χB(x

0, xν)−

−2aλB0
(x0) ·

(
xλ − yB0λ(x

0)
)
· UB(x

0, xν)−

+
k∑

l≥3

Qλ
B{L}(x

0)
l∑

s=1

(−)l−s+1P l−s+1
l

(s − 1)!(l − s+ 1)!

(
xν − yνB0

(x0)
){S−1}

· ∂

∂xλ
Z(xq)

(P−S+1)
B −

−2ζB1 · UB(x
0, xν)− fλβ · ∂2

∂xλ∂xβ
χB(x

0, xν)

]
+O(c−4) +O(|x′ν − yνB0

(x0)|k+1). (G7)

G.5. The Form of the Riemann Tensor in the Proper RFA.

We are using the following notation for the components of the Riemann tensor:

Rk
mnp = ∂pΓ

k
mn − ∂nΓ

k
mp + Γl

mnΓ
k
lp − Γl

mpΓ
k
ln, (G8)
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(i). By making of use the expressions for the metric tensor gAmn(y
p
A) given by the eqs.(6.7) one

will obtain the following post-Newtonian expansions of the components of this tensor in an
arbitrary RF (zp):

R0α0β(z
p) =

∂

∂zβ
Γ0<2>
α0 + g<2>

00

∂

∂zβ
Γ0<2>
α0 +

∂

∂zβ
Γ0<4>
α0 − ∂

∂z0
Γ0<3>
αβ +

+Γ0<2>
α0 Γ0<2>

β0 − Γν<2>
αβ Γ0<2>

ν0 +O(c−6), (G9a)

R0ναβ(z
p) =

∂

∂zβ
Γ0<3>
να − ∂

∂zα
Γ0<3>
νβ +O(c−5), (G9b)

Rαµβσ(z
p) = γαλ

(
∂

∂zσ
Γλ<2>
µβ − ∂

∂zβ
Γλ<2>
µσ

)
+O(c−4). (G9c)

(ii). By making of use the expressions (G9) one may obtain the components of the Riemann
tensor Rmnpk in the coordinates (xp) of the barycentric inertial RF0 as follows:

R0α0β(x
0, xν) = −

∑

B

∂2UB

∂xα∂xβ
+

1

2

∂2H<4>
00

∂xα∂xβ
+
∑

B

(
∂UB

∂xα
∂UB

∂xβ
− γαβγ

µν ∂UB

∂xµ
∂UB

∂xν

)
−

−
∑

B

(
2γβλ

∂2V λ
B

∂x0∂xα
+ 2γαλ

∂2V λ
B

∂x0∂xβ
− γαβ

∂2UB

∂x02

)
+O(c−6), (G10a)

R0µαβ(x
0, xν) = 2

∑

B

(
γαλ

∂2V λ
B

∂xµ∂xβ
− γβλ

∂2V λ
B

∂xµ∂yαA

)
+

+
∑

B

(
γµβ

∂2UB

∂x0∂xα
− γµα

∂2UB

∂x0∂xβ

)
+O(c−5), (G10b)

Rαµβσ(x
0, xν) =

∑

B

(
γαβ

∂2UB

∂xµ∂xσ
+ γµσ

∂2UB

∂xα∂xβ
−

−γβµ
∂2UB

∂xα∂xσ
− γασ

∂2UB

∂xµ∂xβ

)
+O(c−4). (G10c)

(iii). By making of use the expressions for the connection components Γk
mp presented by the

relations eqs.(F2), one may obtain the components of the Riemann tensor Rmnpk in the
coordinates (ypA) of the proper RFA as follows:

〈
R0α0β

〉
0
= −

∑

B

〈 ∂2UB

∂yαA∂y
β
A

〉
0
+

1

2

〈∂2H<4>
00

∂yαA∂y
β
A

〉
0
+

+
〈∂UA

∂yαA

∂UA

∂yβA

〉
0
− γαβγ

µν
〈∂UA

∂yµA

∂UA

∂yνA

〉
0
+ γαβa

λ
A0
aA0λ − aA0αaA0β−

−
∑

B

∂

∂y0A

(
2γβλ

〈∂V λ
B

∂yαA

〉
0
+ 2γαλ

〈∂V λ
B

∂yβA

〉
0
− γαβ

〈∂UB

∂y0A

〉
0

)
+O(c−6), (G11a)
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〈
R0µαβ

〉
0
=
∑

B

(
2γαλ

〈 ∂2V λ
B

∂yµA∂y
β
A

〉
0
− 2γβλ

〈 ∂2V λ
B

∂yµA∂y
α
A

〉
0
+

+γµβ
〈 ∂2UB

∂y0A∂y
α
A

〉
0
− γµα

〈 ∂2UB

∂y0A∂y
β
A

〉
0

)
+O(c−5), (G11b)

〈
Rαµβσ

〉
0
=
∑

B

(
γαβ

〈 ∂2UB

∂yµA∂y
σ
A

〉
0
+ γµσ

〈 ∂2UB

∂yαA∂y
β
A

〉
0
−

−γβµ
〈 ∂2UB

∂yαA∂y
σ
A

〉
0
− γασ

〈 ∂2UB

∂yµA∂y
β
A

〉
0

)
+O(c−4). (G11c)

It is interesting to note that in the case when the local gravity produced by the body (A)

under consideration may be neglected, the Riemann curvature tensor (G10) is formed only by
the gravitational field of the other bodies in the system. This suggests that one may extend the
generalized Fermi conditions in the local region of body (A) (or at the immediate vicinity of it’s
world-line γA, given by the relations (5.2)), as follows:

gmn(y
p
A) = g(loc)mn (ypA) + δg(ext)mn (∼ |yαA|2) +O(|yαA|3), (G12a)

Γk
mn(y

p
A) = Γk(loc)

mn (ypA) + δΓk(ext)
mn (∼ |yαA|) +O(|yαA|2), (G12b)

Rmnkl(y
p
A) = Rmnkl(y

0
A)
∣∣∣
γA

+O(|yαA|), (G12c)

where superscript ext denotes the external sources of gravity. The relations (G12) are summariz-
ing our expectations based on the Equivalence Principle about the local gravitational environment
of the self-gravitating and arbitrarily shaped extended bodies.

Appendix H: Some Important Identities.

In this Appendix we will present some identities, necessary to reduce the expressions in Section
6. We will use the definition for the total mass density of the system ρ in the coordinates (ypA)
as given by (6.4); for the total Newtonian potential U as given by (6.17); for the total vector-
potential of the system V

α
as given by the expression (6.20). Then, one may obtain the required

identities simply by using the eq.m. (6.6), the Poisson equations for the potentials U and V
α

(6.18), (6.21) respectievly, and with the help of expression (6.22).

ρ
∂V

α

∂y0A
+ ρvβ

[
∂βV

α − ∂αV β

]
=

=
1

4π

∂

∂y0A

(
− ∂αU

∂U

∂y0A
+ ∂νU

[
∂αV

ν − ∂νV
α
])

+

+
1

4π

∂

∂yβA

(
∂αU

∂V
β

∂y0A
+ ∂βU

∂V
α

∂y0A
− γαβ∂νU

∂V
ν

∂y0A
+
[
∂νV

α − ∂αV
ν
][
∂νV

β − ∂βV ν

]
−

148



−γαβ
[
∂µV

ν
∂µV

ν − ∂µV
ν
∂νV µ

]
+

1

2
γαβ

(
∂U

∂y0A

)2 )
, (H1)

ρvα
( ∂U
∂y0A

+ vµ∂µU
)
=

∂

∂y0A

(
ρvαU

)
+

∂

∂yβA

[
ρvαvβU − pUγαβ

]
+ p∂αU + ρU∂αU, (H2)

ρ∂αV
β
=

1

4π
∂ν
[
∂νU∂αV

β
+ ∂αU∂νV

β − γαν∂µU∂µV
β
]
+ ρvβ∂αU, (H3)

ρ0∂
αf =

1

2π
∂βΓ

αβ(f)− 1

4π
∂αU∂µ∂

µf, (H4)

where Γαβ defined as follows:

Γαβ(f) =
1

2

[
∂αf∂βU + ∂βf∂αU − γαβ∂νf∂νU

]
. (H5)

The following identities are also easy to verify:

ρδẅα
A0

= ρ∂α
(
yAµδẅ

µ
A0

)
=

1

2π
∂βΓ

αβ
(
yAµδẅ

µ
A0

)
, (H6)

ρ
(
aαA0

aA0λ − δαλ · aµA0
aA0µ

)
yλA =

1

2π
∂αU · aA0λa

λ
A0

+

+
1

4π
∂βΓ

αβ
[(
yλAy

µ
A − γλµyAνy

ν
A

)
aA0λaA0µ

]
, (H7)

+ρ

(
∑

B 6=A

∂

∂y0A

[
2
〈∂V α)

B

∂y
(λ
A

〉
A
+ 2

〈
v(α

∂UB

∂y
λ)
A

〉
A
− δαλ

∂

∂y0A

〈
UB

〉
A

])
yλA =

=
1

4π
∂βΓ

αβ

[
∑

B 6=A

∂

∂y0A

(
4yλAy

ǫ
A

[〈∂VBǫ

∂yλA

〉
A
+
〈
vǫ
∂UB

∂yλA

〉
A

]
−

−yAµy
µ
A

∂

∂y0A

〈
UB

〉
A

)]
− 1

4π
∂αU · ∂2

∂y0A
2

〈
UB

〉
A
, (H8)

ρäA0λ

(
yαAy

λ
A +

1

2
γαλyµAyAµ

)
= − 5

4π
∂αU · äA0λ

yλA+

+
1

4π

∂

∂yβA

[(
γαβγλµ − δαλδ

β
µ − δαµδ

β
λ

)(
yµAy

ν
A +

1

2
γµνyAǫy

ǫ
A

)
äA0ν∂

λU
]
. (H9)

¿From the equation for the potential W (6.23a) and with the help of (H4) one obtains:

ρ∂αW =
1

2π
∂βΓ

αβ(W ) +
1

2π
∂αU

[
4π
∑

B

ρB

(
Π− 2vµv

µ +
3p

ρ

)
−

−
∑

B

∂200UB − 2
∑

B

∂λUB

(
2aλA0

+
∑

B′

∂λUB′

)
+

+
∑

l≥3

Qα
A{L}(y

0
A)
(
2
∑

B

∂2ǫλUB∂
λ +

∑

B

∂ǫUB∂µ∂
µ
)
y
{L}
A

]
+ ρO(|yνA|k+1) + ρO(c−6). (H10)
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The following identity may be written in a two different ways. In order to reflect this ambiguity
we present it as follows:

ρ
∂U

∂y0A
+ 2ρvµ

∂U

∂yµA
=

∂

∂y0A

(
a1ρU +

2a1 − 3

8π
∂µU∂

µU
)
+

+
∂

∂yµA

(1− a1
4π

∂µU
∂U

∂y0A
+
a2
4π
U∂µ

∂U

∂y0A
+ (a1 + a2)ρUv

µ+

+
2− a1 − a2

4π
∂νU [∂νV

µ − ∂µV
ν
]
)
, (H11)

where a1 and a2 are arbitrary numbers.

One can verify the correctness of following identities necessary to reduce the terms in the
equation (6.32) which contain the functions Qα

A{L} with l ≥ 3:

ρaA0ν

k∑

l≥3

[
Qα

A{L}(y
0
A)∂

αy
{L}
A

]
=

=
1

2π
∂βΓ

αβ
(
aA0ν

k∑

l≥3

[
Qν

A{L}(y
0
A)y

{L}
A

])
− 1

4π
∂αU

[
aA0ν

k∑

l≥3

Qν
A{L}(y

0
A) · ∂λ∂λy

{L}
A

]
, (H12)

ρ
k∑

l≥3

∂200Q
α
A{L}(y

0
A) · y

{L}
A + 2ρvµ

k∑

l≥3

∂0Q
α
A{L}(y

0
A) · ∂µy

{L}
A +

+∂0(ρv
λ)

k∑

l≥3

Qα
A{L}(y

0
A) · ∂λy

{L}
A =

∂

∂yλA

[
ρvλ

k∑

l≥3

∂0Q
α
A{L}(y

0
A) · y

{L}
A

]
+

+
∂

∂y0A

[
ρ

k∑

l≥3

∂0Q
α
A{L}(y

0
A) · y

{L}
A + ρvλ

k∑

l≥3

Qα
A{L}(y

0
A) · ∂λy

{L}
A

]
, (H13)

ρ∂αU
k∑

l≥3

Qµ
A{L}(y

0
A) · ∂µy

{L}
A − ρ∂µU

k∑

l≥3

Qµ
A{L}(y

0
A) · ∂αy

{L}
A −

− 1

4π
∂αU

k∑

l≥3

Qν
A{L}(y

0
A)
[
2
∑

B

∂2νλUB · ∂λy{L}A + ∂νUB · ∂µ∂µy{L}A

]
=

=
1

4π

∂

∂yβA

(
k∑

l≥3

Qλ
A{L}(y

0
A)
[
∂βU∂αU · ∂λy{L}A −

(
∂βU · ∂αy{L}A + ∂αU · ∂βy{L}A

)
∂λU

]
+

+γαβ∂λU
k∑

l≥3

∂µy
{L}
A

(
∂µUQλ

A{L}(y
0
A)−

1

2
∂λUQµ

A{L}(y
0
A)
)
+

+∂λU
k∑

l≥3

Qβ
A{L}(y

0
A)
(1
2
∂λU∂αy

{L}
A − ∂αU∂λy

{L}
A

))
, (H14)

∂

∂y0A

[
ρ

k∑

l≥3

∂0Q
α
A{L}(y

0
A) · y

{L}
A + ρvλ

k∑

l≥3

Qα
A{L}(y

0
A) · ∂λy

{L}
A

]
+
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+
∂

∂yλA

[
ρvλ

k∑

l≥3

∂0Q
α
A{L}(y

0
A) · y

{L}
A + (ρvλvµ − γλµp)

k∑

l≥3

Qα
A{L}(y

0
A) · ∂λy

{L}
A

]
=

= ρ
d2

dy0A
2

[ k∑

l≥3

Qα
A{L}(y

0
A)y

{L}
A

]
− ∂

∂yβA

[
p

k∑

l≥3

Qα
A{L}(y

0
A) · ∂βy

{L}
A

]
. (H15)

Appendix I: Astrophysical Parameters Used in the Report.

In this Appendix we present the astrophysical parameters used in the calculations of the gravi-
tational effects for the Mercury Orbiter mission in Section 7 of this report:

Solar radius : R⊙ = 695 980 km,

Solar gravitational constant : µ⊙ =
GM⊙

c2
= 1.4766 km,

Solar quadrupole coefficient (Brown et al., 1989) : J2⊙ = (1.7± 0.17) × 10−7,

Solar rotation period : τ⊙ = 25.36 days,

Mercury’s mean distance : aM = 0.3870984 AU = 57.91 × 106 km,

Mercury’s radius : RM = 2 439 km,

Mercury’s gravitational constant : µM =
GMM

c2
= 1.695 × 10−7µ⊙,

Mercury’s sidereal period : TM = 0.241 yr = 87.96 days,

Mercury’s rotational period : τM = 59.7 days ,

Eccentricity of Mercury’s orbit : eM = 0.20561421,

Jupiter’s gravitational constant : µJ = 9.547 × 10−4µ⊙,

Jupiter’s sidereal period : TJ = 11.865 yr,

Astronomical Unit : AU = 1.49597892(1) × 1013 cm.
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Blanchet, L., Damour, T., Iyer, B. R., Will, C. M. and Wisemann, A. G.: 1995, Phys. Rev.
Lett., 74, p.3515.

Braginsky, V. B. and Panov, V. I.: 1972, Zh. Eksp. Teor. Fiz. 61, p.873. (1972, Sov. Phys.
JETP 34, p.463.)

Braginsky, V. B.: 1994, Class. Quant. Grav., 11, A1.

Brown, T.M., Christensen-Dalsgaard, J., Dziembowski, W.A., Goode, P., Gough, D.O. and
Morrow, C.A.: 1989, ApJ, 343, p.526.

Brumberg, V. A.: 1958, Bull. Inst. Theor. Astron. Akad. Sci. USSR., 6(10), p.773.

Brumberg, V. A.: 1972, Relativistic Celestial Mechanics. Nauka: Moscow. (in Russian).

Brumberg, V. A.: 1991a, Essential Relativistic Celestial Mechanics. Hilger, Bristol.

Brumberg, V. A.: 1991b, in: Reference Systems, the proceedings of the 127th Colloquium of the
IAU, Virginia Beach, 1990, eds. J. A. Hughes, C. A. Smith, G. H. Kaplan, p.36.

153



Brumberg, V. A.: 1992, A&A, 257, p.777.

Brumberg, V. A., and Kopejkin, S. M.: 1988a, Nuovo Cimento B103, p.63.

Brumberg, V. A., and Kopejkin, S. M.: 1988b, in: Reference Systems, eds. J. Kovalevsky, I. I.
Muller and B. Kolachek, Reidel: Dortrecht, p.115.

Brumberg, V. A., Bretagnon, P., and Francou, G.: 1993, A&A, 275, p.651.

Campbell, J. K. and Synnott, S. P.: 1985, A&A, 90, p.364.

Ciufolini, I.: 1986, Phys. Rev. Lett., 56, p.278.

Chandler, J. F., Reasenberg, R. D. and Shapiro I. I.: 1994, BAAS,26, p.1019.

Chandler, J. F., Reasenberg, R. D: 1990, in Inertial Coordinate System on the Sky, eds. J. H.
Lieske and V. K. Abalakin. Kluwer: Dortrecht, p. 217.

Chandrasekhar, S.: 1965, ApJ., 142, p.1488.

Chandrasekhar, S., and Contopulos, G.: 1967, Proc. Roy. Soc. London A298, p.123.

Damour, T.: 1983, in: Gravitational Radiation, eds. N. Deruelle and T. Piran (Les Houches
1982), p.59.

Damour, T.: 1986, in: Gravitation in Astrophysics, eds. B. Carter and J. B. Hartle (Cargèse
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